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Index theory on manifolds with boundary
Equivariant index

Vergne conjecture for geometric quantization
Quantization formula for proper moment maps

The Atiyah-Patodi-Singer index
More on APS index

APS boundary condition

I M an even dimensional compact spin manifold with
boundary ∂M

I gTM a Riemannian metirc on TM which is of product
structure near the boundary ∂M :

I on a neighborhood ∂M × [0, ε) of ∂M , one has

gTM
∣∣
∂M×[0,ε)

= π∗
(
gTM

∣∣
∂M

)
⊕ dt2,

where π : ∂M × [0, ε) → ∂M is the canonical projection

I S(TM) = S+(TM)⊕ S−(TM) the bundle of spinors
associated to (TM, gTM)
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The Atiyah-Patodi-Singer index
More on APS index

I (E, gE) a Hermitian vector bundle over M carrying a
Hermitian connection ∇E, of product structure near
∂M :

I

gE
∣∣
∂M×[0,ε)

= π∗
(
gE

∣∣
∂M

)
, ∇E

∣∣
∂M×[0,ε)

= π∗
(
∇E

∣∣
∂M

)
I The Dirac operator :

DE : Γ(S(TM)⊗ E) → Γ(S(TM)⊗ E)

I DE
± := DE

∣∣
Γ(S±(TM)⊗E)

.
I

DE
∣∣
∂M×[0,ε)

= c

(
∂

∂t

) (
∂

∂t
+ π∗DE

∂M

)
I DE

∂M : Γ ((S(TM)⊗ E)|∂M) → Γ ((S(TM)⊗ E)|∂M)
the induced Dirac operator on the boundary ∂M
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The Atiyah-Patodi-Singer index
More on APS index

I DE
±,∂M : Γ ((S±(TM)⊗ E)|∂M)

→ Γ ((S±(TM)⊗ E)|∂M)
are elliptic and formally self-adjoint.

I APS projection :
PE

∂M,+,≥0 : L2 ((S+(TM)⊗ E)|∂M)
→ L2

≥0 ((S+(TM)⊗ E)|∂M) =
⊕

λ≥0, λ∈Spec(DE
+,∂M ) Fλ

I Atiyah-Patodi-Singer : the boundary valued problem
(DE

+, PE
∂M,+,≥0) is elliptic

I Denote by
DE

+,APS :
{
s ∈ Γ(S+(TM)⊗ E) : PE

∂M,+,≥0(s|∂M) = 0
}

→ Γ(S−(TM)⊗ E)
the associated elliptic operator

I Atiyah-Patodi-Singer index theorem :

index
(
DE

+,APS

)
=

∫
M

Â(TM)ch(E)− η
(
DE

+,∂M

)
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Â(TM)ch(E)− η
(
DE

+,∂M

)

Weiping Zhang Geometric quantization on manifolds with boundary (joint with Xiaonan Ma)



Index theory on manifolds with boundary
Equivariant index

Vergne conjecture for geometric quantization
Quantization formula for proper moment maps

The Atiyah-Patodi-Singer index
More on APS index

I DE
±,∂M : Γ ((S±(TM)⊗ E)|∂M)

→ Γ ((S±(TM)⊗ E)|∂M)
are elliptic and formally self-adjoint.

I APS projection :
PE

∂M,+,≥0 : L2 ((S+(TM)⊗ E)|∂M)
→ L2

≥0 ((S+(TM)⊗ E)|∂M) =
⊕

λ≥0, λ∈Spec(DE
+,∂M ) Fλ

I Atiyah-Patodi-Singer : the boundary valued problem
(DE

+, PE
∂M,+,≥0) is elliptic

I Denote by
DE

+,APS :
{
s ∈ Γ(S+(TM)⊗ E) : PE

∂M,+,≥0(s|∂M) = 0
}

→ Γ(S−(TM)⊗ E)
the associated elliptic operator

I Atiyah-Patodi-Singer index theorem :

index
(
DE

+,APS

)
=

∫
M
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The Atiyah-Patodi-Singer index
More on APS index

Direct extensions

I Can be extended to the case where gTM , gE and g∇
E

need not be of product structure near ∂M (mainly due
to Gilkey)

I The induced Dirac operator DE
+,∂M still intrinsically

well-defined

I Well defined DE
+,APS as well as its index

I Can be extended to Dirac type operators which can be
written as

D = DE + A

with A an odd endomorphism of S(TM)⊗ E
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The Atiyah-Patodi-Singer index
More on APS index

