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Abstract The authors establish a Cheeger-Miiller type theorem for the complex valued
analytic torsion introduced by Burghelea and Haller for flat vector bundles carrying non-
degenerate symmetric bilinear forms. As a consequence, they prove the Burghelea-Haller
conjecture in full generality, which gives an analytic interpretation of (the square of) the
Turaev torsion.

Keywords Analytic torsion, Symmetric bilinear form, Cheeger-Miiller theorem,
Bismut-Zhang theorem
2000 MR Subject Classification 58J

1 Introduction

Let F' be a unitary flat vector bundle on a closed Riemannian manifold M. In [28], Ray and
Singer defined an analytic torsion associated to (M, F') and proved that it does not depend on
the Riemannian metric on M. Moreover, they conjectured that this analytic torsion coincides
with the classical Reidemeister torsion defined using a triangulation on M (cf. [23]). This
conjecture was later proved in the celebrated papers of Cheeger [13] and Miiller [24]. Miiller
generalized this result in [25] to the case where F is a unimodular flat vector bundle on M. In
[4], inspired by the considerations of Quillen [26], Bismut and Zhang reformulated the above
Cheeger-Miiller theorem as an equality between the Reidemeister and Ray-Singer metrics de-
fined on the determinant of cohomology, and proved an extension of it to the case of general flat
vector bundles over M. The method used in [4] is different from those of Cheeger and Miiller
in that it makes use of a deformation by Morse functions introduced by Witten [35] on the de
Rham complex.

On the other hand, Turaev generalizes the concept of Reidemeister torsion to a complex
valued invariant whose absolute value provides the original Reidemeister torsion, with the help
of the so-called Euler structure (cf. [34, 15]). It is natural to ask whether there exists an
analytic interpretation of this Turaev torsion.

Recently, there appear two groups of papers dealing with explicitly this question. On one
hand, Braverman and Kappeler [6, 7] define what they call “refined analytic torsion” for flat
vector bundles over odd dimensional manifolds, and show that it equals to the Turaev torsion

Manuscript received September 7, 2007. Published online June 24, 2008.
*Chern Institute of Mathematics and LPMC, Nankai University, Tianjin 300071, China.
E-mail: sugx@mail.nankai.edu.cn weiping@nankai.edu.cn
**Project supported by the Qiushi Foundation and the National Natural Science Foundation of China (Nos.
10571088, 10621101).



386 G. X. Su and W. P. Zhang

up to a multiplication by a complex number of absolute value one. On the other hand, Burghe-
lea and Haller [10, 11], following a suggestion of Miiller, define a generalized analytic torsion
associated to a nondegenerate symmetric bilinear form on a flat vector bundle over an arbitrary
dimensional manifold and make an explicit conjecture between this generalized analytic torsion
and the Turaev torsion.

Both Braverman-Kappeler and Burghelea-Haller deal with the analysis of determinants of
non-self-adjoint Laplacians.

In this paper, we will follow the approach of Burghelea and Haller, which is closer in spirit
to the approach developed by Bismut-Zhang in [4, 5].

Let F be a flat complex vector bundle over an oriented closed manifold M. Let det H*(M, F)
be the determinant line of the cohomology with coefficient F.

We make the assumption that F' admits a smooth fiberwise nondegenerate symmetric bi-
linear form. (In general, this might not exist. However, as indicated by Burghelea and Haller
[11], we can form a direct sum of copies of F' to make such a symmetric bilinear form exists at
least on the direct sum.)

Following Farber-Turaev [15] and Burghelea-Haller [10, 11}, one constructs naturally a (non-
degenerate) symmetric bilinear form on det H*(M, F'). This resembles closely with the con-
struction of the Ray-Singer metric in [4], where one replaces the symmetric bilinear form by
a Hermitian metric on F. The main difference is that while the Ray-Singer metric is a real
valued function on elements in det H* (M, F'), the analytically induced symmetric bilinear form
generally takes complex values on elements in det H* (M, F).

The main purpose of this paper is to generalize the main result in [4] to the current situation.
That is to say, we establish an explicit comparison result between the above analytically induced
symmetric bilinear form on det H*(M, F') and another one, which is of Reidemeister type,
constructed through a combinatorial way. We will state this result in Theorem 3.1.

We will prove this result by the same method as in [4], that is, by making use of the Witten
deformation (cf. [35]) of the de Rham complex by a Morse function. However, since we are
going to deal with complex valued torsion which arises from non-self-adjoint Laplacians (the
non-self-adjoint property comes from the fact that we are dealing with symmetric bilinear forms
instead of Hermitian metrics), we should take care at each step when we proceed the analytical
arguments in [4]. In particular, instead of generalizing each step in [4] to the non-self-adjoint
case, we will make full use of the results in [4] and see what else one needs to do in the current
case. It is remarkable that everything fits at last to give the desired result.

The idea of using the Witten deformation to study symmetric bilinear torsions was men-
tioned before in [10]. Moreover, an important anomaly formula for the analytically constructed
symmetric bilinear forms on det H*(M, F') has been proved in [11].

A direct consequence of our main result is that if M is of vanishing Euler characteristic and
we consider the Euler structure (introduced in [34]) on M, then we can prove the Burghelea-
Haller conjecture (cf. [11, Conjecture 5.1]) identifying a modified version of the above analytic
symmetric bilinear form on det H*(M, F') with (the square of) the Turaev torsion, which is also
interpreted as a symmetric bilinear form on det H*(M, F').

We should mention that independently and almost at the same time of our preprint of this
paper (cf. [33]), Burghelea and Haller [12] proved their conjecture, up to sign, in the case where
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M is of odd dimension. The method they use is different from ours.

The rest of this paper is organized as follows. In Section 2, we recall the basic definitions
of various torsions associated with nondegenerate symmetric bilinear forms on a flat vector
bundle, we also state an anomaly formula for the analytic torsion associated with nondegenerate
symmetric bilinear forms on a flat vector bundle. In Section 3, we state the main result of this
paper and provides a proof of it based on several intermediate technical results. Sections 4 to
9 are devoted to the proofs of the intermediate results stated in Section 3. In the final Section
10, we apply the main result proved in Section 3 to prove the Burghelea-Haller conjecture (cf.
[11, Conjecture 5.1]) on the analytic interpretation of (the square of) the Turaev torsion.

Since we will make substantial use of the results in [4], we will refer to [4] for related
definitions and notations directly when there will be no confusion.

2 Symmetric Bilinear Torsions Associated to
the de Rham and Thom-Smale Complexes

In this section, for a nondegenerate bilinear symmetric form on a complex flat vector bundle
over an oriented closed manifold, we define two naturally associated symmetric bilinear forms
on the determinant of the cohomology H*(M, F') with coefficient F. One is constructed in a
combinatorial way through the Thom-Smale complex associated to a Morse function, and the
other one is constructed in an analytic way through the de Rham complex. An anomaly formula
essentially due to Burghelea-Haller [11] of the later will also be recalled.

2.1 Symmetric bilinear torsion of a finite dimensional complex

Let (C*,0) be a finite cochain complex

(C*,0):0 — C° 2, ¢t 2, Tbom g, (2.1)
where each C*, 0 < i < n, is a finite dimensional complex vector space.
Let
H*(C*,0) =P H'(C*,0) (2.2)
i=0
be the cohomology of (C*, ).
Let
det(C*,9) = Q) (det C1) V', (2.3)
i=0
det H*(C*,0) = R)(det H'(C*, )’ (2.4)
i=0

be the determinant lines of (C*,9) and H*(C*, 9) respectively.
It is well-known that there is a canonical isomorphism (cf. [20] and [2, Section 1a)])

det(C*,0) ~ det H*(C*, 9). (2.5)
Let each C%, 0 < i < n, admit a nondegenerate symmetric bilinear form b;. Then by (2.3)

they induce canonically a symmetric bilinear form bge¢(c+,9) on det(C*,d), which in turn, via
(2.5), induces a symmetric bilinear form byt gr+(c+,9) on det H*(C*,0).
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Definition 2.1 (cf. [15, 10, 11]) We call baet = (C+,0) the symmetric bilinear torsion on
det H*(C*, 9).

