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HIGHER SPECTRAL FLOW

Xianzhe Dai and Weiping Zhang

Abstract. For a continuous curve of families of Dirac type operators we
define a higher spectral flow as a K-group element. We show that this
higher spectral flow can be computed analytically by η̂-forms, and is related
to the family index in the same way as the spectral flow is related to the
index. We also introduce a notion of Toeplitz family and relate its index
to the higher spectral flow.

We introduce the notion of higher spectral flow, generalizing the usual
spectral flow (cf [APS1]). The higher spectral flow is defined for a continu-
ous one parameter family (i.e. a curve) of families of Dirac type operators
parametrized by a compact space and is an element of the K-group of the
parameter space. The (virtual) dimension of this K-group element is pre-
cisely the (usual) spectral flow. The definition makes use of the concept
of spectral section introduced recently by Melrose-Piazza [MP].

We show that this higher version of spectral flow satisfies the basic prop-
erties of spectral flow. For example, its Chern character can be expressed
analytically in terms of a generalization of the η̂ form of Bismut-Cheeger
[BC1]. The higher spectral flow is also related to the family index, in the
same way as the spectral flow is related to the index.

We also introduce a notion of Toeplitz family and relate its index to
the higher spectral flow. This generalizes a result of Booss-Wojciechowski
[BW, Theorem 17.17]. Finally we use higher spectral flow to prove a
generalization of the family index theorem for manifolds with boundary
[BC2], [BC3], [MP].

The details and the proofs will appear in [DZ2].

1. Spectral flow and spectral section

We take the definition of spectral flow as in [APS1]. Thus, if Ds, 0 ≤
s ≤ 1, is a curve of self-adjoint Fredholm operators, the spectral flow
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sf{Ds} counts the net number of eigenvalues of Ds which change sign
when s varies from 0 to 1. (Throughout the paper a family always means
a continuous family, and a curve always means a one parameter family.)

The notion of spectral section can be defined for a family of self adjoint
first order elliptic pseudodifferential operators [MP].
Definition. A spectral section for a family of self adjoint first order elliptic
pseudodifferential operators Dz (z ∈ B) is a family of self adjoint pseudod-
ifferential projections Pz such that for some smooth function R : B −→ R

and every z ∈ B

Dzu = λu ⇒
{

Pzu = u if λ > R(z)
Pzu = 0 if λ < −R(z).

As is proved in [MP], when the parameter space is compact, the exis-
tence of a spectral section is equivalent to the vanishing of the (analytic)
index of the family. Thus the existence for a one parameter family is always
assured.

Now let Ds be a curve of self adjoint elliptic pseudodifferential operators.
Let Qs be the spectral projection onto the direct sum of eigenspaces of Ds

with nonnegative eigenvalues (the APS projection). The following theorem
provides a link between the above two notions.

Theorem 1.1. Let Ps be a spectral section of Ds. Then [Q1 −P1] defines
an element of K0(pt) ∼= Z and so does [Q0 − P0]. Moreover the difference
[Q1 − P1] − [Q0 − P0] is independent of the choice of the spectral section
Ps, and it computes the spectral flow of Ds:

sf{Ds} = [Q1 − P1] − [Q0 − P0].

Proof. The independence of the choice of spectral section follows from a
construction in [MP, Proposition 2]. For (1.1), we use spectral sections to
reduce it to the finite dimensional case, where it can be easily verified.

This leads us to the notion of

2. Higher spectral flow

Let π : X −→ B be a smooth fibration with the typical fiber Z an
odd dimensional closed manifold and B compact. A family of self adjoint
elliptic pseudodifferential operators on Z, parametrized by B, will be called
a B-family. Consider a curve of B-families, Du = {Db,u}, u ∈ [0, 1].

Assuming that the index bundle of D0 vanishes, the homotopy invari-
ance of the index then implies that the index bundle of each Du vanishes.
Let Q0, Q1 be spectral sections of D0, D1 respectively. If we consider
the total family D̃ = {Db,u} parametrized by B × I, then there is a total
spectral section P̃ = {Pb,u}. Let Pu be the restriction of P̃ over B × {u}.
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According to [MP] difference of spectral sections defines K-group element
of the parameter space.
Definition. The (higher) spectral flow sf{(D0, Q0), (D1, Q1)} between the
pairs (D0, Q0), (D1, Q1) is an element in K(B) defined by

sf{(D0, Q0), (D1, Q1)} = [Q1 − P1] − [Q0 − P0] ∈ K(B).

