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Hopf cyclic cohomology and Hodge theory for proper actions
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Abstract. We introduce a Hopf algebroid associated to a proper Lie group action on a smooth
manifold. We prove that the cyclic cohomology of this Hopf algebroid is equal to the de
Rham cohomology of invariant differential forms. When the action is cocompact, we develop
a generalized Hodge theory for the de Rham cohomology of invariant differential forms. We
prove that every cyclic cohomology class of the Hopf algebroid is represented by a generalized
harmonic form. This implies that the space of cyclic cohomology of the Hopf algebroid is
finite dimensional. As an application of the techniques developed in this paper, we discuss
properties of the Euler characteristic for a proper cocompact action.
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1. Introduction

Let G be a Lie group, and M be a smooth manifold. We assume that G acts on M
properly. As the G-action is proper, the quotient M/ G is a Hausdorff stratified space.
Some of the examples of such spaces are considered already in [14].

In this paper, inspired by Connes and Moscovici’s Hopf cyclic theory [2], [3], we
introduce a Hopf algebroid to study the “local symmetries” of this stratified space.

Hopf algebroid was introduced by Lu [11] in generalizing the notion of Hopf alge-
bra. Connes and Moscovici [4] applied this concept to generalize that of symmetry of
“noncommutative spaces”. They developed a beautiful theory of cyclic cohomology
for a Hopf algebroid, and used it to study the transverse index theory.

Our Hopf algebroid associated to the G-action on M is a generalization of the
Hopf algebroid introduced in the first author’s joint work with Kaminker [7]. It
is shown in [7] that if I" is a discrete group acting on a smooth manifold M, the
graded commutative algebra of differential forms on the action groupoid M x I
is a topological Hopf algebroid with the coalgebra and antipode structures defined
by taking the dual of the groupoid structure. In the case of a Lie group G action,
instead of considering the algebra of differential forms on the groupoid M x G, we
consider the algebra # (G, M) of differential forms valued functions on G. The
similar construction as in [7] defines a Hopf algebroid structure on this algebra.
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We are able to compute the cyclic cohomology of this Hopf algebroid, which is
equal to the differentiable cohomology of the groupoid M xG = M with coefficient
in differential forms on M considered by Crainic [5]. As the G-action is proper,
Crainic’s result implies that the cyclic cohomology of the Hopf algebroid #¢ (G, M)
is equal to the de Rham cohomology of G-invariant differential forms on M.

Our main result of this paper is to prove a “Hodge theorem” for G-invariant
differential forms on M when the G-action is cocompact. Our approach to this
generalized Hodge theory is inspired from the third author’s joint work with Mathai
[12]. Our strategy is to study a generalized de Rham Laplace—Beltrami operator on
the space of G-invariant differential forms on M. With some elliptic estimates, we
are able to prove that this operator has essentially the same properties as the standard
Laplace-Beltrami operator on a compact manifold. This allows to prove that every
cyclic cohomology class of the Hopf algebroid is uniquely represented by a harmonic
form of our generalized Laplace-Beltrami operator, which implies that the cyclic
cohomology of our Hopf algebroid is finite dimensional.

Theorem 1.1. Let G be a Lie group acting properly and cocompactly on a smooth
manifold M. The cyclic cohomology groups of # (G, M) are of finite dimension.

The above result allows us to introduce the Euler characteristic for a proper co-
compact action of a Lie group G as the alternating sum of the dimensions of the de
Rham cohomology groups of G-invariant differential forms. We are able to gener-
alize the following two classical results about Euler characteristic to the case of a
proper cocompact G -action.

(1) The Poincaré duality theorem holds for twisted de Rham cohomology groups of
G-invariant differential forms. In particular, when the dimension of M is odd,
the Euler characteristic of a proper cocompact G-action on M is 0;

(2) When there is a nowhere vanishing G-invariant vector field on M, the Euler
characteristic of a proper cocompact G-action is also 0.

The paper is organized as follows. In Section 2, we introduce the Hopf algebroid
H (G, M) and compute its Hopf cyclic cohomology. In Section 3, we study a gen-
eralized Laplace—Beltrami operator, and prove that every Hopf cyclic cohomology
class of # (G, M) can be uniquely represented by a generalized harmonic form. In
Section 4, we introduce and study the Euler characteristic for a proper cocompact
G-action.
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2. Cyclic cohomology of Hopf algebroids

2.1. Hopf algebroids. In [11], Lu introduced the notion of a Hopf algebroid as
a generalization of a Hopf algebra. Connes and Moscovici [4] introduced cyclic
cohomology for Hopf algebroids. Since then, many authors have studied cyclic theory
for Hopf algebroids, e.g. [8]-[10]. Oriented by our application, we take the simplest
approach for the definition of cyclic cohomology of a Hopf algebroid, cf. [8], which
is also close to Connes and Moscovici’s original approach. We refer the interested
readers to [9] and [10] for the beautiful systematic study of the general theory.