Remark 2.1 If (C*,0) is acyclic, that is, H*(C*,0) = {0}, then bget 7+ (c+,9) is identified
as a complex number.

Let A;, 0 < i < n, be an automorphism of C?. Then it induces a symmetric bilinear form
bi on C* defined by

bi(x,y) = bi(Aiz, Ayy). (2.6)

Let b}, H(C*,0) be the associated symmetric bilinear torsion on det H*(C*, 9).
The following anomaly result is obvious.

Proposition 2.1 The following identity holds:

bt e (o -
det H*(C*,9) _ H(det(Ai)z)(fl) . (2.7)
baet He(C*,0) g

2.2 Milnor symmetric bilinear torsion of the Thom-Smale complex

Let M be a closed smooth manifold, with dim M = n. For simplicity, we make the assump-
tion that M is oriented (the non-orientable case can be treated in exactly the same way, with
obvious modifications).

Let (F,VT) be a complex flat vector bundle over M carrying the flat connection V. We
make the assumption that F' carries a nondegenerate symmetric bilinear form b%".

Let (F*,VF") be the dual complex flat vector bundle of (F,V¥) carrying the dual flat
connection V|

Let f : M — R be a Morse function. Let ¢”™ be a Riemannian metric on 7'M such that
the corresponding gradient vector field —X = —V f € T'(T' M) satisfies the Smale transversality
conditions (cf. [32]), that is, the unstable cells (of —X) intersect transversally with the stable
cells.

Set

B={xeM;X(z)=0}. (2.8)

For any x € B, let W"(x) (resp. W*(z)) denote the unstable (resp. stable) cell at z, with
respect to —X. We also choose an orientation O, (resp. O} ) on W*(z) (resp. W*(x)).

Let x, y € B satisfy the Morse index relation ind(y) = ind(z) — 1. Then I'(z,y) = W*(z) N
W#(y) consists of a finite number of integral curves v of —X. Moreover, for each v € T'(z,y),
by using the orientations chosen above, one can define a number n,(z,y) = £1 as in [4, (1.28)].

If x € B, let [IW*(x)] be the complex line generated by W"(x). Set

C.(W", F*) = P W"(x)] ® F;, (2.9)
rEB
(W', F) = @ W) e F;. (2.10)
rEB

ind(xz)=1
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If z € B, the flat vector bundle F'* is canonically trivialized on W*(z). In particular, if z, y € B
satisfy ind(y) = ind(z) — 1, and if v € I'(x,y), f* € F}, let 7,(f*) be the parallel transport of
[* € F; into F;; along 7y with respect to the flat connection v,

Clearly, for any x € B, there is only a finite number of y € B, satisfying together that
ind(y) = ind(z) — 1 and ['(x,y) # 0.

Ifxe B, ffeF}, set

oW (@)@ f)= > > ny(a )W) @ 7 (f). (2.11)

yEB vEl(z,y)
ind(y)=ind(z)—1

Then 0 maps C;(W", F*) into C;_1 (W, F*). Moreover, one has
d9? = 0. (2.12)

That is, (C\. (W™, F*), ) forms a chain complex. We call it the Thom-Smale complex associated
to (M, F,—X).

If x € B, let [W*(x)]* be the dual line to W*(x). Let (C*(W*, F), ) be the complex which
is dual to (C. (W™, F*),0). For 0 < i < n, one has

W, F)= P W"@)]" @ F,. (2.13)

z€B
ind(z)=t

Let W*(z)* € [W*(x)]* be such that (W¥(z), W*(z)*) = 1.
We now introduce a symmetric bilinear form on each [W"(x)]* ® F, such that for any
fi I € Fe,

(W(@)" @ f,W"(@)" @ f') = (f, [ )prs - (2.14)

For any 0 < i < n, let C* (W%, F) carry the symmetric bilinear form obtained from those
defined in (2.14) so that the splitting (2.13) is orthogonal with respect to it. One verifies that
this symmetric bilinear form is nondegenerate on C*(W*, F).

Definition 2.2 The symmetric bilinear torsion on the determinant line of the cohomology
of the Thom-Smale cochain complex (C* (WY, F),d), in the sense of Definition 2.1, is called the
Milnor symmetric bilnear torsion associated to (M, F,b", —X), and is denoted by bf\lf/[ FbF X))

From the anomaly formula (2.7), one deduces easily the following result.

Proposition 2.2 If bl is another nondegenerate symmetric bilinear form on the flat vector

bundle F over M and b?]/\t/[FbF —x) denotes the corresponding symmetric bilinear torsion on
2507

det H*(C*(W", F), ), then the following anomaly formula holds:

1 F|an(— ind(x)
bl rag —x) = Vi por —x) [ det((@"1=) 7oy ) (2.15)
rEB
2.3 Ray-Singer symmetric bilinear torsion of the de Rham complex

We continue the discussion of the previous subsection. However, we do not use the Morse
function and make transversality assumptions.
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For any 0 < i < n, denote
O'(M,F) =T(A(T*M)® F), Q*(M,F) = (M,F). (2.16)
i=0
Let df" denote the natural exterior differential on Q*(M, F) induced from V¥ which maps each
QYM,F), 0<i<mn,into Q"M F).

Let ¢ be a Hermitian metric on F. The Riemannian metric ¢g”™ and g determine a
natural inner product (that is, a pre-Hilbert space structure) on Q*(M, F) (cf. [4, (2.2)] and
5. (2.3)))-

On the other hand g7 and the symmetric bilinear form b determine together a symmetric
bilinear form on Q*(M, F') such that if u = af, v = 8g € Q*(M, F) such that «, 8 € Q*(M),
f, g € T(F), then

(0} = /M(aA B (f. ). (2.17)

where x is the Hodge star operator (cf. [36]).
Consider the de Rham complex

* F 0 a1 ¢ on
Q(M,F),d”) : 0 - QM,F) - QMF) - --- = Q" (M,F) — 0. (2.18)
Let df™ : Q*(M,F) — Q*(M,F) denote the formal adjoint of d¥ with respect to the
symmetric bilinear form in (2.17). That is, for any u, v € Q*(M, F), one has

(dFu,v)y, = (u, df*v)y. (2.19)
Set
Dy =d" +df*, D= (d"+d[*)? =dl*d" +d"d}*. (2.20)

Then the Laplacian D? preserves the Z-grading of Q*(M, F)).

As was pointed out in [10] and [11], D? has the same principal symbol as the usual Hodge
Laplacian (constructed using the inner product on Q*(M, F) induced from (g7, g¥")) studied
for example in [4].

We collect some well-known facts concerning D7 as in [11, Proposition 4.1], where the

reference [30] is indicated.

