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Ôn¥�K�§¢Sþù�½n���A:§ §�êÆ���Æ�§A�Ñk���'
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éXå5§Ó�ééõêÆ+�ÑkK�" ù��1wwÒ´'��nE,�§¤±`
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J¦c¡ùA��"î´�îAp�§p´pd§i´iù§W´W�£D|#W�§[

|#W��I�¤§ �´�k)"¤±·�/dùÄ�§lùÄ���S·�5w�e

AÛÆuÐ���óä§�±w��I½n´�~g,�)Ñ5�"·�lîAp�m

©§ îAp��Í¶�´¦�5AÛ��6§§�©Ò�/Elements0§¿Ø�AÛ§

´é���F1êÆ�Û����ã"§p¡ü��Í¶�½n§ ��´²¡n�/�

S�Ú�180Ý§,�1��´`�ê��ê´Ã��",�lùü|©OÚÑ
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�,lîAp�a�pd§ù¥m(k�å��^�´�~��§·�kaL�"

l�©AÛ��Ý5ù§ ·�a�pd"pd���êÆ�f§´���êÆ[§U

â§c���ÿÒ�Ñ����z§�©AÛ´¦50�±�ïá�" ¤±`¿Ø´

�éõ<���§éõ<�*:´êÆ´c�<��§cV�:ÒØU�"pd@��

ÿ´xÉ�U©����§¦����/ÿþ§ ¦��{�þ§þÑ5±�§uy¥

¡þ§��é¥¡þ5`§n�/S�ÚØ�uπ"¤±¦���úªXJé��n

�/5`§XJ��¡¡§ �n�/"·�b½α!β!γ ´n�/�S�(�þã),

γ1!γ2!γ3 ´n�/�n^>§ \�ÆL�!nc?¡Ø�{§ÒC¤ù�ÀÜ:

(π − α) + (π − β) + (π − γ) +

∫
γ1

kgdγ1 +

∫
γ2

kgdγ2 +

∫
γ3

kgdγ3 +

∫
Σ

KdVolΣ = 2π.

Ò´	��Ú§\þ>þÿ/Çkg�È©§2\þ��¡þpdÇK�È©�

u2π"

ù�´3��¡þ§îAp�úª�í2§ùpkg´ÿ/Ç¶K´ù�¡

��þ���¼ê§�y�§Ý���þ§�pdÇ" ù�pdÇ§XJ\r

¡i\�î¼�m�{§�±ÏL1�Ä�/ª!1�Ä�/ª§Ò�·�3�Æpn

c?Æ�5½Â" �´ù��6u1�!1�Ä�/ªÚ\�i\"

δx

~nx

~n(δx)

~n : Σ → S2 normal vectors

pd��k���AÛ�½Â§'X`\k��¡Σ§\?Û��:x ∈ Σ§�§

�ü �{�þ§Òr§N�ü ¥¡§ \ù�:�������δx§NL5ÒC¤

����«�~n(δx)§^«��¡ÈØ±�5ù������¡È§ �rù����¿©

�§,�§ªu0�4�Ò�3µ

K(x) = lim
δx→x

Area (~n(δx))

Area (δx)
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£�°(/`§ùp“Area”A�“k�¡È”¤"ù�K(x)´�S%�½Â§��u�y

ù�¡§�é5`§3x:´XÛ��§Ý" §´dù�¡þ���Ýþû½�§

Ø�6u§�i\�1�!1�Ä�/ª£�5´éE,�úª¤"XJ·�3²¡þ§

²¡n�/�{§ Kkg = K = 0§Ò��²¡n�/S�Úúªµα + β + γ = π"pd

ù�½n§´îAp��½n3�n�/��í2"

α1

αn

α2
γ1

,�Ó���{IêÆ[Bonnetòpd�½ní2���õ>/�/µ∑
(π − αi) +

∑∫
γi

kgdγi +

∫
Σ

KdVolΣ = 2πχ,

ùpχ = E − F + G = 1§Ù¥EL«õ>/º:��ê§FL«õ>/>�^ê§GL

«õ>/¡��ê"ùaúªk
pd��M5�ó�§\þBonnet �í2§Ú

¡Gauss-Bonnet½n§é���©AÛäkÄ���5"

,�·�w4¡��/§�´�{ü�§XJ´4¡�{§vk>vk�
§�

>�eK§m>ù��ÿχk�z"é4¡��/§ Ï����½��µ4�¡§\

�N��Ä§ÿÀþ�±w¤ù��ÀÜ§þ¡É��êP�g, ¡�¡�º�, ÿÀþ

�½Â"

·�b½ù�¡§�±i\���î¼�m�§§p���ÝþC¤��iù�

¡�{§3z�:·�ÒkpdÇ" XJéù�µ4¡Σ§m>�χ·�P�χ(Σ)§

@oGauss-Bonnet½nÒ�±��µ∫
Σ

KdVolΣ = 2πχ(Σ).