Let A and B be unital topological algebras. A (topological) bialgebroid structure
on A, over B, consists of the following data.

i) A continuous algebra homomorphism «: B — A called the source map and
a continuous algebra anti-homomorphism f: B — A called the target map,
satisfying a(a)B(b) = B(b)a(a) foralla,b € B.

In this paper, by tensor product ® we always mean topological tensor product.
Let A ® p A be the quotient of A ® A by the right A ® A ideal generated by B(a) ®
l1-1Qa«a(a)foralla € B.

ii) A continuous B-B bimodule map A: A — A ®p A, called the coproduct,
satisfying

@ A() =11,
(b) (A®pIdA =(1Id®p A)A: A > ARp ARp A,
) A@)PBBP)®1—-—1Q®a(b)) =0fora c A,b € B,
(d) A(araz) = A(ayp)A(ay) foray,az € A.
iii) A continuous B-B bimodule map €¢: A — B, called the counit, satisfying
(@) (1) =1;
(b) kere is aleft A ideal;
(©) (e®@pId)A =(Id®pe)A =1d: A — A4;

(d) e(a(b)B(d)a) = be(a)b’ and e(aa’) = e(aa(e(a’))) = e(aB(e(a’))) for
anya,a’ € A,b,b’ € B.

A topological para-Hopf algebroid is a topological bialgebroid A, over B, which
admits a continuous algebra anti-isomorphism S: A — A such that
S2=1d, SB=a, mu(S®pId)A =peS:4— A
and
S@MMa@ @5 5@D)® =15 S(a).

In the above formula we have used Sweedler’s notation for the coproduct A(a) =
a® ®pa?.
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We note that in the above definition one may allow A and B to be differential graded
algebras and require all of the above maps to be compatible with the differentials and
to be of degree 0. Thus one would have a differential graded (para) Hopf algebroid
(ct. [6]).

We remark that as is pointed out in [9], Sec.2.6.13, with our definition any para-
Hopf algebroid is a Hopf algebroid as was used in [9] and [10]. Therefore, for
simplicity, in the following, we will abbreviate “para-Hopf algebroid” to “Hopf al-
gebroid”.

2.2. Hopf algebroid # (G, M). Let G be a Lie group acting on a smooth mani-
fold M.

Define B to be the algebra of differential forms on M, and A to be the algebra of
B-valued functions on G. Both A4 and B are differential graded algebras with the de
Rham differential. We fix the notation that for a group element g in G and a smooth
function a on M, g*(a)(x) := a(gx).

We define the source and target maps o, 8: B — A as follows:

a(b)(g) =b and B(b)(g) = g"(b).
It is easy to check that & (resp. ) is an algebra (resp. anti-) homomorphism.

When we consider the projective tensor product, the space A @ g A4 is isomorphic
to the space of B-valued functions on G x G, i.e.,

(¢ ®B V)(81.82) = d(g1)87 (V(g2))
for ¢, ¥ € A. We define the bimodule map A: A — A ®p A by

A(p)(g1.82) = #(g182)

and define the counit map €: A — B by €(¢p) = ¢(1) for ¢ € A.

It is straightforward to check that (A, B, «, B, A, €) is a differential graded topo-
logical bialgebroid.

To make (A, B, a, B, A, €) into a Hopf algebroid, we define the antipode on A by

S@)(g) = g*(p(g™")).

It is easy to check that S satisfies properties for an antipode of a para-Hopf
algebroid:

« S(B))(g) =g*(B)g™") =g*(g™)*(b) =b.
© (ma(S ®I)A)@)(g) = g%P(1), (BeS)(9)(g) = g (S(P)(1)) = g¥p(1).

* One computes that (S ® Id)A(a)(g1,22) = g1*(a((g1)"'g2)). Therefore, one
has

(AS @ 1d)A(a)(g1. 82, 83) = (g182)*(alg> ' 87" 83)).
S@M)Va@ @5 S(@) (g1, g2) = (g122)*(alg5 g7 g1))
= gt (gx(a(gz ")) = 1 ®5 S(a)(g1, £2)-
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We denote this Hopf algebroid by #(G, M).

2.3. Cyclic cohomology. In this part, we briefly recall the definition of the cyclic
cohomology of a Hopf algebroid.
We denote by A the cyclic category and recall the cyclic module A" for
(A, B,a, B, A, €, S) introduced by Connes—Moscovici [3].
Define
C'=B, C"=A®3AQp--QpA, n=>1

n

Faces and degeneracy operators are defined as follows:

So(a' ®p - ®pa" ) =1®pa' ®p---®pa""";
1

$i(a'®p--®pa" N=a'®p--QpAd' Qp---Qpa"l, 1<i<n-—1I;
Su(a' ®p--®pad"")=a' ®p---®pd" @p ;
oi(a' ®p - ®pa"t)=a'®p--®pa' Rpe(@t)®pa' TP @p - @pa"t.
The cyclic operators are given by
(@' @p - ®pa") = (A" 1S@)@*®...a" ®1).