Proposition 2.3 The following properties hold for the Laplacian D} :

(i) The spectrum of D3 is discrete. For every 0 > 0 all but finitely many points of the
spectrum are contained in the angle {z € C | —0 < arg(z) < 0};

(ii) If X is in the spectrum of D3, then the image of the associated spectral projection is
finite dimensional and contains smooth forms only. We refer to this image as the (generalized)
A-eigen space of Dg and denote it by Q?/\}(M, F). There exists Ny € N such that

(Dy = N™

or,, (k) = 0. (2.21)
We have a DE-invariant (, ),-orthogonal decomposition

O (M, F) = 5, (M, F) @D 2, (M, F) . (2.22)



Symmetric Bilinear Torsions 391

The restriction of D — X\ to Q7 (M, F)* is invertible;

(ii) The decomposition (2.22) is invariant under d¥ and df™;

(iv) For A # p, the eigen spaces Q7 (M, F) and Q7 (M, F) are (, )y-orthogonal to each
other.

For any a > 0, set

(M F)= @ Q)M F). (2.23)
0<[Al<a

Let Q[*o,a](Mv F)* denote the (, )y-orthogonal complement to Q[*Oﬂ](M, F).

By [11, (29)] and Proposition 2.3, one sees that (o, (M, F), d¥") forms a finite dimensional
complex whose cohomology equals to that of (Q*(M, F),d). Moreover, the symmetric bilinear
form (, ) clearly induces a nondegenerate symmetric bilinear form on each Qfo, al (M, F) with
0 < < n. By Definition 2.1 one then gets a symmetric bilinear torsion bg.; H* (93, (M.F).d¥)
on det H*(Qfo,a](M, F),dF) = det H*(Q*(M, F),d").

For any 0 < i < n, let Df’i be the restriction of D% on Q(M,F). Then it is shown in
[11] (cf. [30, Theorem 13.1]) that for any a > 0, the following regularized zeta determinant is
well-defined:

0 _
det! (D (4 o) = xp (= o | TR ilar, =) ™). (2.24)

S

Proposition 2.4 (cf. [11, Proposition 4.7]) The symmetric bilinear form on det H*(Q* (M,
F),d") defined by

baet He (9, (M, F).dF) H(det/(ng,(a,+oo),z'))(71)1i (2.25)
=0

does not depend on the choice of a > 0.

Definition 2.3 The symmetric bilinear form defined by (2.25) is called the Ray-Singer
symmetric bilinear torsion on det H*(Q*(M, F),d") and is denoted by b?]ﬁ[ FgTM Y-

2.4 An anomaly formula for the Ray-Singer symmetric bilinear torsion

We continue the discussion of the above subsection.
Let 0(F,b") € QY(M) be the Kamber-Tondeur form defined by (cf. [11, (4)])

O(F, by = Te[(bF) "1V bl (2.26)

Then 6(F,b") is a closed one form on M whose cohomology class depends only on the homotopy
class of bf" (cf. [11]).

Let V'™ denote the Levi-Civita connection associated to the Riemannian metric g™ on
TM. Let R™ = (VTM)2 he the curvature of VI, Let e(TM,VTM) ¢ Q*(M) be the
associated Euler form defined by (cf. [4, (3.17)] and [36, Chapter 3])

RTM

e(TM, VTM)sz( . ) (2.27)
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Let ¢'"™ be another Riemannian metric on TM and V'™ be the associated Levi-Civita
connection. Let ¢(TM,VTM v'TM) he the Chern-Simons class of n — 1 smooth forms on M,

which is defined modulo exact n — 1 forms, such that
de(TM, V™M "My — o(TM, V™) — (T M, VM) (2.28)
(cf. [4, (4.10)]). Of course, if n is odd,
S(TM, VM vTMy = . (2.29)

Let v’ be another nondegenerate symmetric bilinear form on F.
Let b?& Flg/TM pF) denote the Ray-Singer symmetric bilinear torsion associated to ¢’7™ and
b'F. Then the complex number
bRS
(M,F7g’TJW 7bIF)

e C*
b

?]\Sd,F7gTNI7bF)
is well-defined.

We can now state the anomaly formula, of which an equivalent form has been proved in [11,
Theorem 4.2], for the Ray-Singer symmetric bilinear torsion as follows.

Theorem 2.1 Ifb”, b'F lie in the same homotopy class of nondegenerate symmetric bilinear
forms on F, then the following identity holds:

bRS 'TM [ F
B —exp ([ tog(den((8) 1Y ))e(T L, TTH))
b(]V[,F,gTM,bF) M
-exp(— 9(F,b'F)’e“(TM,vTM,V'TM)). (2.30)
M

In particular, if dim M = n is odd, then

bRS
(]VI,F,g/TM 7b/F) i
bRS B

- 1. (2.31)
(M, F g™ bF)

Remark 2.2 Since b”, 'F" lie in the same homotopy class, one sees that log(det((b" )~10'F"))

is a well-defined univalent function on M.

Remark 2.3 For an alternate approach to the above anomaly formula, compare with Re-
mark 6.1.

3 Comparison Between the Ray-Singer and
Milnor Symmetric Bilinear Torsions

In this section, we prove the main result of this paper, which is an explicit comparison result
between the Ray-Singer and Milnor symmetric bilinear torsions introduced in the last section.
The form of the result we will state formally looks very similar to a theorem of Bismut-Zhang
proved in [4, Theorem 0.2], if one replaces the Hermitian metrics there by the symmetric bilinear
forms. This similarity also reflects in the proof of the main result here, where we will use as
in [4] the Witten deformation [35] of the de Rham complex by Morse functions. Moreover, we
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will make use the analytic techniques developed in [4, 5], some of which go back to the paper
of Bismut-Lebeau [3].

Still, since we will deal with non-self-adjoint operators, we have to generalize many of the
techniques in [4, 5] to the current situation. We will point out the differences in due context.

3.1 A Cheeger-Miiller theorem for symmetric bilinear torsions

We assume that we are in the same situation as in Sections 2.2-2.4. By a simple argument
of Helffer-Sjostrand [19, Proposition 5.1] (cf. [4, Section 7b)]), we may and we will assume that
g™ there satisfies the following property without altering the Thom-Smale cochain complex
(C*(W*, F),0):

(x) For any z € B, there is a system of coordinates y = (y!,---,%") centered at = such
that near =z,

ind(z) n

D SRS R DU VA (RSN DI VUC Y
=1 i=1

i=ind(z)+1

By a result of Laudenbach [21], {WW*(z) : € B} forms a CW decomposition of M.
For any x € B, F is canonically trivialized over each cell W (z).
Let Py be the de Rham map defined by

ae Q' (M,F)— mazZW"(x)*/ ae C*(W™ F). (3.2)
z€EB W ()

By the Stokes theorem, one has
P, = Pod”. (3.3)

Moreover, it is shown in [21] that Py is a Z-graded quasi-isomorphism, inducing a canonical
isomorphism

PE Y (Q* (M, F),d") — H*(C*(W",F),9), (3.4)
which in turn induces a natural isomorphism between the determinant lines,
Pttt et H*(Q* (M, F),d") — det H*(C*(WY, F), ). (3.5)

Now let ATM be an arbitrary smooth metric on 7M.
By Definition 2.3, one has an associated Ray-Singer symmetric bilinear torsion bg@ﬁ FRTM pF)
on det H*(Q*(M, F),d"). From (3.5), one gets a well-defined symmetric bilinear form

P (b pprna pry) (3.6)

on det H*(C*(W*, F),d).

On the other hand, by Definition 2.2, one has a well-defined Milnor symmetric bilinear
torsion b%7F,bF7_X) on det H*(C*(W", F),d), where X = V[ is the gradient vector field of f
associated to g7M.

Let (TM,VTM) be the Mathai-Quillen current (cf. [22]) over T'M, associated to hTM,
defined in [4, Definition 3.6]. As indicated in [4, Remark 3.8], the pull-back current X*¢(T M,
VTM) is well-defined over M.
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The main result of this paper, which generalizes [4, Theorem 0.2] to the case where F' admits
a nondegenerate symmetric bilinear form, can be stated as follows.