ùp�χ(Σ) = 2− 2g§¡�ù�4¡�î.«5ê"ù�î.«5êkõ«½Â§1�

�Ò´2− 2g§�¡þÉ��êk'¶1��§ \�Ñ¡���n�/¿©§§º:
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genus = g

Σ

��êE~��ã�^êF§\þ¡��êGÒ�uù�µχ(Σ) = E − F + G§ù�´|

Ü�½Â" �,éuØÓ�n�/¿©§\z�E!F!G�UÑØ��§�´ù�½n

w�\§Ø+No�¿©§�CØlÙm§�����´Ú��ØCþ"

lÿÀþ5ù§ù�g��É��êk'§ù�K§XJ¡ÝþUC£\þ¡l�

e§2i\î¼�m)§K¼êÒ¬C§�´Ø+KNoC§ È©±�§m>´ØC�"

�Ò´`pdÇ��þ´ÛÜÅ:½Â�¼ê§î.«5êχ(Σ)´�N½Â�§´�

ÿÀØCþ" ¤±`Gauss-Bonnet½n§X{�lóÆ�Ý½ö{Æ�Ýù§§´3Û

ÜÚ�N�m§ÏLÈ©ïá��xùµ∫
(local) = global.

���555µµµù�úª��¿Ø´pd�Bonnet�§Gauss-Bonnet´'uõ>/�"ù�

éµ4¡��´é�5§dVan DyckJÑ5�" y3�[ú¡ù�úª�Gauss-

Bonnet§`²3êÆp¡�[�´@��M5��"

·�lêÆþ5w§XÛ�í2"î!p!i§·�lpd��a�iù"iù�,

´�~���§iùb�´ClayÔ�êÆ¯K�1��¯K§ ��±E¼ê¡8Ñy�

êØ¯K" Ó�¦���Ø©8§A�z�Ø©ÑmM
��#�Æ�§¦�´¼êØ

�["¦é�©AÛ�Ä��z§·�y3w�¦��Ç]�Ø©§ ��u·�Æ�Ï

Lù�Ø©Ò�±�Æ)"¦@�Ø©k8��m§Ù¥Ú?
p�iù�m�Vg§ù

�·�y3��6/" ¦Ì�´ÛÜ½Â
pdÇ3p��í2§y3¡�iùÇ

Üþ"iù�ÄÅÌ�5gEC¼êØÚ>^Æ"iù��©��¹��úªµ

gΣ =
(dx1)2 + (dx2)2 + · · ·+ (dxn)2(

1 + K
4

(x2
1 + x2

2 + · · ·+ x2
n)
)2 .

ùpΣL«n�«�§gΣL«§�Ýþ§KΣäk~ÇK"

5



Ï�iùvk�y²§éõ<Ñ7�iùk����ú"e¡ù�´�k)U�ù�

���¯§©��e"Siegel§�@�»�Åø¼ø<��" Siegel´iù�Æ)§¦3

xÉ�§kÅ¬k�å�iù��ú¿wiù�Ãv"¦uyiù�
�ù�úª���


o��§�Ñ5Ò�
��" �k)�·�ù§XJk��êÆ[w�\§¦ké�

���ú§´Uâ§\Z�Ø��&"

ù�iùÒJÑ
p�AÛïÄ�é�§p�iùAÛ�uÐÄkI�ép��mé

�kî��£ã�½Â§ùÒ´·�`�6/"\b½r6/w¤iùÚ ?�"�´i

ù¢Sþ��Ä
ÛÜ�6/"'X`n�/§����ÿ§\�LÞ�µ4¡§Ò�

LÞ��N�6/�Vg§ù��@´Hermann Weyl3¦²;�Í�§�©´�©�§

5iù¡�Vg6puÐ�"¦�ù���ÿâ��5�"¤±`·�ln�/m©§Ï

Lpd§iù§�Hermann Weyl§®²k
AÛý�ïÄ�é�)6/"�k)3��

Ï��w5ln�/�6/6p§rAÛÆy©�e¡A���µ1��îAp�´�©

<��¶ �5(k�´nÜ<��§Ï�@�k
óä�±^�I
¶�
��V

Ð§6/C½Ð
Ò?\
y�<��
"

1.2 Gauss-Bonnet-Chern½½½nnn���Chern-WeilnnnØØØ

@og,�¯K´·��XÛ���y�<"Äkg,´�uÐ6/þ�AÛ"ù�

�ÿÒLÞ�W�
"W�§�ó±-�§ò�È©�nØ§ 5í2�6/þ�§uÐ


¤¢�	�©$�§k��@�óä"�È©�±��6/þ��§ù�nØ3W�

��ÿ¤Ùå5" �k)gC@c3�I��Æ¬±�§�ni��W��
�cÆ¬

�§£ÖW��©Ù§Åì��
Ù¥�°�"W��©Ù§ �)Hermann Weyl3SÑ

ú@�JÖ"

oó�§·�fâ`�§��3����ÿ§Gauss-Bonnet½n´iùAÛ�Ä�

�½n"@oy3p�Ä��óäÑk
§g,�¯K´§ Gauss-BonnetúªXÛí2

�p�"Heinz Hopf§20V���AÛÆ[ÚÿÀÆ[§3¦�Æ¬Ø©p¡§)û


î¼�m�¡��/§ Ò´î¼�m{���f6/��/§¿¡���/�)û´

���©AÛ¥���¯K"ùAT´þV�!n�c��m��ÿ"

y3·�£��e���Gauss-Bonnetúªµ∫
Σ

KdVolΣ = 2πχ(Σ).