The cyclic cohomology of (4, B, «, B, A, €, S) is defined to be the cyclic cohomology
of Al

2.4. Hopf cyclic cohomology of the Hopf algebroid # (G, M). In this section we
explain the computation the Hopf cyclic cohomology of the Hopf algebroid # (G, M ).

We review briefly the definition of differentiable cohomology of a Lie group. Let
G be a Lie group acting on a manifold M. Consider E a G-equivariant bundle on M .
An E-valued differentiable p-cochain is a smooth map ¢ mapping G*? to a smooth
section of E, i.e., C;(G; E) = C®(G*P;I'(E)). The differential d on C;(G: E)
is defined by

(dc)(glv-'-’gp+1) = g;(c(gZa--wgp-i-l))
+ ii(—l)ic(gl,--wgigiﬂ,---,gp+1)
+ (=D (g, gp)-
The differentiable cohomology H ‘; (G; E) of G with coefficient E is defined to be the

cohomology of (C;(G: E), d). We remark that the space C;(G; E) has the structure
of a cyclic simplicial space. We recall its definition below,

gi(a(gz,....gn+1)). i=0,
8i(@)(g1,---+8n>8n+1) = 3a(g1,....8igi+1,.--»8&n+1), 1 <i<mn,
a(gi,...,gn), i=n+1,
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and

Gi(a)(gl""’gn) :a(""gi—hlvgi’---sgn)’
as well as

1@)(g1,....8n) = (g1...&n)*a((g182 - 8n) "' 810, Gn1)-

The cohomology of this simplicial complex C;(G, E) is isomorphic to the differ-
entiable cohomology of G with coefficient in £. We are now ready to present the
computation of Hopf cyclic cohomology of the Hopf algebroid # (G, M).

Theorem 2.1. Let G be a Lie group acting on a smooth manifold. We have

HC (H# (G, M)) = @ H*2K(G:(Q*(M), d)).
k>0

Proof. We observe that a p-cochain on #(G, M) can be identified with Q*(M)-
valued functions on G*?, p > 0. This identification respects the cyclic simpli-
cial structures on C®(G**, Q*(M)) and H(§)". Therefore, we conclude that the
Hochschild cohomology of # (G, M) is isomorphic to the differentiable cohomology
H*(G;(2*(M),d)). By the SBI-sequence of cyclic cohomology, we have

HC' (K(G,M)) = @ H*2K(G;(Q*(M),d)). O
k>0

Let Q*(M) be the space of G-invariant differential forms on M, which inherits
anatural de Rham differential d. By [5], Section 2.1, Prop. 1, if G acts on M properly,
then the differentiable cohomology H"(G; (2*(M), d)) is computed as follows:

H'(G:(Q"(M),d)) = H*(Q* (M), d).
Proposition 2.2. If G acts on M properly, then we have
HC'(H(G, M)) = @ H* 7 (Q*(M)®.d)
k>0

and
HP'(#(G,M)) = @ H*T2(Q*(M)°,d).

keZ
3. Generalized Hodge theory and a proof of Theorem 1.1
Now we prove Theorem 1.1. According to Proposition 2.2, all we need to prove is:

The cohomology groups H*(Q*(M)© ., d) are of finite dimension.
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We adapt the proof of the finite dimensionality of the de Rham cohomology of
compact manifolds (cf. [15], Ch. 6).

Without loss of generality, as G acts on M properly, we may assume that M
is endowed with a G-invariant metric. And since M/G is compact, there exists a
compact subset Y of M such that G(Y) = U gY = M (cf. [14], Lemma 2.3).

geG
With the usual de Rham Hodge * operator, on Q*(M) we consider the following
inner product

(. B)o = /MaA*ﬁ- (1)

As Y is aclosed subset of 1\{ , there exist U, U ’, two open subsets of M, sLuch that
Y C U and that the closures U and U’ are both compact in M, and that U C U’.
It is easy to construct a smooth function f: M — [0, 1] such that f|y = 1 and

supp(f) C U".
Let T'(2*(M))© be the subspace of G -invariant sections of 2*(M ). For an open
set W of M, define

512 = /W<s<x>,s(x>>dx, 5131 = lsllwo + (AGs). s)wo.

For any s € I'(Q*(M))%, we have
Isllv.o = I fsllo < lIsllv.o-

AsG-Y :={gy,g€G,yeY}=M,G-U = M. Since U’ is compact, there are
finitely many elements g1, ..., gx of G such that g.U U---U g U covers U'. If s is

a G-invariant section of Q*(M), it is easy to see that there exists a positive constant
C >0,

Islluro < Clisllu,o-
Let dg := dm(g) be the right invariant Haar measure on G. Define y: G — R™
by dm(g™") = x(g)dm(g). We define H;’(M, Q*(M))S to be the completion of

the space {fs : s € ['(Q*(M))®} under the norm || - ||o associated to the inner
product (1). As indicated in the Appendix of [12] written by Bunke, we will first
prove the following proposition.