Theorem 3.1 The following identity in C holds:

Pﬁo“H(b?f} FRTM pF))
o MEERTEEOT _ oxp ( - / 0(F,b") X" (T M, VTM)). (3.7)
b(]V[,F,bF,fX) M

Remark 3.1 By proceeding similarly as in [4, Section 7b], in order to prove (3.7), we may
well assume that hT™ = ¢gTM_ Moreover, we may assume that bf", as well as the Hermitian
metric g on F, are flat on an open neighborhood of the zero set B of X. From now on, we

will make these assumptions.

3.2 Some intermediate results

We assume that the assumptions made in Remark 3.1 hold.
For any T € R, let b¥ be the deformed symmetric bilinear form on F defined by

bE (u,v) = e 21IbF (u, v). (3.8)
Let dfT* be the associated formal adjoint in the sense of (2.19). Set
Dy, =d" +dyy, Dy = (d"+dy;)? =dprd" +d"di; (3.9)

Let Q[*o,l],T
the corresponding ( , )p,.-orthogonal complement.

Let P%O’” be the orthogonal projection from Q*(M, F) to Qf, ,; (M, F') with respect to the
inner product determined by g?™ and g = e 2Tfgl . Set P;LJFDO) =1Id — P%O’l].

Following [4, (7.13)—(7.15)], we introduce the notations

(M, F) be defined as in (2.23) with respect to D} , and let €

0.1 0(M, F)* be

dim M
X(F)= > (=1)"dim H' (M, F) = rk(F) Y _ (~1)"™4®), (3.10)
1=0 zeB
X' (F) =1k(F) Y " (=1)™@ind(z) = rk(F) Y "(~1)"iM;,
zeB i=0
Tef[f] = Y (- f(a),
zeB

where for any 0 < i <n, M; is the number of x € B of index 1.
Let N be the number operator on Q*(M, F) acting on Q¢(M, F) by multiplication by i.
We now state several intermediate results whose proofs will be given later in Sections
4to 9.

Theorem 3.2 (compare with [4, Theorem 7.6]) Let PT[P’” be the restriction of P on
Qf‘o,l],T(M, F), and let Pq[P’l]’detH be the induced isomorphism on cohomology. Then the follow-
ing identity holds:

P/J[ﬂO,l],detH( N
exp(2rk(F)Try [f]T) =1. (3.11)

lim
T—+o0 pM s

bdet H*(QE‘OYI]YT(M,F),dF)) (T) 5 X(F)=x"(F)
(M,FbF,—X)

™
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Theorem 3.3 (compare with [4, Theorem 7.8]) For anyt > 0,
lim  Trs[N exp(— tD%T)P}1’+m)] =0. (3.12)

T—+o00

Moreover, for any d > 0 there exist ¢ > 0, C > 0 and Ty > 1 such that for any t > d and
T Z TO7

|Trs [NV exp(—thT)Pq(}’Jroo)H < cexp(—Ct). (3.13)

Theorem 3.4 (compare with [4, Theorem 7.9]) For T > 0 large enough, then

dim Q[o 1,0(M, F) =1k(F) M;. (3.14)
Also,
[0,1]
Jlim (D PR =0, (3.15)

For the next results, we will make use the same notation for Clifford multiplications and
Berezin integrals as in [4, Section 4].

Theorem 3.5 (compare with [4, Theorem 7.10]) Ast — 0, the following identity holds,

" X(F)+0(t) (if nis even),

TM 1
// Lexp ) )\/t+0(\/t) (if n is odd),

where L is originally defined in [4, (3.52)].

Tr,[N exp(—tDj )] (3.16)

Theorem 3.6 (compare with [5, Theorem A.1]) There exist 0 < a < 1, C > 0 such that
forany0<t<a,0<T< 115, then

Tro[N exp(—(tDy, + TE(V f))? / / L exp(—Br2)rk(F)
- Z/M O(F,bF)/ dfexp( Bpz) — 2)(( )‘ < Ct. (3.17)

Theorem 3.7 (compare with [5, Theorem A.2]) For any T > 0, the following identity
holds:

1

| — p—ar ((F e 2N/ (F) —ne™*Tx(F)). (3.18)

}/ilr(l) Trs [N exp ( (tDb + (Vf)) )]

Theorem 3.8 (compare with [5, Theorem A.3]) There exist o € (0,1], ¢ >0, C > 0 such
that for any t € (0,a], T > 1, then

Tr, {Nexp ( (tDb + (Vf)) )} X'(F)‘ < cexp(—CT). (3.19)

Clearly, we may and we will assume that the number a > 0 in Theorems 3.7 and 3.9 have
been chosen to be the same.
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3.3 Proof of Theorem 3.1

First of all, by the anomaly formula (2.30), for any T' > 0, one has

P%O’l]’dem(bdet H (9, ) T(M,F),dF)) n 9 i
pM o H(det(DbT|Q[*0 " T(M,F)iﬂQ’?(M,F)))(7 )
(M,FpF,—X) i=0 o
PéloetH(bRS )
_ oy BTN ( — 9T1k(F) / fe(TM, VTM)). (3.20)
b(M,F,bF,—X) M

From now on, we will write a ~ b for a, b € C if e* = e*. Thus, we can rewrite (3.20) as

0,1],det H
log PO b grar pr)) ~ log N (T H* (9, ) p(M.F).a"))
b rbF —x) bitrbr - x)

+ Z(_l)ii log(det(Dy,. |QE‘011]YT(M,F)LﬁQi(M,F)))
=0

+ 2Trk(F) / fe(TM,vTM), (3.21)
M

Let Ty > 0 be as in Theorem 3.3. For any T' > Ty and s € C with Re(s) > n + 1, set

1

Or(s) = (s

“+o0
) /0 71T, [N exp(—tDZ, ) P Tode. (3.22)
By (3.13), 07(s) is well-defined and can be extended to a meromorphic function which is holo-
morphic at s = 0 (cf. [30]). Moreover,

S i 907 (s)
;(—1) ZIOg(det(Dl%T|QE‘O~I]‘T(M,F)iﬁQi(M,F))) ~ = 6

. (3.23)

Let d = o® with « being as in Theorem 3.8. From (3.22) and Theorems 3.3-3.5, one finds

a0 (5) _ ¢ 1,400 a_1 n , dt
gs s:o_/o (Trs[Nexp(—thT)p} + )] - 2X(F)+X(F)) ;
+o0o a1
+ /d TrS[Nexp(—thT)Pj(}’Jroo)]d: - 2\/d
— (1) ~ log ) () x(F) = X'(F)). (3.24)

where we denote for simplicity that

a_1 =1k(F) /M /B Lexp ( — R2M> (3.25)

Proposition 3.1 One has

: e 2 \ p(1,+00)dt
lim Trs[N exp(—tDj,. )Py ] =

0. 3.26
Jim | t (3.26)
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Proof This follows from Theorem 3.3 directly.