Ï��êÿÀ3þVþ��k�v�uÐ§�[Ñ��î.«5êXÛí2�p�"
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�>í2�p�Ò¤
��;�¯K" 1�����¤õ´Allendoerfer�Weil"Weil´

Ù�nÄÆ��M©<§Ï��Ô��ÿ§¦��{I§3���Æ�§ Allendoerfer´

¦���Ó¯§¦�ü�<�Ñ
ù�ó�"·ùp£ùvþ¤��Ahlfors´No£

¯QºAhlforsQ²3î³�,�/�§ ü�<3<;B{��ÿ-�
"-�
±

�§AhlforsÒ�Weilù§\XJUrGauss-Bonnetí2�p�§·ÒUr�©ÙØí2�

p�" �5Weil��
±�§Ahlforsp���©ÙnØ¿vk�Ñ5"y3·���§

1kù�Gauss-Bonnet½nØ
§�I�p�����«5a" �k)�53ù�¡�


éõ©Ù§r�©ÙnØí2�p�"·�£�ùp§Allendoerfer-Weiléiùõ¡N

£iùõ¡N´iù6/§ �´q�±���§��u£���¤õ>/�±���ù

«ÀÜ§§���Ò'iù6/���E,¤½ÂÑ
²(�Ç¼ê§ y²
§�È

©�uî.«5ê"�±`í2�p��Gauss-Bonnet½n§Allendoerfer�Weil)û
"

�´\k:Ø÷¿�/�´�oQº Äkù�y²Ø´S%�§Ï�kéõ�éE,§

\w�Ø´��Ù¶1��§y²�riù6/�z�ÛÜÑ��å�i\�p�î¼�

m" Ï�@��ÿNash��åi\½n�vk£Nashi\½n´Ê�c��¯¤§¤±

��y²Òw�'�J§Ø�N´Ã"ùü:Ø�-<÷¿" Nash¦�Æ¬Ø©´�Æ

�Ø�§�5�
ì��ø§w,¦��åi\½n�'¦�Æ�Ø½n�\��"

y3·�Ò�±5ù���k)�{¤�z
"�k)�ù�{¤�z´�oQºÒ

´�k)�.�)û
ù�¯K��
��[§ ·�äN0��eù�½n"·�b

½
(
M, gTM

)
´��4�½��iù6/§RTM´§�iùÇ" iùÇ3ÛÜþ§^

ÛÜ�I�±�¤���é¡Ý
§Ù¥����g�©/ª"·�b½6/´óê�

�"

XJ���é¡Ý
A´óê��§@o§�±é�z�¤µ

A =


0 a1 · · ·
−a1 0 · · ·

. . .

· · · 0 an
· · · −an 0

 .

½½½ÂÂÂµµµ Pf(A) := a1a2 · · · an.

y3RTM´����g�©/ª��é¡Ý
§XJ6/M��ê�dimM = 2n§K

Pf(RTM) := a1a2 · · · an

´6/þ�2n/ª§�Ò´6/þ�NÈ/ª¦þ��¼ê§�±È©"
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Gauss-Bonnet-Chern ½½½nnn£££1944¤¤¤(
1

2π

)n ∫
M2n

Pf(RTM) = χ(M),

ùpχ(M)´M�î.«5ê"

ù´Gauss-Bonnet½n�p�í2§´��±é{ü�Qã§é²¯���½n"�

k)�y²´S%�§�Allendoerfer-Weil�Ø��" Allendoerfer-Weil �y²´rz�

�ÛÜ�ÀÜÑi\�p��/���"�k)´1�g§¦����m�ü ¥m§

ü ��þ�N|¤
��ü ¥m§ù���6uÝþ§Ø�6u	3�m",�¦3

ù�þ¡^¦lW�@pÆ��ÀÜ�O�§ r.6/þ�¯KJ,����ê��m

þ"'X`.6/´k��§@oü ¥m´2k − 1�"XJ.6/´3��§@oü ¥

m´5�" �3�p���mp�§ù��{�=©¶�/transgression0"�k)´1

��§êÆ¤þ1�g¦^ù�*g"Ò´\3e¡�Ø��{§ Ò�þ¡��§��


2r¯K.£5"¥©·¶ök¿g��“�Þ”"k
�Þ�*g�§äN�Eâóä

´$^W�uÐå5�	�©$�" �,�k)3ni�lW�@�Æ�
°�"

lÄ�óÆþ§fâ`
�´ÛÜÅ:½Â�AÛþ§ÏLÈ©±����N�ÿÀ

ØCþ§ù�óÆ3p��u�1�"

�XTXÛQº�k)�e5���¯K´�oQºÒ´`Gauss-Bonnetù�úª´

^ÛÜ��©/ª5L«�N�ÿÀØCþ§ éÙ¦�ÿÀØCþUØUé�§k�

o�Ù¦�ÿÀØCþ§��±^�©/ª5L�Ñ5ºù�´�k)¯gC���¯

Kµ XÛ^�©/ª5L«Ù¦�ÿÀ«5ê"��´40c�¥Ï§k
�o«5

aQºkü�k¶�ÿÀØCþ§ @�ÿ�É'5�§��´StiefelõWhitneya§��

´Pontrjagina§§�Ñ´é¢��þm½Â�"�´§��(J3u�oQº (J3

uStiefelõWhitneya´�2½Â�"¤¢�2½Â�o¿gQºÒ´XJxØ�u"§2x�

±�u"�§ \�ÆÄ��ê�{§��ù«ÀÜ�3�§\�¦þknê@Ø�½"

XJ\k���©/ª�{§¦þ�§ü���©/ª�u0§ @ù��©/ª��Ò�

u""ù�´d3��É"�)Pontrjagina§XÿÀ½Â�{�kù��(J"�k)

k��{ü�*	µ XJ·Ø�Ä¢�þm§�ÄE�þm�{§�25�Ò��
"

dd¦uy
E�þm�«5a§y3Ï¡��a 1" �dd�k)quÐ
�©/

ª§uy�©/ªU
L«�a§�UL«ÃL�Pontrjagina"ù���uÐÑ�@«

5a�AÛnØ§ y3Ï¡�Chern-WeilnØ§3AÛ!ÿÀ!$�êÆÔnp¡kXÞ

1�a§Pontrjagina§StiefelõWhitneyaÑ´Ç©dk)3¦�I[Æ¬Ø©p1�g�ª·¶�"
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v���^"