Proposition 3.1. For any u € L>(M, Q*(M)), define

Jf(x)
(4(x))?

(Pri) (x) = /G x(8) f(gx)u(gx)dg, )

where

A = ( /G 1) (f(g3))? dg)l/z
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is a G-equivariant function on M, i.e., A(gx)*> = y(g) 'A(x)?, and is strictly
positive. The operator Py defines an orthogonal projection from L2(M, Q*(M))
onto HY (M, 2*(M))°.

Proof. 1t is straightforward to check that A(x) is strictly positive and equivariant. In
order to show that (2) defines actually an orthogonal projection, we need to prove the
following properties.

. P2 Pr. Forany u € L2(M,Q*(M)),

f(x)
(A(x))?
f(x)

(P7)(x) = /G x(2) f(gx) (Pr) (gx) dg

= Um)? fo(g)f(gﬂ(% /G 1(h) f (hgx)p(hgx) dh) dg

2
N (/{((;)))2 / X(i)j{;(;")i” dg( fG 1(hg) f (hgx)p(hgx) d(hg))
- (/{((;)))2(/6 x(hg) f(hgx)u(hgx) d(hg))
= (Prp)(x).

s Py is self-adjoint. For any p,v € L2(M, Q*(M)),
f(x)
M (A(x))?

1.7
/ [ (j(f_l ,)))2x<g>f(x)<u<x/),v<g—1x/>>dgdx/ (' = gv)

- [VI/; (Ii{((xx/)))z f(g_lx/)</_,b(x/)’v(g_1x/)) dgdx/

) /M/c (f{((xx/))yf (g7 x)((x), v(g™ D) x (g™ d(g ™) dx’

= (/’Lv va>0-

(Pri.v)o = / 2(8) £ (gx) (1(gx). v(x) dg dx

e It is also straightforward to check that for u = fa € H ]9 (M, Q*(M))° where
o€ QY (M), Pru = p.

The proposition is thus proved. 0

Define Hf1 (M, Q*(M))€ to be the completion of { fs | s € T'(Q*(M))} under

a (fixed) first Sobolev norm associated to the inner product (1). And in general
define H}‘ (M, Q2*(M))C (and Hf_1 (M, 2*(M))%) to be the completion of the space

{fs|s e (Q*(M))°} under the corresponding H* (and H~' norm) for k > 2.
(For any open subset W of M and any compactly supported smooth differential form
son W, [Is]3,, = (1 + AF()]3 . for k > 2)
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This time we investigate the operator
dr: Hf — H, far~ fda. 3)
We also consider its adjoint d}“ :H fl — H]9:
fora € T(QP(M))S, B e T(QPT(M))S,
(dr(fa), fB)o = (fa.df (fB))o.

For f € C°°(M) denote by V( f) the gradient vector field associated to f* with
respect to the Riemannian metric on M. We can show easily that

di (fB) = Pr(=2ivysp) + 6B,

where § = (—1)*@+D+n+1 4 gy . QPHI(M) — QP (M) and iy« is the contraction
of the form o with the vector field V.
Now we define a self-adjoint operator

Z = dfd; + d;df.
Proposition 3.2. A: H f2 — HJ? is Fredholm.
Proof. We will prove this fact by establishing a Garding type inequality. Let fa € Hj9 .
Then
A(fa) = dr(d}F (fa)) + d} (ds (fa))
=ds(—PrQivsa) + féa)+ d;(fdot)
= —dsr(PrQivsa)) + fdda — PrQQiysda) + féda
= fAa —dr(PrQivsa)) — PrQivysda).
Now using (2), we have the following estimates:
ldr (Pr2ivra))llo
j d
_ H2f(x)d(fG x(g)f(gX)(tv;fa)(gX) g)
(A(x))

—o|r [ x@d(EL) s ivrardg + 1 [ 2o
H /G (A G

<2\f | x(e)d g*{ (g%ivsa)dg
|7 f o (557)

where

[ (L Jieivsords) < |1 [ xto) a(£L) (&"iv reoldg|

“4)

0
*

g f
AZ

d(g¥ivya)dg

0

’

0

fok
0+2 J‘/G)((g)gA2 d(g lVf“)dg’

<[r [ xo a(54)|ier @ nigade]

<|r /G 1(2) d(g*f )|ig* (¥ ldg et

,
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As f has a compact support,

7 [ x@la(E4) e @ ids

is ﬁrlite and continuous everywhere, and therefore is bounded from above by a constant
on U. Hence we have

g* * . ~ -~

s [ x@a(EL) @ v ards| < Eilalvo < Call fallo
G A 0

Consider

2Hf/Gx(g)