Homotopy invariance

I Mt, 0 ≤ t ≤ 1, a smooth family of even dimensional
manifolds with boundary

I Dt a smooth family of Dirac type operators on Mt

I For any t ∈ [0, 1], Dt,+,∂Mt is invertible on Mt

I Homotopy invariance :

ind (D0,+,APS) = ind (D1,+,APS)
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Equivariant APS index
Transversal index
Equivariant APS and transversal indices

An invariant vector field

I G a compact connected Lie group
I g Lie algebra of G, admitting an AdG-invariant metric
I G acts on M , lifts to an action on E
I preserving gTM , gE, ∇E etc.
I Thus DE is G-equivariant
I X : M → g an equivariant map with respect to the G

action on M and the AdG action on g
I For any m ∈ M , let X(m)M denote the Killing vector

field on M generated by X(m) ∈ g
I Let XM ∈ Γ(TM) be defined by

XM(m) =
(
X(m)M

)
(m)
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I preserving gTM , gE, ∇E etc.
I Thus DE is G-equivariant
I X : M → g an equivariant map with respect to the G

action on M and the AdG action on g
I For any m ∈ M , let X(m)M denote the Killing vector

field on M generated by X(m) ∈ g
I Let XM ∈ Γ(TM) be defined by

XM(m) =
(
X(m)M

)
(m)
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Equivariant APS index I

I We consider the Dirac type operator

DE
T = DE +

√
−1Tc

(
XM

)
for T ∈ R, where c(·) is the notation for Clifford action

I It is G-equivariant

I Purpose : study the G-decomposition of

ker
(
DE

T,+,APS

)
− ker

(
DE

T,+,APS

)∗
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G-decomposition

I The set of irreducible G-representations can be
parameterized by a subset Λ+ ⊂ g of dominant
weights.

I For any ξ ∈ Λ+, let V ξ denote the corresponding
G-irreducible representation

I For any T ∈ R, one has the G-decomposition

ker
(
DE

T,+,APS

)
−ker

(
DE

T,+,APS

)∗
=

⊕
ξ∈Λ+

mξ

(
DE

T,+,APS

)
V ξ

I mξ

(
DE

T,+,APS

)
∈ Z

I Finite sum on the right hand side (ellipticity).
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Vanishing on the boundary

I Basic assumption : XM |∂M is nowhere zero.

I For any ξ ∈ Λ+, let Γ(S(TM)⊗ E)ξ denote the
ξ-component of Γ(S(TM)⊗ E)

I

Γ(S(TM)⊗ E) =
⊕
ξ∈Λ+

Γ(S(TM)⊗ E)ξ

I For any ξ ∈ Λ+, let DE
T (ξ) denote the restriction of DE

T

on Γ(S(TM)⊗ E)ξ

I Proposition. There exists T0 ≥ 0 such that for any
T ≥ T0, DE

T,+,∂M(ξ) is invertible
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Proof of Proposition

I h1, · · · , hdim G an orthonormal basis of g
I Vi the Killing vector field on M generated by hi

I X =
∑dim G

i=1 fihi =⇒ XM =
∑dim G

i=1 fiVi

I Key formula

(
DE

T,+,∂M

)2
=

(
DE

+,∂M

)2
+TA−2

√
−1T

dim G∑
i=1

fi∇Vi
+T 2

∣∣XM
∣∣2

I A bounded not containing T
I ∇Vi

= (∇Vi
− LVi

) + LVi

bounded on
(
Γ(S(TM)⊗ E)ξ

)
|∂M

I |XM | ≥ α > 0

I Thus, when T >> 0,
(
DE

T,+,∂M

)2
> 0. Q.E.D.
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Equivariant APS index II

I Recall that

ker
(
DE

T,+,APS

)
−ker

(
DE

T,+,APS

)∗
=

⊕
ξ∈Λ+

mξ

(
DE

T,+,APS

)
V ξ

I Above Proposition + Homotopy Invariance yields

I For any ξ ∈ Λ+, there exists Tξ ≥ 0 such that
mξ

(
DE

T,+,APS

)
does not depend on T ≥ Tξ

I Denote it by mξ(E|M , XM)

I Definition (Possibly infinite sum)

QAPS

(
E|M , XM

)
=

⊕
ξ∈Λ+

mξ

(
E|M , XM

)
V ξ.
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Transversally elliptic index

I Define the symbol σE|M ,XM
by

σE|M ,XM

(η) = c(η) + c(XM)

for η ∈ T ∗M ' TM
I (σE|M ,XM

(η))2 = −|η|2 − |XM |2 6= 0 at m ∈ M if η 6= 0
is orthogonal to Gm

I zero(XM) is compact in M \ ∂M ==> σE|M ,XM
is a

transversally elliptic symbol in the sense of Atiyah
I Transversally elliptic index (Atiyah and Paradan) :

ind
(
σE|M ,XM

)
=

⊕
ξ∈Λ+

m̂ξ

(
E|M , XM

)
V ξ

I Possibly infinite number of nonzero m̂ξ

(
E|M , XM

)
∈ Z
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I Theorem (Ma-Zhang) For any ξ ∈ Λ+, one has

mξ

(
E|M , XM

)
= m̂ξ

(
E|M , XM

)
.