�Ð�ù�ùv��ÿ§2004c§Gauss-Bonnet-Chern½n�ÐuL´60c§8c

´70c§·�`60�£�¬â`Ò´70�¤Òò>
" �´`{�êÆ½n§Ò[�3

@p"Gauss-Bonnet-Chern½n�y²±9§dd�5�K�! uÐ�@�´mM
�

N�©AÛ��#���"

·�V�/£��e"Äk§�k))û
�(�¯K§=�Hopf¡���©AÛ¥

���¯K¶Ùg´Ú?Ú¦^
�(��{µ ¦1�g¦^
/transgression0�*

g§/transgression0�53AÛÿÀA^�~2��" Ó�¦¦^
lW�@pÆ��

��Éì¶1n´m8
�(���µ�N�©AÛdd?\
��#��ã" �c�

ùv��ÿ�[Ñ3ùn��L§¤±·�^n��(5éA"

¤±`�5´���Òv�m§y3Q,´k�m�{§�����§·�^Bw�

e�a�½Â"XJ´E�þm§ w�©/ª´No5�"XJ´6/M þk��E�

þmE§,�k��E þ�éä∇E§ §�²�£¡�Ç¤RE =
(
∇E
)2
3ÛÜþ´±

�g�©/ª����Ý
"·�Ò�±½Âµ

c
(
E, ∇E

)
= det

(
I +

√
−1

2π
RE

)
= 1 + c1

(
E, ∇E

)
+ c2

(
E, ∇E

)
+ · · · .

ùpci(E) :=
[
ci
(
E, ∇E

)]
∈ H2i

dR (M, R)§ Ø�6u∇E�À�§�¡�1i ��a"X

JE = TM ⊗ CÒ��6/�knPontrjagin«5a"

�a´éÄ����ØCþ§é{ü§k
éä!Ç§�efÒÑ5
"�k)Q

£Á`§ ���^E�þm´��²��*	£trivial observation¤"�ù{�U¦gC

`"·wL���k)�æ�" æ�ö`åù´��²��*	§�k)�£�´“��

�Uå”"ù�Úc¡ù��k)U�ù�'uSiegel��¯´�ó�«�"

1.3 HirzebruchÎÎÎÒÒÒ���½½½nnn���Hirzebruch-Riemann-Roch½½½nnn

��X�k)�nØ§«5anØ��
ã��uÐ"�k)�Ø©´1945cuL

�§e�Ú´Hirzebruch�ÎÒ�½n"

ÎÒ���éÐ½Â§éu4k�6/M§k��ég,�é¡V�5.µ

H2k
dR (M, R)×H2k

dR (M, R)→ H4k
dR (M, R) ' R
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½Â� ([
ω
′]
,
[
ω
])
7→
∫
M

ω
′ ∧ ω.

é¡V�5.��ué¡Ý
§é¡Ý
k��A��§�kK�A��"��A��

��ê~�K�A����êÒ¡�§�ÎÒ�" XJ�þ¡�middle cohomologyþ�

V�5.§���ÎÒ�Ò¡�6/�ÎÒ�§´X{�ÿÀØCþ" ù�½Â�@´

3Hermann Weyl^Ü�ß������©ÙpÑy�"

HirzebruchÎÒ�½n´`�oQºbXM4k´4k�½��46/§,�·�5w��

¼ê x
tanhx

" ¦uyXJ^ RTM

2π
√
−1
�Ox§ùoE,�¼ê\r§Ðm�{Ò´ó¼ê§�

g/ª²�ÒC¤og§ ¤±ù
�©/ªÐm±�§ÑC¤og�©/ª�¦È��

5|Ü§¤±`��34k�6/þÈ©k¿Â"

HirzebruchÎÒ�½n´`e¡�úª¤áµ

Sign(M4k) =

∫
M

det
1
2

 RTM

2π
√
−1

tanh
(

RTM

2π
√
−1

)
 .

Ïd§m>ùoE,����©/ª§36/þ�È©´��ê"�Ø�´�ê§Ò�

uù�6/�ÎÒ�"

Hirzebruch�ù�½n´1953cy²�§êþ1956!1957cÒ�Milnor^5�E¦�Ô

�%¥"Hirzebruch�y²´^�ThomuÐå5��>nØ" ThomÚMilnorÏ�¦�

�ù
ó�Ñ¼�
��[ø"

,�HirzebruchÓ�3¦@�Öp§�Ì�´y²E6/þ�Riemann-Roch½n§r

iù¡�/í2�p�"·�Ø�+¦E6/�ÀÜ§ ·����E6/§,��ù

�RTM§

χ̃(M) =

∫
M

det
1
2

(
− RTM

2π
√
−1

1− e
RTM

2π
√
−1

)
.

m>��È���Todd«5a§�´ùo��E,�¼ê§È©±�´�ê"ùp

¡´E6/§�´·�Ø�+§§·��'%ù�§ ùoE,���È©Ñ´�

ê"Hirzebruch Ó�y²�þ¡ü�½n§Úå
ñÄ§��AÛÿÀ#��Ùlùpm

©"