Notice that f" is supported inside U’. We choose a cut-off function ¢ which is 1
on the support of f and 0 outside U” C U” C U’. We have

g f
A2

d(g*iv ra) dgH 2Py (d iy a)llo < 2Ild o iy sallo. (5)
0

|d civrallo = |d civiry(ca)llu,o- (6)

We observe that d o iy y is a differential operator on Q* (M) of order 1. As ca is
a compactly supported smooth function in U’, we have

d oiv(ry(ca)luo < Cllcally,1. (7
We compute ||ca||y,; to be

lleally .y = lleatllg o + (Alca). car)u-
= [lca|[7ro + (d(ca), d(ca))y: + (§(ca), §(ca))vr ®)
= llcallgr o + ld(ca)luro + 18(ca) v o-

We discuss one by one the terms in the above line.
As ¢ is bounded from above by 1, we have

lealluro < llellu,o.
As ¢ and dc are both bounded,

|d(ca)llur,o = llde Ao+ cdally o
< |lde nallur,o + llcdauo 9)
< Cilallur,o + C2llde| v 0.

Similarly, as ¢ and V¢ are compactly supported, they are both bounded. We have

[8(ca)lluro = llivea + cdallyr,o < Csllallur,o + [I6efur,o- (10)
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AsG-U =M and U’ is compact, there are finitely many gy, ..., gk such that
U cgUU---UgrU. While «, da, and S« are all G-invariant, we have

leellvro = Calleelly < Call fer]lo.
ldallyro < Cslldallu < Cslld(fa)llo. (11)
I8allv0 < Celldallu < Celld(fa)llo-

Summarizing inequalities (5)—(11), we have

8 .
2|1 [ ¥ gdtiveds| < alfals
G 0
Similarly,
1PrQivsda)llo < 2llivydello < Crlldeluro < Cslld(fa)llo < Bl falh.
By combining these inequalities, we have

IA(fe)llo = | fAallo = llds (PrQiv ra)llo — || Pr(2iv rda)lo
| fAallo — (A + B)| felly (12)
= |Aaflyo — Bl fals.

= |
= |

The standard elliptic inequality implies that
| Acllv.o = Alelly.2 — Dlellvo- (13)
By definition, we have
I fals = Il fell§ + 201(d + 8)(fe)ll§ + lI(d + 8)*(fa)llg. (14)
We can now compute
(d+8)*(fa) = (d +8)(df rna+ fda—iyra+ f8(a))

=68(df ANa)—ivyrda + féda —d(ivra) +df Aé(a) + fdéa
= fA(@) +6(df na)—ivrda —d(ivra) +df Ad(a).  (15)

We notice that §(df A «), ivrda, d(ivya) and df A 6(a) are all differential
operators of order less than or equal to 1 for «. So similar estimates as (6)—(11) show
that every piece of them is bounded by a multiple of || f|;.

Similar arguments as (11) that

| fAalo < [[Aa|lur,o < Dil|Aallue < Dille|lu,2. (16)
By (14)-(16), we have

lalluz = Dall fellz — D3|l fell1.



896 X. Tang, Y.-J. Yao, and W. Zhang

With this estimate, from (12) and (13), we have

IA(fa)llo = Dsll feell2 — Dall fexlly-

The so-called Peter—Paul inequality gives us

1
Iferlly < 5 D3/ Dall ferll2 + Dsll ferlo.

In summary, we have

~ 1
[A(fe)llo = §D3||fa||2—D6||f0l||0- (17

Due to the fact that the embedding of H}(M, Q*(M))C in H;)(M, Q*(M))C is
compact, the above Garding type inequality implies that A is Fredholm. O

Corollary 3.3. dim(ker Z) = dim(coker Z) < 4o0.

Lemma 3.4. ker A = (Im A)L N H}.

Proof. We have
fae(@mA)YrNH} < (A(fB). fa)o =Oforall /B H7,
< (fB. A(fo))o = Oforall fB € H}.
As Hf2 is dense in H?, so A(fa) = 0, which is equivalent to fo € ker A. O
This lemma together with the previous Corollary 3.3 implies that
ker A = (Im Z)J‘,
i.e., , we have the decomposition
HY =ker A@ImA. (18)

Therefore, we can define the projection H: H 19 — ker A. Let fa € H 19, then
fa— H(fa) € Im A. So there is a unique /8 € Im A such that

A(fB) = fa— H(fa).

We define in this way the Green operator & : fa +— fB.
We will need the following propositions to explore the properties of the Green
operator.

Proposition 3.5. Let { fa,} be a sequence of smooth p-forms in H j? (M, Q*(M))°

such that || fomllo < ¢ and ||A(fan)|lo < ¢ for all n and for some constant ¢ > 0.
Then it has a Cauchy subsequence.