I It identifies the transversal index through the
equivariant APS index :

I Reformulation

QAPS

(
E|M , XM

)
= ind

(
σE|M ,XM

)
.
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Pre-quantum line bundle

I (M, ω) a (possibly noncompact) symplectic manifold.

I (L, hL) a Hermitian line bundle over M carrying an
Hermitian connection ∇L such that

√
−1

2π

(
∇L

)2
= ω.

L the pre-quantum line bundle on (M, ω).
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The Dirac operator

I J an almost complex structure on TM such that

gTM(v, w) = ω(v, Jw)

defines a Riemmannian metric on TX.

I Spinc Dirac operator

DL : Ω0,∗(M, L) → Ω0,∗(M, L)

I DL
± := DL|

Ω0, even
odd (M,L)

.

I When (M, ω, J) is Kähler, and L holomorphic line
bundle over M ,

DL =
√

2
(
∂

L
+

(
∂

L
)∗)

.
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Kirwan vector field

I G compact connected Lie group with Lie algebra g.

I G acts on M , and its action lifts on L, and commutes
with J , hL, ∇L.

I Moment map µ : M → g∗ ' g is defined by

2
√
−1πµ(K) = ∇L

KM − LK , K ∈ g.

KM the vector field on M generated by K ∈ g.

I iKM ω = d µ(K)

I G acts on M : a Hamiltonian action

I Kirwan vector field : µM ∈ Γ(TM)
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Geometric quantization
The Vergne conjecture

Symplectic reduction

I Basic assumption : The moment map µ : M → g∗ is
proper, i.e., µ−1(cpt) = cpt

I For a regular value ν ∈ g∗ of µ, symplectic reduction :

Mν = µ−1(G · ν)/G

I Mν is a compact symplectic orbifold.

I J , ω, L =⇒ Jν , ων , Lν on Mν .

I If (M, ω, J) is Kähler, L is holomorphic, =⇒
(Mν , ων , Jν) is Kähler, Lν is holomorphic over Mν .
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Quantization via symplectic reduction

I ν ∈ g∗ ' g a regular value of µ,

I Well defined Dirac operator on the orbifold (Mν , ων , Jν)

I The quantization of Lν is defined by

Q (Lν) = Ker
(
DLν

+

)
−Ker

(
DLν
−

)
.

I m(Lν) = dim(Q(Lν)) is well-defined even when ν is
not a regular value of µ (Meinrenken-Sjamaar and
Paradan)

I Definition
Qred(L) =

⊕
ξ∈Λ+

m (Lξ) V ξ
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The Vergne conjecture

I Vergne condition : zero(µM) ⊂ M is compact
I Then the transversally elliptic index (Atiyah, Paradan)

ind
(
σE|M ,µM

)
=

⊕
ξ∈Λ+

m̂ξ

(
E|M , µM

)
V ξ

well-defined (possibly infinite sum)
I Vergne conjecture (ICM 2006, plenary lecture) : If

µ : M → g∗ is proper and zero(µM) ⊂ M is compact,
then

ind
(
σE|M ,µM

)
= Qred(L),

i.e., for any ξ ∈ Λ+,

m̂ξ

(
E|M , µM

)
= m (Lξ) .
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Reformulation

I M̂ ⊂ M any G-invariant compact submanifold with
boundary ∂M̂ such that zero(µM) ⊂ M̂ \ ∂M̂

I By excision of the transversal index

ind
(
σE|M ,µM

)
= ind

(
σE|

M̂
,µM̂

)
I We have proved

ind
(
σE|

M̂
,µM̂

)
= QAPS

(
E|M̂ , µM̂

)
I Reformulation of the Vergne conjecture

QAPS

(
E|M̂ , µM̂

)
= Qred(L)
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Remarks and comments I

I When M = M̂ is closed, then the Vergne conjecture is
exactly the Guillemin-Sternberg geometric
quantization conjecture proved by Meinrenken and
Meinrenken-Sjamaar

I The deformation (used in defining QAPS(E|M̂ , µM̂)),

DL
T = DL +

√
−1Tc

(
µM

)
appeared first in Tian-Zhang’s analytic proof of the
Guillemin-Sternberg conjecture
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Remarks and comments II

I The case ξ = 0 is relatively easy to prove

I In the compact case, one uses the shifting trick to
reduce the case of general weights to the case of ξ = 0

I The shifting trick : for any ξ ∈ Λ+ ∈ g ' g∗, let
O−ξ = −Gξ be the coadjoint orbit.