Hirzebruch�<�5´�Hopf�Æ¬§��
E¡�©a¯K"�5�
Ê�dî

�Æ¬�§-�
Kodaira�éõc�<" UìBottk�üù�5ÿÀé©Û�K�6§

Ð�Hirzebruchl�IÅ�Ñ5§Ã�é�§�´Ò3@�c§rTÆ�ÀÜµ�ê
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AÛ! �Ø!de Rham nØ!Hodge nØ�Æ¬
§�c�SÒy²
¦����½

n"Bott�¿g´Ø�Pú�gCÆ�ÀÜØ
§¢SþØ��" �Hirzebruch�5f�

Ê�dî��ÿ���é�§�c�S�oÑÆ¬
"3�(��¸e¡§�oÑUu

)"

1.4 Atiyah-Singer���III½½½nnn

�k���ê5½n§vk@or�þÓN¿Â§´Borel-Hirzebruchy²�µb

½M2n´4�g^6/§K

Â(M) =

∫
M

det
1
2

 RTM

4π
√
−1

sinh
(

RTM

4π
√
−1

)


´�ê"

fâ@�´RTMØ±2π
√
−1§ù�Ø±4π

√
−1��´���ê�ù´��éØ²��

(J§Ï��36/§�Â(M)Ø´�ê" 'X`CP 2§Â (CP 2) = −1
8
§ù�CP 2Ø´g

^�§ ¤±`g^^�3ùpé�"

��g,/¯K´��oég^6/ù�ê´�ê§é�g^6/�±Ø´�êº

ù�´Singer�¯Atiyah§Atiyahf��¦��ÿÒ¯
ù���¯K"ù�¯K��

Y´�oQº�YÒ´Atiyah-Singer�I½n" ��¦�uyXJ´g^6/§k
Ý

þ±�§�3��¤¢�Dirac�fD+§´ý��©�f§§��Id½Â´���êµ

ind(D+) = dim(kerD+)− dim(cokerD+).

XJkind(D+) = Â(M)§@od½Â§g,´��ê�AtiyahÚSingeré¯ÒßÑ
ù�

½n§�´¦�Ø¬y" Singer´�¼©ÛÑ��§�5lf�k)��)PÆ��©A

Û§Atiyah´�êAÛÑ)"

·�kØwäN�"�2Â�w§XJ´;6/Mþkü�E�þmEÚF§D :

Γ(E) → Γ(F )´���©�f" XJD´ý��©�f�{§§�Ø�{ØÑ´k��

�§ù´ý��f�Ä�½n",�Gelfand1960cuL
��©Ù" Gelfand3�ék�

?Ø�§²~k�«���?Ø§Ù¥k��<3þ¡�w
ù���(J§Ò´ý��

f��I

ind(D) = dim(ker D)− dim(cokerD),
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XJw¤Fredholm�f�{ù��I´ØC�§ý��f��C�e§ù��I´ØC

�§¤±`ù��I´ÿÀØCþ"GelfandÒ¯§ ��g,�¯K´§XÛ^®��ÿ

ÀØCþ5L�ù�)Û½Â��Iº

¤±·��������ü�ý¡"��ý¡´Atiyah-Singer`�§Â-º�´�ê§

§AT´,��ý��f��I¶ ,��¡Gelfand3¯§?¿�ý��f��I´�o

ÀÜ�ÿÀØCþºAtiyah-Singerk��äN�~f��Y§ù´¦��`³§�´¦�

Ø��Noy¶Gelfand@>k��Ûd<��3äN��§ �,¦�ÿÀvkAtiyah¦

�@oÐ§¤±��vkßÑ�N�ÀÜ"

¢Sþùü��¡NoéXå5�Q§´Smale"Smale�5�y²5�±þ�
\4

ß�¼����[ø"¦@�´LÚ9§ÚAtiyah! Singer��g3��o"Atiyahw

�Smale¦�kù�ßÿ§Smale`·ffw�Gelfandk�©Ùkù�ÀÜ" Atiyah-

Singer¦�é�
Gelfand�©Ù§��7L�^�o��©Ûóä"¦����éõ<§

�)Nirenberg�" [�©�f�nØÒ´dduÐå5�"Atiyah!Singer��u1963c

�¤
�I½n�y²"

�I½näkXe�/ªµ

ind(D) =

∫
M

{(
E, F
TCM

)
��a

}
.

é?Û�ý��fÑATkù�/ª"�>´�©�f�)�mû½�§´X©Û�¶

m>´XÿÀ�§´dE, F§ Ez���mTCM = TM ⊗ C�«5a5û½�"Ä�Ñ
5Ò´

©Û = ÿÀ

y =

yChern-Weil

∫
M
�©/ª

�N =
∫
M
ÛÜ.

ù�\�lÄ�5w§Ò´©Û�uÿÀ"ùü�½n3©ÛÚÿÀü�A���Ø��

�ÀÜ�mïå
��xù"�¡�ÿÀØCþ§ �âChern-WeilnØq�±�¤�©

/ª36/þ�È©"��¤ù��f�{§q�±w�ÛÜ��©/ª�È©§ ��

���N�ØCþ"

¤±·�l��Gauss-Bonnetm©��rN�§ÛÜ��N�m�'é§ 3Atiyah-

Singer�I½np¡��UY�u�1�" ,�ù�½nA^��«����fp¡Ò�
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¹
fâ·�J��¤k��½nµ

Gauss-Bonnet-Chern ½n§
Hirzebruch ÎÒ�½n§
Hirzebruch-Riemann-Roch ½n§
Borel-Hirzebruch ½n"