Hopf cyclic cohomology and Hodge theory for proper actions 897

Proof. We prove that fa, is a bounded sequence in Hf1 (M, Q*(M))C. Then we
conclude the proposition by the fact that H fl (M, Q*(M))C is compactly embedded
in H) (M, Q*(M))°.
We have the following equation:
I fanllf = Il fonllg + (A(fan), fan)o.
By the Cauchy—Schwarz inequality, we have
(A(fan), fan)o = |A(fan)lloll fonllo.
By inequality (17), we have
IA(fan)llo < [l fanllz < AIA(fan)llo + Bl fanllo < (A + B)e.
Therefore, || fo, |1 is bounded by c/A + B + 1. O

Now we prove the regularity for A:

Proposition 3.6. If fB € H}‘(M, Q*(M))C and

A(fe) = 1P
on M, then fa € H}‘+2(M,Q*(M))G for any k > 0. In particular, if B is a

smooth differential form, so is fa.

Proof. As f is smooth and compactly supported, it is sufficient to prove the dif-
ferentiability of . This is a local statement. As « and f are both G-invariant and
G -U = M, we can restrict our analysis to U.

By (4) and (2),

A(fa) = fAa —ds (P iy ra)) — Pr(2iy rda)
= foa=ds(2f [ @5 e o sards)

S«
YE g (ivrda)dg.

-2 [ 1@

Due to the G -invariance of « (thus of da), we can find two G -invariant smooth vector
fields V1, V2 (which depend only on f') such that

A(fa) = fAa+ fd(iv,a) + fiy,da. (19)
Notice that on U, f = 1. Hence equation (19) implies that
B = Ao +d(iy,a) + iy, da.

on U. The last two terms are of lower order, so the regularity of Aisa consequence
of that of A, the usual Laplace-Beltrami operator on M. O
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The Green operator & has the following properties:

1° & is bounded. To this end ‘we need to prove the existence of a constant ¢ > 0
such that for any ff € Im A,

1fBllo < clA(fB)llo.

Suppose the contrary, then there exists a sequence ff; € Im A with

IfBillo=1 and [A(fB)]o— 0.

By Proposition 3.5, { fB; } has a Cauchy subsequence, which one can assume to
be { /B, } itself without loss of generality. Hence lim; .o ( fB;, f )0 exists for
each fy € H}) (M, Q*(M))C. 1t defines a linear functional / which is clearly
bounded, and

Af@) = lim (fB;. A(f@))o = lim (A(fB)), fy)o=0.  (0)

We obtain the existence of /8 € (Im A)L = ker A such that
I(f¥) = (fB. f¥)o with [B; — fBin HY(M,Q*(M))°.

From equation (20), we know that fB is a weak solution of A(§) = 0. It
follows from Proposition 3.6 that f is actually smooth and a strong solution of
A(€) = 0. Now as I fBjllo = landf,Bj e Im A, itfollows that || /8]lo = 1 and

fB €Im A. Hence, fB €Im A NIm AL = {0}, which yields a contradiction.
2° & is self-adjoint. In fact,

(G(fa). fBo = (G (fa). fB—H(fP))o
= (G (fa), A& (fB))o
= (A& (f@), G(fB))o
= (fa—H(fa). §(/B))o
= (fa. G(fB))o.

3° G maps a bounded sequence into one with Cauchy subsequences, due to the fact
that the embedding of H? into Hp is compact.

Moreover, we have

Proposition 3.7. The Green operator & commutes with any linear operator that
commutes with A.

Proof. Suppose that T': fT'(M, QP(M)° — fT(M, Qq(M))G commutes with
A. Let 7, denote the projection of H O(M QP(M))C onto ker A. By definition, on

HY (M. Q7 (M))°,
= Al z) " o
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Now TA = AT implies that T (ker A) C ker A and T(Im A) C Im A. Hence

Tomp=mpoT.

On the other hand,
To(zhmﬁ) = TOZO(I—JTP)
=AoTo (1 —mp)
=Ao(l1— mp)oT
= Al,z)eT
So on Im Z, _ _
To(Al,z) ™' =@,z o .
Therefore & commutes with 7. O

Finally we have

Proposition 3.8. Let $*(M)C denote the kernel of the operator A. The map H
induces an isomorphism H : HP (Q*(M)%,d) — $*(M)S.

Remark 3.9. We remark that every element in $* (M lG is of the form fo, where o
is a G-invariant closed form. For fa € $*(M)%, as A(fa) =0,

0= (A(fa). fa)o = (dr(fa). ds(fa))o + (dF(fo).dF(fa))o.

We conclude that dr(fa) = fdo = 0 and a’]i‘ (fa) = 0. As « is G-invariant, we
conclude that do = 0.

Proof. Suppose that « is a G-invariant smooth closed p-form on M. Consider
fa e H]9(M, QP(M))C. Since da = 0, it follows that ds(fa) = 0. We have the
following decomposition (18):

fa=dpd;&(fo) +dfdsG(fa) + H(fa).
Since dy commutes with A, it commutes also with &, so
fa=drd;&(fo) +d;G(ds(fa) + H(fa).
Thus if fa is closed for dy (i.e., da = 0), then
fo =dpd}G(fa) + H(fa). 1)

We define H(«) tobe H( f«).
If @ = dp, then we have

dr(fB) = fa.