Now we write

d 2 (1,400) a_—1 n
/ (Trs [N exp(—tDy, )Pp "] — -
0

d a n
:/0 (TrS[Nexp(—thT)] — \;tl - 2X(F))

d
‘/o (Teo[N exp(—tDZ, )Py Y] — X' (F))

From Theorem 3.4, one deduces that

d
dt
L Jim (Trs[N exp(—tD}, ) P — /(F)) , =0 (3.28)
— o0 O

To study the first term in the right-hand side of (3.27), we observe first that for any 7' > 0,
e TIDE e = (Dy + TV f))>. (3.29)

dt (3.27)

Thus, one has
Trs[N exp(—tD3, )] = Trs[N exp(—t(Dy + TSV f))?)]. (3.30)
By (3.30), one writes

d a n
| (miesp(-eng, 1= 1 = D)

Vd
=2 [ (TN exn(—(eDy + o) - = Hup)

Vd
=2 [ (TN esp(-(tDy +41a(V 1)) - U7 = D)
VT

2 [ (T esp(-0Dy + TP - ) = i)

= 2/1¢dT (Trs [NeXp ( - (\/tTDb +t\/TE(Vf))2)] — \/Ta,l - nX(F)) dt

1
a_q n

42 /0 v (Trs[Nexp(—(tDb+tTE(Vf))2)]— — X(F))

In view of Theorem 3.6, we write

(3.31)

a,1 n

/0 (TN exp(~(Dy + TR 1))%)] -

= /0\/1T (Trs[Nexp( (tDy + tTE(V £))? / / Lexp(—B )2 )rk(F)

T
=y [ o) / 4J exp(~Buyz) - Zx(F))

/VT /M/ Lexp(=Bry2 Jrk(F) — )d

T tT — dt
+/\/ / Q(F, bF)/ dfeXp(—B(tT)z) . (3.32)
o 2 Jm t

t
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By [4, Definitions 3.6, 3.12 and Theorem 3.18], one has, as T' — +oo0,

Jr 4T B__ dt
75 | ey [ aFesn-Bur),
0 M
1 VT BA

= / /e(F,bF)/ df exp(—By2)dt
2 0 M

1 “+o00 B/\

— / /H(F,bF)/ df exp(—By2)dt

2 0 M

=, | BV w9 (3.33)

2/
By [4, (3.58)] we have, for any T > 0,
B

/ / (Lexp(—Br) — Lexp(—DBy))

M
B
= s [ [ (exn(=Br) ~exol(-0)

/M / /eXp (=B:) —exp(=B )))jtt (3.34)

From (3.34), one deduces easily that

Thﬁrg+ \/T// (Lexp(—Br) — Lexp(—By)) = 0. (3.35)

From [4, (3.54)], (3.35) and the integration by parts, we have

/ r / / Lexp(—Bypy 1k (F) — )dt

+ Trk(F) /Mf/ exp(—DBy). (3.36)

From Theorems 3.6, 3.7, (3.35), [4, Theorem 3.20], [4, (7.72) and (7.73)] and the dominate

convergence, one finds that as T' — +o0,
/¢T (Trs[Nexp( (tDy +tTE(V f))? / / Lexp(—B ;)2 )k(F)
0
T
/ O(F, bF / dfexp —Br)2) — X(F))
! t . 2 VT
:/0 (Trs {Nexp(— (\/TDb —l—t\/Tc(Vf / / L exp(— B,y 2 )rk(F)
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T P d
- tV / 0(F,0") / dfexp(_B(t\/T)2) - ZX(F)) tt

- / e (1 €25) (F) — ne2 x(F))

) in : L dt
o Z( 10 (n = 2ind(x) - ) x(F))

zeB

- ee) [ ()

On the other hand, by Theorems 3.7, 3.8 and the dominate convergence, we have, as T' —
400,
VTd
t . 2 VT n dt
/1 (Trs {Nexp ( - (\/TDb —l—t\/Tc(Vf)) )} -, a1 2x(F)) :

- /de (T[N exp - (\/tTDb rvrawn) )] - X)) dtt

+ 1X/(F) log(Td) + a_1VT

) ( jT 1) = ) og(Td)

+oo ) .
- / (y 1— ((1+ 72 (F) = ne™2"x(F)) = X/(F)) it
+ ;(X'(F) - ZX(F)) log(Td) + a\/‘; —VTa_i +o(1)

1—e 2t ¢ 2

- (v - yum) [ T () = ) T
+ 7Y Tay +o(1). (3.38)

Combining (3.11), (3.21), (3.23)—(3.28), (3.31)—(3.33) and (3.36)—(3.38), one deduces, by
setting T' — 400, that

Pdet H (bRS

M,F,gTM bF)
10g( bM( sg ) )
(M,F,bF,—X)

~ —2ek(F)TP[f]T + (X' (F) = [ \(F)) log T

- (V) = GxF)) logm = [ 0PNV ) UT ML)
—|—2\/Trk /M/ Lexp(— BT)—Q\/Ta 1+ 2Trk(F /f/ exp(—Br)

_2Trk(F)/Mf/ exp(—DBy) — X(F)—zX(F))/O (1-_#2:2_75)‘?

= (e =) [0 - () - ) ostra - 2

b oVTay +2Tek(F) [ fe(TM,vTM) 4 201
M Vd

— (T'(1) = logd) (X' (F) = [ x(F)) + o(1)
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=2Trk(F) /1 f(/B exp(—Br) — Z(_l)ind(m)df)

M rEB
_ (X’(F) - ZX(F))(/()l ({:2:2 - 1)0;1? +/1+oo lz_e;‘;t it)
- SX(F)>(log7r+F’(1)) + 2V T rk(F) /M /BL@XP(—BT)

— [ OF VYV P(TM, VM) 1 0(1). (3.39)
M

By [4, Theorem 3.20] and [4, (7.72)], one has

Jim 27k(0) [ ([ epBr - X008 = (000 - ), B0

zeB

lim 2vT rk(F) /M / BLeXp(—BT) - Q(X’(F) - ;’X(F)). (3.41)

T—4oc0

On the other hand, by [4, (7.93)], one has
1 —2t +oo —2t
1+e 1\ dt 2e dt
— =1-1 —T'(1). 3.42
/0 (1—8*2’5 t)t +/1 1—e 2t ¢ 08T (1) (342)

From (3.39)—(3.42), we get (3.7), which completes the proof of Theorem 3.1.

Remark 3.2 We have used the strategy outlined in [5, Appendix] to prove Theorem 3.1,
instead of using that in [4, Section 7]. In particular, we avoid the explicit use of [4, Theorem
3.9] which is crucial in [4, Section 7], though we still make use of the variation formulas (cf. [4,
(3.54) and (3.58)]).

Remark 3.3 By Theorem 3.6, one deduces that

1

lim (Trs [N exp ( - (\/tTDb + t\/T/c\(Vf))z)}

T—+oc0 0
VT B
- /M/ Lexp(—B,, 2 Tk(F)
VT B_ n dt
=P et [ aFes(-Buyn) - Hu) ) <o (3.43)
M

Combining this with (3.37), one gets
1 —2t
1+e 1\ dt
— =0. 44
/0 (1—e‘2t t)t 0 (3.44)

4 Asymptotics of the Symmetric Bilinear
Torsion of the Witten Complex

In this section, we prove Theorems 3.2 and 3.4.

We make the same assumptions and use the same notations as in Section 3.
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4.1 Some formulas related to D,

Recall that b is a nondegenerate symmetric bilinear form on a complex flat vector bundle I/
over an oriented closed Riemannian manifold M. Then it determines a nondegenerate symmetric
bilinear form (, ), on Q*(M, F) (cf. (2.17)).

Recall that the formal adjoint df™* of d¥" with respect to the symmetric bilinear form (, ),
has been defined in (2.19), and D, is the operator defined by

Dy =db +af. (4.1)
Let
Wi = wy (F,VF) = (bF) 7 V7" (4.2)

be defined as in [11].

Let V = VA (T"M)®F he the tensor product connection on A*(T*M) ® F obtained from
the Levi-Civita connection V'™ associated to g7 and the flat connection V¥ on F.