,���rN�eÒ´`Ï��I½nQã��Ò�¹�a§·�m©`�2004c

rAbelø�Atiyah-Singer§ r
ºÅø��k)p¡|Ü�Ó�§�k���'X"l

ù�'X5ù§�a��ÒÑy320V�Ä�½n�Qãp´¥IêÆ[�1J" ,

�ù�¡�,�¹
éõ�½n§Ó�3êÆ���+�§AO�5uÐ3êÆÔnp¡

Ñké��K�ÚA^" ��ÿÀÚ©Ûü���Ø���ÀÜéXå5§g,¬éé

õÙ¦�êÆ�)K�"

Ïd�ØÛ%�[l��ý¡5ïÄ!n)ù�½n"'�;.�y²kn«"

1�«´Atiyah-Singer�@�y²§ ¦�´��Hirzebruch'uÎÒ�½n�y²§

^
ThomuÐå5��>nØ§�>y²"1�«y²nØþ�Ð��§ ¦�´

^GrothendieckéHirzebruch-Riemann-Roch½n�y²"¦�kr6/M§Ø�½��

å§i\�����¥¡S2Nþ§ ù´�±��",�ÏLK-nØ�{rù�¯Kz�

¥¡þ�¯K§¥¡þ¤k��þm�N�K-+©adBott±Ï5½n´���" \

�3¥¡þ�y�I½n�{§\Òr�þm�)¤�<Ñ5§äN��y�e§Òuy

ù�¤á§¤á
±�§2.£5" ��±w¤,«/transgression0§3¥¡þAOÐ

�§2.£5"ù���K-nØy²§^�
Bott±Ï5½nµ

K̃
(
S2N

)
= Z.

1n�y²Ò´·��5�`�ÛÜ�InØ§9�§y²"9�§Ú�©AÛ§A

O´Ú�5�Ônk�;��éX" fâJ��xó��Ç3ù�¡k���z"·

´é3$�§¦�Ð3ùþ¡�ó���ÿ§·?
êÆ¤�¦ÆS�InØ"

1.5 McKean-Singerúúúªªª

·���/0��e9�§y²"·�w��ý��©�fD : Γ(E) → Γ(F )§·

�b½E�F ÑkHermitianÝþ§ ,�·�36/þkiùÝþ§ù�Òk�NÈ/

ª§EÚF��K�mΓ(E), Γ(F )ÑC¤
pre-Hilbert�m§ ¿�kSÈ",�k
ù�

�f±�§·��±½Â§����fD∗ : Γ(F )→ Γ(E),〈
Ds, s

′
〉

=
〈
s, D∗s

′
〉
.
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ùps ∈ Γ(E), s
′ ∈ Γ(F )"kù
ü��f±�Ò�±�Laplacian§

D∗D : Γ(E)→ Γ(E),
DD∗ : Γ(F )→ Γ(F ).

D∗D, DD∗ Ñ´��½�g�ý��f"�±y²

e−tD
∗D : Γ(E)→ Γ(E),

e−tDD
∗

: Γ(F )→ Γ(F )

Ñ´;�f"éu?Ût > 0Ñ�±¦¦��,§,�·�ké¤��úªµ

McKean-Singerúúúªªª

ind(D) = Tr
[
e−tD

∗D
]
− Tr

[
e−tDD

∗]
.

yyy²²²µµµÄk

ind(D) = dim(ker D)− dim(ker D∗).

d

〈D∗Dσ, σ〉 = 〈Dσ,Dσ〉 = |Dσ|2 ,

·�k

ker(D) = ker (D∗D) ,

ker (D∗) = ker (DD∗) .

XJλ ∈ Spec(D∗D)�λ 6= 0§Kéu�A�A��þs 6= 0, D∗Ds = λs§ ·�

kDD∗(Ds) = λ(Ds)§¿�Ds 6= 0. Ïd

λ ∈ Spec(DD∗).

nþ§·�k∑
λ∈Spec(D∗D)

e−tλ −
∑

µ∈Spec(DD∗)

e−tµ = dim(ker D)− dim(ker D∗) = ind(D).

���555µµµ McKean-Singerúª¤�3�o/�º�>ù�ind(D)�tv'X§m>´�6

ut"ù�Ò�±Czt§ �\���gdÝ5ïÄù�¯K"
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2 ÛÛÛÜÜÜ���IIInnnØØØ

XJ´;�f�{§§�,§�±l§�Ø¼ê�Ñµ

Tr
[
e−tD

∗D
]

=

∫
M

Tr
[
e−tD

∗D(x, x)
]
dVolx

:=

∫
M

Tr [Pt(x, x)] dVolx,

Tr
[
e−tDD

∗]
:=

∫
M

Tr [Qt(x, x)] dVolx.

�âMcKean-Singerúª·�k

ind(D) =

∫
M

(Tr [Pt(x, x)]− Tr [Qt(x, x)]) dVolx.

ü�9Ø3¦,±��~§,�2È©"·���§9Ø3Ôn��§p¡´�~��

¼ê§®²�éõ<ïÄ
§�\��t ªu0��ÿ§§���±^6/z�:NCÛ

Ü�þ5L«:

Pt(x, x) =
1

(4πt)
n
2

(
a0 + a1 + · · ·+ an

2
t
n
2 + · · ·

)
;

Qt(x, x) =
1

(4πt)
n
2

(
b0 + b1 + · · ·+ bn

2
t
n
2 + · · ·

)
.