The definition is independent of the choice of the (total) spectral section
P , as it follows again from [MP]. When Du, u ∈ S1 is a periodic family,
we choose Q1 = Q0. In this case the spectral flow turns out to be indepen-
dent of Q0 = Q1 and therefore defines an invariant of the family, denoted
sf{Du}.

For the most part of this paper we are going to restrict our attention to
B-families of Dirac type operators, defined as follows. For simplicity we
assume that the vertical tangent bundle TZ −→ X is spin and carries a
fixed spin structure1. Let gTZ be a metric on TZ. Let E be a complex
vector bundle over X with an hermitian metric gE and compatible connec-
tion ∇E . Corresponding to these geometric data we have a family of Dirac
operators DE

b , b ∈ B. This is a family of self adjoint elliptic operators on
Z parametrized by B.
Definition. By a B-family of self adjoint Dirac type operators we mean
a family of self adjoint elliptic operators D̃b parametrized by B whose
principal symbol is the same as that of DE

b .
Basic assumption. We assume that the family DE

b has vanishing index
bundle.

A typical example satisfying our basic assumption is the family of sig-
nature operators. More generally a B-family whose kernels have constant
dimension will always satisfy the basic assumption. Another class of ex-
amples comes from the boundary family of a family of Dirac operators on
manifolds with boundary.

Now we can speak of the higher spectral flow of a curve of B-families
of Dirac type operators, given the basic assumption.

3. η̂-form and higher spectral flow

By [MP], given a spectral section P = {Pb} of a B-family D = {Db},
there is a family of zeroth order finite rank pseudodifferential operators
A = {Ab} such that each D̃b = Db + Ab is invertible and that Pb is
precisely the APS projection of D̃b. (We will call A a Melrose-Piazza
operator associated to the spectral section.)

1Our discussion extends without difficulty to the more general case when there are
smoothly varying Z2-graded Hermitian Clifford modules over the fibers, with graded
unitary connections.
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For our purpose we define a η̂-form which generalizes both [BC1] and
[MP]. The main point is that we need to use general superconnections,
not just Bismut superconnection [B]. We first introduce some notations.

Let X be the total space of the fibration whose typical fiber is Z and
the base B. Choosing a connection amounts to a splitting

TX = TZ ⊕ THX.

We also have the identification THX = π∗TB.
Endow B with a metric gTB and let gTX be the metric defined by

gTX = gTZ ⊕ π∗gTB .

Let P , P⊥ be the orthogonal projections of TX onto TZ, THX respec-
tively and denote by ∇TX , ∇TB the Levi-Civita connections. Following
Bismut [B], let ∇TZ be the connection on the vertical bundle defined by
∇TZ = P∇TXP . This is a connection compatible with the metric gTZ

and independent of the choice of the metric gTB .
We use S(TZ) to denote the spinor bundle of TZ. Then the connection

lifts to a connection on the spinor bundle. Also following Bismut we view
Γ(S(TZ) ⊗ E) as the space of sections of an infinite dimensional vector
bundle H∞ over B, with fiber

H∞,b = Γ(S(TZb) ⊗ Eb).

Then ∇S(TZ)⊗E determines a connection on H∞ by the prescription:

∇̃Xh = ∇XH h.

Now, let {Db} be a B-family of self adjoint Dirac type operators as de-
fined previously, and A a Melrose-Piazza operator associated to a spectral
section P .
Definition. For any Bi ∈ Ωi(T ∗B) ⊗ Γ(End(S(TZ) ⊗ E)) = Ωi(T ∗B) ⊗
cl(TZ)⊗End(E) odd, and any t > 0, we define the superconnection Bt to
be

Bt = ∇̃ +
√

t(D + ρ(t)A) +
dim B∑
i=0

t
1−i
2 Bi,

where ρ is a cut-off function in t: ρ(t) = 1 when t > 8 and ρ(t) = 0 when
t < 2.
Definition. We define, for �(s) � 0,

η̂(P, A, s) =
1

2
√

π

∫ ∞

0

t
s
2 Treven[

dBt

dt
e−B2

t ]dt.