900 X. Tang, Y.-J. Yao, and W. Zhang

As the Green operator & commutes with dy, it follows that d fd]’f@’ (dr(fPB) =

dpdidp(G(fB)) = dpldfdy + ded)G(fB) = dp(AG(fB) = dp(fB —
H(fB)). Notice that elements in ker A are dy-closed. So we have dfd;‘(S’(fa) =
dr(fB) = fo, which shows that H( fa) = 0. This means that H is a well-defined
map from H?(Q*(M)S, d) to $*(M)S.

If H(f«a) = 0, then by equation (21), we have fa = dfdf*@’(fa). By Propo-
sition 3.6, we can write d Ji‘ & (fa) = fB for a G-invariant smooth form 8. Then
foa = fdp and @ = df. This implies that H is injective.

By the regularity property for A (Proposition 3.6), the elements in $* (M) are
all smooth. Furthermore, all elements in ker A vanish under d . So every element in
$*(M)C can be written as fo, where « is a G-invariant smooth closed form. Since
the image under H of fo € ker Ais fo, we conclude that H is onto. O

Theorem 1.1 is a corollary of Proposition 2.2, 3.2, and 3.8.

4. Euler characteristic of a proper cocompact action

The finite dimensionality of the de Rham cohomology groups of G-invariant differ-
ential forms allows us to define the Euler characteristic of such a proper cocompact
G-action:

1(M;G) = i(—l)i dim H (Q* (M), d).
i=0

Our main result in this section is the following

Theorem 4.1. Let M be a n-dimensional manifold on which a Lie group G acts
properly and cocompactly.

(1) We consider a family of twisted G-invariant de Rham differential operators
defined on Q*(M)S:

dag(@) = A% d(A*a) = (d + kA'dA A)a such that dF = 0.

Define the twisted cohomlogies of G-invariant differential forms on M to be the
cohomology of the differential d4 i, which is denoted by H Pk(Q*(M)C:;d). The
cohomology group HP*(Q2*(M)©: d) is finite dimensional.

(ii) The Poincaré duality theorem holds for k = 1, there is a non-degenerate
pairing between HP>1 (Q*(M)C; d) and H"~P1(Q*(M)C; d). Asacorollary, when
n is odd, the Euler characteristic y(M ; G) of the proper cocompact G-action on M
is 0.

(iii) When there is a nowhere vanishing G-invariant vector field on M, the Euler
characteristic of the G-action on M is Q.
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We remark that, by Proposition 3.1, A~ 'd A = dlog(A) is G-invariant. Therefore
dy j is well defined on Q*(M)C.

Proof. Our proof of statement (i) is a copy of the proof of Theorem 1.1. We define
an operator dy, 4 x on H fl generalizing (3) by

deax(fa) = fA*d(A*a) = f(d + kA dAN)a.

We compute the adjoint of dy, 4 x. For two G-invariant differential forms « and
B:
(df 4 (fo). fBYo = (fo. drai(fB))o = (fo. fAT*d(A*B))o
= (247 . d(4°B))o = (8(/2 A7 ). A*B)o
= (47" — A7 2 iy o AR A™* iy aa, A5 B)o
= (f8a —2iysa +kfA  ivaa, fB)o
= (f8a — PrQivsa) + kfA ivaa, fB)o,

and the G-invariance of « implies that

S(x)
(A(x))?
f(x)
W( Jo x(@)2f(gx)V f(gx)dg @) (X)

S )
ﬁ( Ve (@) (f(gx))2dg) @) (X)

= j((x)))z (i 420) ()

= (fA %y 2a)(x)
= 2(fA  ivao)(x).

Py Qi o) (x) = /G 2(8) f(gx)2iv s g* (@)(x)dg

Hence
d} g (fo) = (8 + (k—2) A iga)a.

Now we define an operator from H f to H J?:
Zk = df,A,deA,k + d;:A,kdﬁA,k-
The analogues of Propositions 3.2-3.8 for cohomology H?*(Q*(M)%:d) and Ay,

in the Section 3 easily generalize. Therefore any class in H?*(Q*(M)%;d) has a
unique generalized harmonic form representative fo, i.e.,

df,A,k(f(X) = d}jA,k(fa) =0.
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This proves that the dimension of H?*(Q*(M)%;d) is finite dimensional for any

D, k.
For statement (ii), we prove that the pairing between H f (M, QP(M))° and

H ]? (M, Q"~P(M))% induces a non-degenerate pairing on the space of generalized

harmonic forms of Ay, i.e.,

(fo. fB) = fM fo n . 22)

We prove that the Hodge star operator * defines an isomorphism between the space
of generalized harmonic p-forms to the space of generalized harmonic (n — p)-forms
for the operator A1, which implies that the non-degeneracy of the pairing (22).