·�rMcKean-Singerúª#Qã�e�µ�tªu0��ÿ·�k

ind(D) =

∫
M

n
2∑
i=0

ti−
n
2

(4π)
n
2

(Tr [ai]− Tr [bi]) dVolx + o(t).

5¿§� i < n
2
�§ti−

n
2 3t ªu0�´uÑ�"ù�m>´�uÑ.§�>´�~ê"

¤±XJ�ù��ªé?ÛtÑé�{§ �i < n
2
��ÿ§ATkµ∫

M

(Tr [ai]− Tr [bi]) = 0.

�i = n
2
�§k ∫

M

1

(4π)
n
2

(
Tr
[
an

2

]
− Tr

[
bn

2

])
= ind(D).

\wMcKean-Singerúª§ØI�\#�^�§\wúª��§�efÒ�±��§

9Ø�ì?ÐmAT÷vùü�^�§��´È©±��u0§ ��´ù�È©±��
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uind(D)"u´McKean-SingerÒßkvk“miraculous cancellation”£Û,��-�¤§

��éäN�AÛ�fkvkºùÒ´ÛÜ�I½n§ÛÜ�I½n´`µ

ÛÛÛÜÜÜ���IIIßßß���µµµ

Tr [ai]− Tr [bi] = 0, i <
n

2
Tr
[
an

2

]
− Tr

[
bn

2

]
= characteristic form.

ù´,	�«ÛÜ��N�m�'X"�,ù��m©X�Ø��éØé"

McKean-Singer¦�1968c�m3uL3JDGþ�Ø©p¡ïÄ
�{ü���¡�

�/"éGauss-Bonnet½n§ éAude Rham-Hodge�fd + d∗§¦�y²ù�ÛÜ�I

½n´é�",�JÑ��¯K§¯p��Gauss-Bonnet-Chern½n�ÛÜ�.éØéº

¦�Ø��§Ï��oQºù
9Ø§�6uz�:�Ø1´Ç�kÇ��«���

�ê"�,48'X\�±©Û§�´%´éE,�ÀÜ" �I��ÚÇ��vk

?Û'uÇ��ê§¤±`@
E,�þUØU������¤I��þ§ù�´¦�

JÑ���ß�"

ù�ß�´Patodi3<Ý�Æ¬��ÿy²�§Ò´¦�Æ¬Ø©"Patodi��±

�§võÈ§31�Ò�
"¦�)��
�n�Ø©§ ²c´¦�70���"Patodi´

1��é?Û��êy²
ÛÜ�I½n¤á§=ÛÜGauss-Bonnet-Chern½n"

3Patodi��§ù��¡§ GilkeyÓ�^,	�«�{5y²ù�½n§m��§Ø´�

��@
�Xê�§´m��y²@
Xê7L÷v�
�o5�§ ÏL@
5�é

Ñ�
'X"Gilkey��{�Atiyah-Bott-Patodi^5y²
AÛ�f�ÛÜ�I½n"�

5�
80c�§ ÔnÆ[WittenÚAlvarez-Gaumé§lÔnþ��{�ÑDirac�fÛÜ

�I½n���#�)º§�53êÆÔn�¡�)�X��K�" ÛÜ�InØ�k

�L5�<Ô´Bismut"xó�P�3ù�¡�k���z"

2.1 ÛÛÛÜÜÜGauss-Bonnet-Chern½½½nnn

·��ÑÛÜGauss-Bonnet-Chern½n�[�Qã"b½M´óê�½��46

/§gTM´iùÝþ§∇TM´Levi-Civitaéä§ RTM =
(
∇TM

)2
´§�Ç",�PD =

d+ d∗ : Ωeven(M)→ Ωodd(M)�de Rham-Hodge�f" Patodiy²
µ

ÛÛÛÜÜÜGauss-Bonnet-Chern½½½nnn£££Patodi, 1970¤¤¤

lim
t→0+

(
Tr
[
e−tD

∗D(x, x)
]
− Tr

[
e−tDD

∗
(x, x)

])
dVolx =

{
Pf

(
RTM(x)

2π

)}
.
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ü>È©=��Gauss-Bonnet-Chern½nµ

χ(M) =

∫
M

Pf

(
RTM(x)

2π

)
.

¤±ÛÜGauss-Bonnet-Chern½n'Gauss-Bonnet-Chern½n�\°["�5§AtiyahÒ

�Patodi�Ê�dî�¯§ Ò��
fâJ��Atiyah-Bott-PatodiéÙ§�f�é�½

n"Ó�¦ÚAtiyah!Singer�år�I½ní2��>6/��/"

2.2 '''uuuDirac���fff���Atiyah-Singer���III½½½nnn

·�5wDirac�f§�5´��¤kAÛþ��f§ÛÜ/Ñ�±�¤Dirac�f"

¤±Dirac�f´�äk�L5��f"b½´g^6/§ ÛÜ�{ØI�ù�^�§

�´�N�·�I�"k
ù�óê��g^6/M§b½�
§ÝþgTM§Levi-

Civitaéä∇TM§ ÇRTM =
(
∇TM

)2
"óê����´k©g�^þmS(TM) =

S+(TM) ⊕ S−(TM)§ ù´��©g�Hermitianm",�éä�±J,�ù�þ¡�§

ù�J,´g,�µ

∇S(TM) = ∇S+(TM) ⊕∇S−(TM).