This defines a differential form on B which depends holomorphically on
s for �(s) � 0. By the standard argument it extends to a meromorphic
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function of s in the whole complex plane with only simple poles. Note that
our definition has an extra factor of 1

2 .

Theorem 3.1. The residue of η̂(P, A, s) at s = 0 is exact.

Definition. The η̂-form is defined as

η̂(D, P ) = {η̂(P, A, s) − Ress=0{η̂(P, A, s)}
s

}s=0.

Remark. The η̂-form for a general superconnection is defined in [BC1] in
the finite dimensional case.

A variational argument shows

Proposition 3.2. The value of η̂(D, P ) in Ω∗(B)/dΩ∗(B) is independent
of the choice of the cut-off function ρ and the Melrose-Piazza operator A.

The dependence of η̂-form on the spectral section is also well under-
stood. The following is a slight generalization of a result of [MP].

Theorem 3.3. If P0 and P1 are spectral sections of the family D, then
their difference defines an element [P1 − P0] in K(B). Moreover

ch(P1 − P0) = η̂(D, P1) − η̂(D, P0) in H∗(B).

The following theorem generalizes the well known relationship between
the spectral flow and the eta invariant.

Theorem 3.4. Let Du be a curve of B-families of Dirac type operators
and Q0, Q1 spectral sections of D0, D1 respectively. Let B̃t(u) = ∇̃ +√

t(Du + ρ(t)Ã) +
∑

i≥1 t
1−i
2 Bi(u) be a curve of superconnections. Then

we have the following identity in H∗(B):

ch(sf{(D0, Q0), (D1, Q1)}) = η̂(D1, Q1)− η̂(D0, Q0)−
∫ 1

0

dη̂(Du, Pu)
du

du,

where the last term is a local invariant computable from the asymptotic
expansion

1√
π

∂

∂s
{Treven[exp(−B̃2

t (u) − s
∂B̃t(u)

∂u
)]}|s=0 =

∑
i≥−k

ait
i,

i.e., we have
dη̂(Du, Pu)

du
= a0(u).

This theorem provides a way to compute, analytically, the Chern char-
acter of higher spectral flow. We will use Formula (3.4) to compute the
higher spectral flow of both a periodic family and a Toeplitz family.
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4. Higher spectral flow and family index

We consider a periodic family Db,u, b ∈ B, u ∈ S1 of B-families of Dirac
type operators, where B is a closed manifold. The total family D̃b,u is a
family of Dirac operators on an even dimensional space (the total space
of a fibration over S1 with the typical fiber Z). Thus it defines an index
bundle ind(D̃) ∈ K(B). The following theorem generalizes the well known
relationship between the spectral flow and the index.

Theorem 4.1. We have

ch(ind(D̃)) = ch(sf{Du}) in H∗(B).

Proof. We apply Theorem 3.4 to compute the higher spectral flow and
show that the result agrees with the Atiyah-Singer formula [AS] for the
family index.
Remark. It is very likely that the higher spectral flow and the family index
actually equal as K-group elements, but at the moment we do not see how
to prove this.

As a consequence, we deduce the following relation between the spectral
flow and higher spectral flow.

Corollary 4.2. Let DZ
u be a periodic family of B-families of Dirac oper-

ators and let DX
u be the one parameter family of the total Dirac operators.

Then we have

sf{DX
u } =

∫
B

Â(B)ch(sf{DZ
u }).

5. Higher spectral flow and Toeplitz family

Now letCN be a trivial vector bundle over X with its canonical (trivial)
metric and connection. Let

g : X −→ GL(N, C).

Then g acts on the trivial bundle. Moreover it extends in the obvious way
to an operator

gb : L2(S(TZb) ⊗ Eb) ⊗ C
N −→ L2(S(TZb) ⊗ Eb) ⊗ C

N .

Let P be a spectral section of the B-family D. Then P also extends to
an operator

Pb : L2(S(TZb) ⊗ Eb) ⊗ C
N −→ L2(S(TZb) ⊗ Eb) ⊗ C

N

by acting as identity on the factor C
N . Let LP,b be the image space of

L2(S(TZb) ⊗ Eb) ⊗ C
N under Pb.
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Definition. For any b ∈ B, define T (g)b to be the bounded linear operator

T (g)b = Pbgb : LP,b −→ LP,b.