I There exists symplectic form ω−ξ and the associated
pre-quantum line bundle L−ξ over O−ξ

I The moment map η : O−ξ → g ' g∗ defined by the
canonical embedding

I Moment map on M ×O−ξ given by µ + η

I (M ×O−ξ)ν=0 = ((µ + η)−1(0))/G = Mξ
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Remarks and comments III

I Vergne conjecture for the 0-weight case on M ×O−ξ ?

I Potential problem : the Vergne condition on the
compactness of zero(µM) on M need not imply the
Vergne condition on the compactness of
zero((µ + η)M×O−ξ) which is required for the definition
of the transversal index

I Resolution (Ma-Zhang) : establish a general
quantization formula without using the Vergne
condition
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Quantization space without the Vergne condition
Quantization formula for proper moment maps

A class of manifolds with boundary

I Still assume that µ : M → g∗ ' g is proper

I Set H = |µ|2

I XH the Hamiltonian vector field of H : iXHω = dH
I XH = 2µM

I µM(m) = 0 iff m ∈ M is a critical point of H
I Sard lemma : the regular value of H is dense on

[0, +∞)

I For any regular value a > 0 of H, set
Ma = {m ∈ M,H(m) ≤ a}

I Ma is a G-invariant compact manifold with boundary
∂Ma = {m ∈ M,H(m) = a}
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I µM(m) = 0 iff m ∈ M is a critical point of H
I Sard lemma : the regular value of H is dense on

[0, +∞)

I For any regular value a > 0 of H, set
Ma = {m ∈ M,H(m) ≤ a}

I Ma is a G-invariant compact manifold with boundary
∂Ma = {m ∈ M,H(m) = a}

Weiping Zhang Geometric quantization on manifolds with boundary (joint with Xiaonan Ma)



Index theory on manifolds with boundary
Equivariant index

Vergne conjecture for geometric quantization
Quantization formula for proper moment maps

Quantization space without the Vergne condition
Quantization formula for proper moment maps

A class of manifolds with boundary

I Still assume that µ : M → g∗ ' g is proper

I Set H = |µ|2

I XH the Hamiltonian vector field of H : iXHω = dH

I XH = 2µM

I µM(m) = 0 iff m ∈ M is a critical point of H
I Sard lemma : the regular value of H is dense on

[0, +∞)

I For any regular value a > 0 of H, set
Ma = {m ∈ M,H(m) ≤ a}

I Ma is a G-invariant compact manifold with boundary
∂Ma = {m ∈ M,H(m) = a}

Weiping Zhang Geometric quantization on manifolds with boundary (joint with Xiaonan Ma)



Index theory on manifolds with boundary
Equivariant index

Vergne conjecture for geometric quantization
Quantization formula for proper moment maps

Quantization space without the Vergne condition
Quantization formula for proper moment maps

A class of manifolds with boundary

I Still assume that µ : M → g∗ ' g is proper

I Set H = |µ|2

I XH the Hamiltonian vector field of H : iXHω = dH
I XH = 2µM

I µM(m) = 0 iff m ∈ M is a critical point of H
I Sard lemma : the regular value of H is dense on

[0, +∞)

I For any regular value a > 0 of H, set
Ma = {m ∈ M,H(m) ≤ a}

I Ma is a G-invariant compact manifold with boundary
∂Ma = {m ∈ M,H(m) = a}

Weiping Zhang Geometric quantization on manifolds with boundary (joint with Xiaonan Ma)



Index theory on manifolds with boundary
Equivariant index

Vergne conjecture for geometric quantization
Quantization formula for proper moment maps

Quantization space without the Vergne condition
Quantization formula for proper moment maps

A class of manifolds with boundary

I Still assume that µ : M → g∗ ' g is proper

I Set H = |µ|2

I XH the Hamiltonian vector field of H : iXHω = dH
I XH = 2µM

I µM(m) = 0 iff m ∈ M is a critical point of H

I Sard lemma : the regular value of H is dense on
[0, +∞)

I For any regular value a > 0 of H, set
Ma = {m ∈ M,H(m) ≤ a}

I Ma is a G-invariant compact manifold with boundary
∂Ma = {m ∈ M,H(m) = a}

Weiping Zhang Geometric quantization on manifolds with boundary (joint with Xiaonan Ma)