,�^þm�±��´Clifford�ê�L«"é?Û�þ|X§c(X)P�Clifford�^§§

rS+(TM)N�S−(TM)§ rS−(TM)N�S+(TM)"

·��?��Hermitian�þm
(
E, gE

)
§∇E�§�Hermitianéä" u´·�k��

ÜþÈS(TM)⊗ Eþ�éäµ

∇S(TM)⊗E = ∇S(TM) ⊗ IdE ⊕ IdS(TM) ⊗∇E.

·��TM��|ÛÜN�Äµe1, e2, · · · , edimM" @o¤¢�Dirac�f½Â�µ

DE =
dimM∑
i=1

c(ei)∇S(TM)⊗E
ei

: Γ (S(TM)⊗ E)→ Γ (S(TM)⊗ E) ,

DE
± := DE

∣∣
S±(TM)⊗E : Γ (S±(TM)⊗ E)→ Γ (S∓(TM)⊗ E) .

ù�½Â�ÛÜN�Ä�À�Ã'§¤±´�N½Â�"DE´ý�g��f§
(
DE

+

)∗
=

DE
−" ,�·��±�Ä�Iµ

ind
(
DE

+

)
= dim

(
kerDE

+

)
− dim

(
kerDE

−
)
.

éuDirac�f§Atiyah-Singer�I½n�±Qã�µ
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Atiyah-Singer ���III½½½nnn£££1963¤¤¤

ind
(
DE

+

)
=

〈
Â(TM) ch(E), [M ]

〉
=

∫
M

det
1
2

 RTM

4π
√
−1

sinh
(

RTM

4π
√
−1

)
 tr

[
exp

(√
−1

2π

(
∇E
)2
)]

.

XJE = C�²�m§·�rDEP�D§@o·�Ò��µ

Borel-Hirzebruch½½½nnn£££1960¤¤¤

Â(M) =
〈
Â(TM), [M ]

〉
∈ Z.

c¡®²`L
, g^^�´7L�§Ï�Â (CP 2) = −1
8
"

3wDirac�f�ÛÜ�I½n�c·�5wDirac�f���{ü�A^§1963cÒk

�½n"

b½g^6/(M, gTM)þ�êþÇ�kg
TM

, 6/þ�êþÇ´�{ü���AÛØ

Cþ§�IO���ØCþ" �?Û�:x§\36/þ����%�x§�»�r�ÿ/

¥§,��î¼�m¥�»Ó��r�¥§üö�NÈ�Ø§ rªu0��ÿ§ì?Ðm§

Ðm�Xê´ù�:

vol
(
BgTM

x (r)
)

vol (BRn
0 (r))

= 1− kg
TM

(x)

6(n+ 2)
r2 + o(r2).

Lichnerowiczég^6/þ�Dirac�fy²
��¤��úª"

Lichnerowicz úúúªªª£££1963¤¤¤µD2 = −∆ + kg
TM

4
.

ù�Bochner-Laplacian −∆ �½´�K�µ−∆ ≥ 0.

Lichnerowicz ½½½nnn£££1963¤¤¤µXJ3M þkkg
TM

> 0§KÂ(M) = 0.

yyy²²²µµµ Ï�kg
TM

> 0§·�kD2 = −∆ + kg
TM

4
> 0"u´ Â(M) = ind (D+) = 0.

ù´Atiyah-Singer�I½n���(J\þLichnerowicz���'�*	§��ù��

�½n§ lX{�AÛ^�kg
TM

> 0��
��X{�ÿÀ(JÂ(M) = 0"y²^�


©Û��{§^�
�I½n" ù�½nrAÛ§ÿÀ§©ÛkÅ�(Ü
å5§´·

�U��½n��"
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2.3 '''uuuDirac���fff���ÛÛÛÜÜÜ���III½½½nnn���η-ØØØCCCþþþ

y3·�Ò�±Qã'uDirac�f�ÛÜ�I½n
"éu?Ûx ∈M§·�k

limt→0+
(
Tr
[
e−tD

∗D(x, x)
]
− Tr

[
e−tDD

∗
(x, x)

])
dVolx

=

(
det

1
2

(
RTM

4π
√
−1

sinh
(
RTM

4π
√
−1

)
)

tr
[
exp

(√
−1

2π

(
∇E
)2
)])top

.

1������y²´dAtiyah-Bott-Patodi§Gilkey�Ñ�§���y²�5dBismut§

Getzler§Berline-Vergne�Ñ"xó�P�´X{^Patodi��{í2§A�Õá��Ñ

��y²§ù´xP���z"

,�ÛÜ��{§½n���,´rz
§�´���´�oQº���´§

ù��{�±í2§���±í2��>6/" XJb½g^6/Mk��>.∂M§

·��b½¤k�AÛþ3>.NCäk¦È(�"XJ>.��§ @o�fD+´

�ý��§§�ØÚ{ØÑ�±´Ã���"¤±§��IØ´ûÐ½Â�§�ûÐ

½ÂÒ�\>.^�" é���Dirac�f§{¤þ²;�>.^�Dirichlet>�¯

K§Neumann>�¯KÑØ´ý��§¤±\þùa>�^��{§ §�ØÚ{Ø�´

Ã��"¤±Atiyah-Patodi-Singer¦�n�<uy
§éDirac�fI�k�«��N>

�^��ÀÜ§ ·�y3��Atiyah-Patodi-Singer>�^�"éuù�>�^�§¦�

y²
D+��I´�±½Â�§¿��I´k.�"

Atiyah-Patodi-Singer ½½½nnn£££1974¤¤¤

ind
(
DE

+,APS

)
=

∫
M

det
1
2

 RTM

4π
√
−1

sinh
(

RTM

4π
√
−1

)
 tr
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