This is a generalization of the notion of Toeplitz operator. T (g) is
a continuous family of Fredholm operators parametrized by B, and by
Atiyah-Singer [AS], it defines an element

inda(T (g)) ∈ K(B),

its index bundle. The index bundle of the Toeplitz family does not depend
on the geometric data and the spectral section.

Without loss of generality, we now assume that g is unitary. Extend D
to L2(S(TZb) ⊗ Eb) ⊗ C

N in the obvious way. Then P is still a spectral
section for D. Moreover, gPg−1 is a spectral section for gDg−1. Connect-
ing D and gDg−1 by the linear path, we have the following generalization
of [BW, Theorem 17.17].

Theorem 5.1. We have an equality

ch(inda(T (g))) = ch(sf{(D, P ), (gDg−1, gPg−1)}).
Remark. In this theorem one can verify directly that the right hand side
does not depend on P .
Proof. Once again we apply Theorem 3.4 to compute the higher spectral
flow. On the other hand one can still use the argument of [BD] to compute
the family index of the Toeplitz family. The computations show that they
are equal. We point out that we shall use a special modification of the
Bismut superconnection to make sure that the local index type calculation
can be carried out.

As an interesting example we can take D a B-family of signature op-
erators. In this case the higher spectral flow in Theorem 5.1 is usually
nontrivial, although the higher spectral flow of a one parameter family of
B-families of signature operators is always zero.

Theorem 5.1 is in fact true in K-theory, see [DZ2] for detail2.

6. An extension of family index theorem

An important property of the spectral flow is that it measures the
change of the index for manifolds with boundary under continuous de-
formation [DZ1]. We show that higher spectral flow measures the change
of the family index for manifolds with boundary under continuous defor-
mation.

2We thank Krysztof Wojciechowski for helpful discussions.
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Let π : M −→ B be a smooth fibration with the typical fiber Y an
even dimensional manifold with boundary Z. For simplicity3 we assume
that the vertical tangent bundle TY −→ M is spin and carries a fixed
spin structure. Let gTY be a metric on TY which is of product type
near the boundary. Let E be a complex vector bundle over M with an
hermitian metric gE and compatible connection ∇E . Corresponding to
these geometric data we have a family of Dirac operators DE

b , b ∈ B.
This is a family of elliptic operators on the manifold with boundary Y ,
parametrized by B.
Definition. By a B-family of Dirac type operators on the manifold with
boundary Y we mean a family of elliptic operators D̃b parametrized by B
which is of product type near the boundary and whose principal symbol is
the same as that of DE

b . Moreover, we assume that the boundary family
is also a B-family of Dirac type operators.

It follows that spectral sections always exist for the boundary family.
Choosing a spectral section, we can then define the family index for this
B-family of Dirac type operators on the manifold with boundary as in
[MP].

Theorem 6.1. Let D̃b,u be a one parameter family of B-families of Dirac
type operators on the manifold with boundary Y . Let D̃∂

b,u denote the
boundary family. Let Qb,0, Qb,1 be spectral sections for D̃∂

b,0, D̃∂
b,1 respec-

tively. Then

ind(D̃1, Q1) − ind(D̃0, Q0) = −sf{(D̃∂
0 , Q0), (D̃∂

1 , Q1)} in K(B).

This is a generalization of [DZ1, Theorem 1.1]. Using this result we
can prove the following generalization of the family index theorem for
manifolds with boundary [BC2], [BC3], [MP].

Theorem 6.2. Let D̃ be a B-family of Dirac type operators on the man-
ifold with boundary Y and D̃∂ its boundary family. Let Q be a spectral
section of D̃∂ . Then

ch(ind(D̃, Q)) =
∫

Y

a0 − η̂(D̃∂ , Q),

where a0 is the constant term in the asymptotic expansion of

Trs[exp(−B̃2
t )] =

∑
i≥− dim Y

2 −[ dim B
2 ]

ait
i,

3Once again our discussion extends to the more general case.
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with an arbitrary total superconnection B̃t now extended to the double of
the fibration, while η̂(D̃∂ , Q) is the η̂-form defined using the boundary su-
perconnection induced from B̃t.

Proof. We use the family index theorem of [MP] for the Dirac family and
flow to the more general Dirac type family.
Remark. This is the analogue in the family case for the general index
formula of Atiyah-Patodi-Singer for manifold with boundary [APS2].
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