For any X € TM, let X* € T*M corresponds to X via g7 . Recall that

o(X)=X* —iy, &X)=X"+ix (4.3)

denote the Clifford actions on A*(T*M), where X* and ix are the exterior and interior multi-
plications respectively (cf. [4, Section 4]).
For any oriented orthonormal basis ey, ..., e, of TM, set

= cleswy ( cwi) = ele)wt (). (4.4)
=1 )

With these definitions and notations one verifies easily that (cf. [11, (92)])

n

1
df +af* = Z c(e;)Ve, +

> Jell) = LA, (4.5)

Recall that g is a Hermitian metric on F. Together with g7 it determines an inner
product (, )y on Q*(M, F) (cf. [4, (2.2)] and [5, (2.3)]).

Let dg* be the formal adjoint of d* with respect to (, ),.

Set as in [4] and [5]

wg = wg(F,VF) = (gF)*lvFgF. (4.6)

Then wf is a one form taking values in the self-adjoint elements in End(F'). Moreover,

1

r
v V+2

(4.7)
is a Hermitian connection on F with respect to gf" (cf. [4, Section 4] and [5, Section 2]). Let
V* be the associated tensor product connection on A*(T*M) ® F.

By [4, (4.25)], one has

n

* u /\ - 1
Dyi=d" +dl* = c(e;) Ve, — => clei)Ve, + clwy) = ) awh). (4.8)
=1

i=1
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From (4.5) and (4.8), one gets

. L1 1. 1 1.
d¥ +dp* =d" +d + 2c(wlf?) - 2c(wf) - 26(&)5) + 2c(wf). (4.9)
Write wi” as
wy = why + Wi, (4.10)

where w,f ; (resp. w,f 5) takes values in self-adjoint (resp. skew-adjoint) elements (with respect

to gr') in End(F).
From (4.9), one gets the decomposition of Dy, into self-adjoint and skew-adjoint parts (with
respect to (, )4) as follows:

x « 1 1 1
df 4+ df = (dF—|—df]7 + 2c(w5) 2c(w£1)—|— 2c(wb72))
I N
+ (= yewh) + yelwhh) = JElwly))- (4.11)

4.2 Witten deformation and some basic estimates

Let f: M — R be a Morse function on M. We make the assumption that the Riemannian
metric g7™ and f verify the condition (3.1). We also assume that g%, like b, is flat near the
set of critical points of f.

Following Witten [35], for any T € R, set

df = e THaleTt, 6£T =Tl e=T7, 65T = edeg*e*Tf. (4.12)
Set
5 _gF | sF ~ 5 _gF | sF _ ~
Dy =dp + 0y p = Dy +TC(df), Dgyr=dp+ 0,1 =Dy +Tc(df). (4.13)

Observe that the skew-adjoint part of l~)b,T is the same as that of l~)b.
Let || [Jo be the L? norm on Q*(M, F) associated to (, ),. For any ¢ > 0, let || ||, be a fixed
g-Sobolev norm on Q*(M, F).

Proposition 4.1 For any open neighborhood U of B, there exist Ty > 0, C' > 0, ¢ > 0 such
that for any s € Q*(M, F) with supp(s) C M\ U and T > Ty, one has

1Dy, 7513 = C(lslIF + (T = o)IslI3). (4.14)

Proof From (4.11) and (4.13), one sees that the formal adjoint ﬁz’T of 5b,T is given by

-, N 1 1 1
Dz = (Dy+Tadf) + Jowh) = elwi) + yelwis)
1 1 1.
— (= el + elwlh) = ewly): (4.15)
2 2 2
For simplicity, we denote
1. 1. 1
AT =AY — ) + yelwl)
) ) ) (4.16)
BF = — efwl) + yelwly) — o)
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Then one computes

D pDyr = (Dy + AT + (Dy + AT)BY — B (D, + AT) — (BF)?

+T([Dy + A", 2(df)] + e(df)B" — Be(df)) + T?|df|?, (4.17)
where by [, | we denote the super bracket in the sense of Quillen [27].

Since it is easy to check (cf. [4, (5.17)]) that

n

[Dg,2(df)) =D clex)a(VEMV ) = wy (V) (4.18)
i=1
where Vf € T'(TM) is the gradient vector field of f with respect to g7, is of order zero, the
coefficient of T" in the right-hand side of (4.17) is of order zero.
Also, it is clear that there is ¢y > 0 such that for any z € M \ U,

ldf(z)] = co. (4.19)
From (4.17) and (4.19), one gets Proposition 4.1 easily, as
| Do 7513 = (Dy,rs, Dyrs) = (Dy pDy.rs, s). (4.20)

Proposition 4.2 For any ¢ > 0, there exists T, > 0 such that for any T > T., z € C with
|zl =¢, 2z ¢ Spec(DiT),

Proof For any p € B, let y = (y1, - ,yn) be the coordinate system of p as in (3.1), in an
open ball U, of radius 4a, around p. We also assume that both b¥ and ¢ are flat on each Uy,
p € B. The existence of a > 0 is clear.

By (4.9), one then has

Dy=Dy onUp=|]U, (4.21)
pEB

Let v : R — [0,1] be a smooth function such that v(x) = 1 if |z| < a, while y(z) = 0 if
|z| > 2a.
For any T'> 0 and p € B, set

oy = / A(Iy])? exp(~TlyP)dy" A -~ Ady"™,
Ur (4.22)

T 2
_ FY('YD exp(— |y| )dyl A ”./\dynf(p),
\/Oép’T 2

where n(p) = ind(p) is the Morse index of f at p. Then p,r € Q™) (M) is of unit length
with compact support contained in U),.
Set

Pp,T

Er = EB{pp,T ®@hy:p€ B, hy € Fp}. (4.23)
pEB
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Let Ef be the orthogonal complement to Er in L2(Q*(M, F)) with respect to (, ), with
L?(Q*(M, F)) being the L? completion of Q*(M, F). Then one has the orthogonal decomposi-
tion

L*(Q*(M,F)) = Er & Ef. (4.24)

Let pr, p be the orthogonal projections from L2?(Q*(M, F)) onto Er, Ef respectively.
Following [3, Section 9b)] (cf. [36, (5.19)]), set

Dyr1 = prDyrpr, Dyr2 = prDyrpt, (4.25)

Dyr3=p7rDyrpr, Dy1.a = p7FDprpt.

From (4.17), (4.20), (4.21), (4.25) and proceed as in [3, Section 9] and [36, Proof of Propo-
sition 5.6], one can prove in the same way that there exist Ty > 0, C' > 0 such that for any
T > Tpy, one has

Dy =0, (4.26)

Is"llo
T

for any s € B NHY (M, F), s' € Er, where H' (M, F) is the Sobolev space with respect to the
Sobolev norm || ||; on Q*(M, F), and

~ S ~
1By rasllo < 1. 1By ras’lo <! (4.27)

1Ds,7.45ll0 = CVTlslo (4.28)

for any s € E7 NHY(M, F).
Now for any A € C, T > Ty and s € Q*(M, F'), by (4.26)—(4.28), we have (cf. [36, (5.26)])

~ 1 ~ 1 ~ _
[(A = Dy,r)sllo > 5 IAprs — Dy 1,207 5]l0 + 5 IAp7s — Dy3s — Dy 1ap7slo
1 1 1
> - — |\ = = ) )
> (M= ) lersllo + (VT =171 = ) Ipsll (4.29)

From (4.29), one sees easily that there exist Cy > 0, T} > Tp such that for any T' > Tj and
A € C with |2 = ¢, one has

I(A* = D 7)sllo = (A + Do,2)(A = Do,r)sllo > Collsllo, (4.30)
from which Proposition 4.2 follows.