Index theory on manifolds with boundary
Equivariant index

Vergne conjecture for geometric quantization
Quantization formula for proper moment maps

Quantization space without the Vergne condition
Quantization formula for proper moment maps

A class of manifolds with boundary

I Still assume that µ : M → g∗ ' g is proper

I Set H = |µ|2

I XH the Hamiltonian vector field of H : iXHω = dH
I XH = 2µM

I µM(m) = 0 iff m ∈ M is a critical point of H
I Sard lemma : the regular value of H is dense on

[0, +∞)

I For any regular value a > 0 of H, set
Ma = {m ∈ M,H(m) ≤ a}

I Ma is a G-invariant compact manifold with boundary
∂Ma = {m ∈ M,H(m) = a}

Weiping Zhang Geometric quantization on manifolds with boundary (joint with Xiaonan Ma)



Index theory on manifolds with boundary
Equivariant index

Vergne conjecture for geometric quantization
Quantization formula for proper moment maps

Quantization space without the Vergne condition
Quantization formula for proper moment maps

A class of manifolds with boundary

I Still assume that µ : M → g∗ ' g is proper

I Set H = |µ|2

I XH the Hamiltonian vector field of H : iXHω = dH
I XH = 2µM

I µM(m) = 0 iff m ∈ M is a critical point of H
I Sard lemma : the regular value of H is dense on

[0, +∞)

I For any regular value a > 0 of H, set
Ma = {m ∈ M,H(m) ≤ a}

I Ma is a G-invariant compact manifold with boundary
∂Ma = {m ∈ M,H(m) = a}

Weiping Zhang Geometric quantization on manifolds with boundary (joint with Xiaonan Ma)



Index theory on manifolds with boundary
Equivariant index

Vergne conjecture for geometric quantization
Quantization formula for proper moment maps

Quantization space without the Vergne condition
Quantization formula for proper moment maps

A class of manifolds with boundary

I Still assume that µ : M → g∗ ' g is proper

I Set H = |µ|2

I XH the Hamiltonian vector field of H : iXHω = dH
I XH = 2µM

I µM(m) = 0 iff m ∈ M is a critical point of H
I Sard lemma : the regular value of H is dense on

[0, +∞)

I For any regular value a > 0 of H, set
Ma = {m ∈ M,H(m) ≤ a}

I Ma is a G-invariant compact manifold with boundary
∂Ma = {m ∈ M,H(m) = a}

Weiping Zhang Geometric quantization on manifolds with boundary (joint with Xiaonan Ma)



Index theory on manifolds with boundary
Equivariant index

Vergne conjecture for geometric quantization
Quantization formula for proper moment maps

Quantization space without the Vergne condition
Quantization formula for proper moment maps

Quantization space

I a regular value of H =⇒ µM is nowhere zero on ∂Ma

I The following is well-defined

QAPS

(
L|Ma , µ

M |Ma

)
=

⊕
ξ∈Λ+

mξ

(
L|Ma , µ

M |Ma

)
V ξ

I Theorem (Ma-Zhang). For any ξ ∈ Λ+, there exists
aξ > 0 such that mξ(L|Ma , µ

M |Ma) does not depend on
the regular value a ≥ aξ of H.

I Denote it by mξ(L|M , µM)
I Define

QAPS

(
L|M , µM

)
=

⊕
ξ∈Λ+

mξ

(
L|M , µM

)
V ξ
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Quantization formula

I Theorem (Ma-Zhang) If µ : M → g∗ ' g is proper,
then

QAPS

(
L|M , µM

)
= Qred(L)

i.e., for any ξ ∈ Λ+,

mξ

(
L|M , µM

)
= m (Lξ)

I If the Vergne condition holds, then the above result is
equivalent to the Vergne conjecture.
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Key point of the proof

I Take any ξ ∈ Λ+, recall what need to prove

mξ

(
L|M , µM

)
= m (Lξ)

I LHS equivalent to (Ma ×O−ξ)
ν=0, a >> 0

I RHS equivlent to ((M ×O−ξ)b)
ν=0, b >> 0

I Two kinds of manifolds with boundary

I Key difficulty : “deform” one boundary to another

I Need more delicate estimates than what in
Tian-Zhang’s analytic proof of the compact case : the
Guillemin-Sternberg geometric quantization conjecture

I Paradan later gave a different proof of our results

Weiping Zhang Geometric quantization on manifolds with boundary (joint with Xiaonan Ma)
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Thanks !
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