We prove that Ayx = *A;, which implies that the Hodge star operator * defines
an isomorphism between the generalized harmonic forms.

Using the following equations, where « is a G-invariant p-form,

Sa = (=1)"PTH i w q,
s ko = (—1)POPgy,
iva * (xa) = (=1)"7? x (dA A *a),
we can check that
dr x (fa) = (-1)? x fa,
f@*a) = (-1 % fda,
fiva *xa = (—l)p * (dA N o),
fdA A (xa) = (—=1)PT! % (ivaa).

Combining the above equations, we have

dai(xf@) = (=D x df ((fa). dfy (xfa) = (~D)P* xdya,(fa).

In particular, we have _ 5
* A1 = A1 % (23)

Equation (23) shows that the Hodge star operator commutes with the generalized
Laplace operator A;. Therefore, the Hodge star operator * defines an isomorphism
between the kernels of A; on Hj?(M, QP(M))° and HfZ(M, Q"~P(M))S. Hence

we have the Poincaré duality for the cohomology groups H?1(Q*(M)®;d):
H? Y (Q*(M)C:d) = H" PY(Q*(M)C;d)*.

For the statement about the Euler characteristic, we first notice that y(M; G) is
the index of the Fredholm operator

dr +df - HY(M,Q%"(M))® — HP (M. Q" (M))°.
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Since {dfax +d j’f 1) 18 a continuous family of Fredholm operators with respect
to k € R, their indices are all the same. This implies that

X(M:G) = index(dpa) + df 4 ;0 HY(M. Q" (M) — HY(M,Q°(M)))

= (=) dim HPK(Q*(M)S . d).
i=0

When the dimension n of the manifold M is odd, the Poincaré duality for
HPY(Q*(M)Y;d) implies y(M; G) = 0. Statement (ii) is thus proved.

Remark 4.2. When the Lie group G is unimodular, then by replacing f by %, one can

make all the differential operators dy, 4 x as well as the cohomology groups H? * in-
dependent of k, therefore we have actually the Poincaré duality for H?(Q*(M)®; d).

Now statement (iii), we suppose that there is a nowhere vanishing G-invariant
vector field V on M. Without loss of generality, we may assume that |V| = 1
everywhere on M. We assume that {e;} is an orthonormal basis of TM, and VI
the Levi-Civita connection of the G-invariant Riemannian metric.

Following [1], we calculate (cf. [16], p. 73):

EVIdy +dp)E(V)(fa) = fEWV)d + 8e(V)a =247 ¢(V)iva(E(V)a))

= f(—(d + §a + (V) i c(e,-)é(VeTl_M V)a

i=1
247 YV A +iy)(V(A)a — V* Nivaa + ivaiya))
= f(—(d +8)a + (V) i c(e)é(VIMV)a
i=1
+ 247 Viyqa =247V (A (V) + ¢(V)ivaiva))

=—(dy +dp)(fa) + fE(V) i c(e)e(VEMV)a

i=1
247XV (A EV)a + ¢(V)ivaiya)).
(24)

In the above formula, ¢(v) and ¢ (V') are the Clifford operators of the vector field V
on the spaces 2° and Q°°". More explicitly, if V* is the 1-form dual to the vector
field V with respect to the Riemannian metric, then

cV)@)=V*Aa—iva, ¢(V)(a)=V*Aa+iva, ocQ (M)

The above computation (24) shows that the difference between ¢ (V') (dy +d]i‘)é( V)
and —(dy +d ; ) is an operator of order 0. Proposition 3.2 generalizes directly
to this operator and states that ¢(V)(ds + d ; )¢(V) is a Fredholm operator from



904 X. Tang, Y.-J. Yao, and W. Zhang

H ]9 (M, Q9 (M))° to H ]9 (M, Q" (M))C . Furthermore, as the difference between
c(V)(dy + d}“)é(V) and —(dy + d}") has an order less than the order of —(ds + d}‘),
one can also prove that the operator

—(dy + d}‘) +e(E(V)(df + d}")é(V) + (df + d}")):
HY (M, Q°(M))® — HP (M, Q%" (M))°
is a Fredholm operator for any € € R.
By the stability of index of Fredholm operators, we have
X(M:G) = index(dy + df : H)(M,Q%"(M))® — H}(M,Q*(M)))

= index(¢(V)(dy +df)é(V):
H;)(M’Qodd(M))G_)H}J(M’Qeven(M))G)

= index(—(dy + d ; ) + lower order terms:
Hf()(M’Qodd(M))G_)Hf()(M’Qeven(M))G)

= index(—(dy +d}) : HY(M. Q" (M))® — HP (M, Q%" (M))?)

= —x(M:G).

We conclude that y(M; G) = 0. O
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