From now on, we take ¢ = 1, T.—; as in Proposition 4.2 and assume T > T7.
Let ﬁ[*o,u,T(Ma F) be defined as in (2.23) with respect to Dy 7. Let ﬁ%O,l} be the orthogonal
projection from L?(2*(M, F)) onto SNI’["O71]7T(M, F).

For any p € B, let [W%(p)]* admit a Hermitian metric such that |[W"(p)*| = 1. Let
[Wu(p)]* ® F, carry the tensor product metric from the above one with gf». Let C*(WY, F)
carry a Hermitian metric through the orthogonal direct sum of the Hermitian metrics on
W) © Fy's.

Let Jp : C*(W", F) — Q*(M, F) be the isometry defined by that for any p € B, h € F,
and y the coordinate system as above in U,

Jr (W*(p)* @ h) (y) = pp,r @ h. (4.31)
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From (4.11) and (4.21), one can proceed in exactly that same way as in [4, Theorem 8.8]
and [5, Theorem 6.7] to get the following result.

Theorem 4.1 There exists ¢ > 0 such that as T — +oo, for any s € C*(WH, F),
(}37[«0’1] Jr — Jr)s = O(e”")s uniformly on M. (4.32)

4.3 Proof of Theorem 3.4

From Theorem 4.1, one gets immediately that
dim Qf, (M, F) > #B. (4.33)

By (4.21) and proceeding as in [36, Proof of Proposition 5.5], one sees that indeed, (4.33)
holds in equality.

Since }57[«0’1] preserves the Z-grading of Q*(M, F) (as 5§7T does), by applying (4.32) in each
grade and by (4.33) with equality, one then gets, for any 0 <i < n,

dim Qfy y; p(M, F) = rk(F)M; = rk(F) - #{p € B : ind(p) = i}. (4.34)

On the other hand, since the number ¢ in Proposition 4.2 can be chosen arbitrarily small,
one sees that when T" — +o00, one has

Te[D} 7 PR Y] — 0. (4.35)

Now consider the isomorphism rr : Q*(M, F) — Q*(M, F) defined by 77(s) = e’/s. Then
it induces a map preserving the corresponding symmetric bilinear forms, as well as the inner

products,

rT - (Q*(MaF)a< ) >b) = (Q*(M7F)a< ) >bT)7

(4.36)
rT (Q*(MvF)v< ) >g) = (Q*(MvF)a< ) >9T)7

with (, )4 obtained from g™ and gf = e 2T/g¥ (cf. [4, (5.1)]). Moreover, one verifies
directly that

TTﬁb,T = Dy, rr. (4.37)
From (4.34)—(4.37), one gets Theorem 3.4 immediately.

4.4 Proof of Theorem 3.2

We still assume that T > T.—1, where T.—; verifies Proposition 4.2.
Let eq : C*(W*", F) — Q) 7(M, F) be defined by

er = ’/‘Tﬁ,Z[P’I]JT. (438)

Recall that C* (W™, F) carries a symmetric bilinear form determined in (2.13) and (2.14),
while QF ;) 7.(M, F) carries the induced symmetric bilinear form (, )y,.. Let e be the adjoint
of e with respect to these two symmetric bilinear forms.
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Proposition 4.3 There exists ¢ > 0 such that as T — +o0,
efer =1+0(eT). (4.39)

In particular, when T > 0 is large enough, er : C*(W" F) — QE“O 1] (M, F) is a Z-graded
isomorphism.

Proof By the definition of er and e#, one has that for any s,s" € C*(W¥, F),

(efers, sy = (ers,ers Yoy = (PP Jps, PO gps'y,. (4.40)
On the other hand, from (4.22) and (4.31), one sees directly that
(Jrs, Jrs’)e = (s,5" ). (4.41)

From Theorem 4.1, (4.40), and (4.41), one gets (4.39).
From Theorem 3.4 and (4.39), one sees that when T > 0 is large enough, er is an isomor-

phism.

Recall that the quasi-isomorphism Py, : (Q*(M, F),d") — (C*(W*, F), ) has been defined
in (3.2). Let P 1 : Qo 1) (M, F) — C*(W*", F') be the restriction of Py, on Q1) (M, F).
By (3.3), one has

OPso 1 = Poo rd". (4.42)

By Theorem 4.1 and (4.42), one can proceed in exactly the same way as in [5, Proof of
Theorem 6.11] (cf. [36, Section 6.4]), to get the following analogue of [5, Theorem 6.11].

Proposition 4.4 There exists ¢ > 0 such that as T — +o00, one has
T
T
where F acts on [W*(p)]* ® F, with p € B by multiplication by f(p), and N is the number
operator acting on [W"(p)|* ® F, with p € B by multiplication by ind(p). In particular, for
T > 0 large enough, Ps rer € End(C*(W™, F)) is one to one.

Psorer = eTf( ) gfzu +0(eTY), (4.43)

From (4.42) and Propositions 4.3, 4.4, one sees that when 7" > 0 is large enough,
POO7T : (Qro,l],T(Ma F)adF) - (C* (W",F),@) (444)

is a cochain isomorphism.
From Proposition 2.2 and (4.44), one finds

Pj[—vO’l]’detH(bd ¢ H=(QF (M,F) dp)) n

e JF), _qyitl

o = [ det(PL rPorlay, , pnr) ™ (4.45)
(M,F,bF,—X) i=0

where Pi’T is the adjoint of P 7 with respect to the symmetric bilinear forms (, ).
From Propositions 4.3 and 4.4, one deduces that as T — +o0,

det(ngTPoo,T|QE0Y1]YT(M,F)) = det(eref PZ 1 Poo.r

Qfo,u,T(MvF)) ’ detil(eTe# Qfo,u,T(MvF))
= det((PoO,TeT)#Poo,TeT|Ci(Wu7F)) . detfl(e#eﬂci(wu’m)

—¢ T an/2 e
= det ((1 + O(e T))# (T) eZT]:(l + O(e T))|C¢(WH,F)>

et (L +0(e™ ")) |ci(wu,py)- (4.46)
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From (4.45) and (4.46), one gets (3.11) immediately.
The proof of Theorem 3.2 is completed.

5 Proof of Theorem 3.3

In this section we prove Theorem 3.3.
In view of (4.36), we may restate Theorem 3.3 as follows.

Theorem 5.1 For anyt > 0,

Llim T[N exp(—tD} )P = 0, (5.1)

where ﬁq(}’Jroo) =1Id - 157[«0’1]. Moreover, for any d > 0, there exist ¢ > 0, C > 0 and Ty > 1
such that for any t > d and T > Ty,

| Try [N exp(—tD2 ) PE ]| < cexp(—Ct). (5.2)
Set
g =1+ 2 max {| (- L) + Yol = towr ) @)} (5.3)
9 zeM A

By the decomposition formula (4.11) and by (4.13), one sees that for any A € C with
[Im(\)| = cp,g, A — Dy, is invertible.
Let I' =T'; UT'3 be the union of two contours defined by

Flz{a::t\/—lcm: 2§a:§—|—oo}u{2—|—\/—1y: —Cpg <Y <cpg},
ng{xi\/—lcbth —oonﬁ—?}U{—2—|—\/—1y: —Chg <Y< Chg}

We orient I' anti-clockwise.
By Proposition 4.2, one sees that there exists Ty > 0 such that for any T > Ty,

—tA2

(1t 1
Try [N exp(—t DR ) P = oyt [N/F Ae 5 dA] (5.4)
— b T

Let C' > 0 be the constant verifying (4.28). Following [3, (9.113)], for any T > 1, set

UT:{)\GC:1§|)\|§ CZT}. (5.5)

From (4.26)—(4.28), (5.4) and (5.5), one can proceed as in [3, Section 9¢] to show that there
exists T7 > Ty such that for any T > Ty, A € Up, A — l~)b7T is invertible. Moreover, for any
integer p > n+ 2, there exists C’ > 0 such that if T > T}, A € Ur, the following analogue of [3,
(9.142)] holds:

!

VT

From (5.6), one can proceed as in [3, Sections 9g, 9h], with an obvious modification, to

ITe [N = Do) P = APX(F) < (L+[ADPH (5.6)

complete the proof of Theorem 5.1.
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6 Proof of Theorem 3.5

In this section, we provide a proof of Theorem 3.5, which computes the asymptotics, as
t — 0, of Try[N exp(—tDj )] for fixed T' > 0.

Since T' > 0 is fixed, we may well assume that T = 0.

One way to prove Theorem 3.5 is to apply the method developed in [11, Sections 7 and
8], which deals directly with the operator D?. Here we will prove it as an application of the
corresponding result for Dg established in [4, Theorem 7.10]. The basic idea is very simple: we
use Duhamel principle to express the heat operator of Df by using the heat operator of Dg,
then one can use the results for Dg to obtain the required results for D} (Indeed, this idea will
also be used in later sections for other local index estimates as well).

Set
wf = wg —wf. (6.1)
From (6.1), one can rewrite (4.9) as
d¥ +dfr =d" +dir + ;E(wF) - ;c(wF). (6.2)
From (6.2), one sees that
Byg = Dj — D2 = (d" +d{*)* — (d" + d}*)? (6.3)

is a differential operator of first order.
By Duhamel principle, one deduces that for any ¢ > 0,

n

_ 2 _ 2 _ 2 _ 2 _ 2
otDi_ o th_|_§ :(—1)ktk/ o tltD-qu,ge t2tD? By.ge BtDl g d i
k=1 Ak

2 2 2 2
+ (_1)n+1tn+1/ e_tltDbe,ge_tﬁDg . 'Bb7ge_tn+1tD9Bb,ge_tn+2tDbdtl' . dtn,+1, (64)

Apt1

where Ay, 1 <k <n+1,is the k-simplex defined by t; + -+ tx41 =1, >0, -+, tg41 > 0.

Proposition 6.1 Ast — 0T, one has

¢+l / Try[Ne 0B, e 205 ... B, g tn+2t 8] dty - diy g — 0. (6.5)
An+1
Proof For any r > 0, let || ||, denote the Schatten norm defined for any linear operator A
by
* r 1

[A]lr = (Tr[(A"A)=]) . (6.6)

Recall the basic properties of || ||, (cf. [31]) that

(1) If A is of trace class, then

ITe[A]] < [[All, Al < [|A]]L- (6.7)

(ii) For any r > 0 and compact operator A and any bounded operator B,

[ABl- < [|B[[|Allr, [[BAl» <[IB][|All- (6.8)
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(iii) (Holder inequality) For any p, ¢, r > 0 with i = ; 4 (11,

IAB] < [[Allp]|Bllg- (6.9)

Lemma 6.1 For any r > 0, one has ast — 0" that

lexp(—tD7)|» = O(tlg ) (6.10)

Proof Since By g4 is of order one, by [14, Lemma 2.8] and [16, Lemma 1], there exists a
(fixed) constant C' > 0 such that for any u > 0, ¢t > 0 with ut <1,

tD? u
2 -3 g
_ o< — . :
lexp(—utD2) By yllu -+ < Clut) z(Tr[exp( ) )D (6.11)
From (6.8), (6.9) and (6.11), one sees that for any k > 1 and (t1,--- ,tkr1) € Ag\
{t1++ tpy1 =0},

||e_t1tD-‘21Bb,ge_t2tD§ . 'Bb,ge_tk+1tD§ 1

< [le™ 25 By gll o1 -+ le™ P By g poalle™ s o
o tDQ
< CMTE (1) T2 (Te[em 2 ])TT (Txfem P e
L,_k 1 7'5D§
<CRtTa(ty e ty) 2 Tr[e” 2 . (6.12)

Thus for any k > 1, ¢ > 0, one has

2 _ 2 _ 2
Ay, 1

<(2C\/t)kTr[e“;g}/A dv/ty -+ dv/tg

2

< 20V Te[e * ). (6.13)

From (6.4) and (6.13), one sees that at least for 0 < ¢ < min{1, ¢}, }, one has
2 2 = 2 2 2
eftDb — efth + Z(_l)ktk/ e*t1th Bb“qeftzth L Bb’ge*tk+1thdt1 o dity. (614)
k=1 Ak

From (6.6), (6.13) and (6.14), one gets (6.10) easily.
The proof of Lemma 6.1 is completed.

From (6.8)—(6.10) and proceeding as in (6.12) and (6.13), one deduces that when ¢ > 0 is
small enough,

T / Try[Ne P30 B, je 2105 ... By e n 2t D8] dty - dtyyy | = O(£2), (6.15)
Apti

which completes the proof of Proposition 6.1.

To compute the local index contribution to other terms in (6.4), we give the following

formula for By 4.
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Theorem 6.1 The following identity holds:

DE= D2t 3 eleilen) (Ve (e) = 5 D eles)ele) (V™ (e)

i, j=1 i’i;:jl
b VI () + 3w () VE 4 (B(wF) — efwh))?
) — () Ewl)) (6.16)

Proof From (4.8) and (6.3), one has
Dg _Dg _ (dF —l—df*)Q _ (dF +d§‘*)2

1
- o Fx ~ F
= (d" +d, +20(w ) —

= D+ BwT) — o))+ (") — e(w"))?
_ [Zc )V — 1A(w5),5(wF)—c(wF) + i(a(wF)—c(wF))? (6.17)

Now we compute (cf. [4, (4.33)])

|
[

From (6.17)-(6.19), we get (6.16).

n

() Ve, T = 3 eled)ele,) (Ve (e))), (6.18)

i,j=1

Z

@
I
-

n

c(ei)VZi,c(wF)} - Z c(eq)ele;) (V" )= (v ) — 207 () V. (6.19)
ko =

Z

@
I
-

To compute the local index, let a > 0 be the injectivity radius of (M, g7™). Take z € M
and let ey, --- , e, be an orthonormal basis of T, M. We identify the open ball BTTM(O )

’ 2
with the open ball BM(z, %) in M using geodesic coordinates. Then y € T, M, [y| < §,

represents an element of B (0, 5). ForyeT, M, |yl <9, we identify T,M, F, to T,M, F,
by parallel transport along the geodesic t € [0,1] — ty with respect to the connections V7'M
VU respectively.

Let ITM> TFuw he the connection forms for V7™ V¥ in the considered trivialization of

TM. By [1, Proposition 4.7], one has

. 1

(6.20)
Ly = 0(lyl).
Following [4, (4.20)], for any ¢ > 0, we introduce the Getzler rescaling
€; 1, —~ é\l 1,
ce(e) = tl AN —tiie, Cle;)= N A+tiig, y— iy, (6.21)
4 4

where we have written el A in [4, (4.20)] as e;A for the sake of simplicity.
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From (6.3), (6.16), one verifies easily that under the Getzler rescaling G; defined in (6.21),
one has, as t — 0T,

Gt(tBbg ( Z 6@/\€J vu Z el/\e] vu ( ))

i, j=1 z]l

1/\ 1 —=

+Zw (e:) 81 L —wP)? = [0F = WP, wg])+0(t). (6.22)
On the other hand, by [4, (11.1)], one has
1< 1
Gi(N) = iNei+0(1)= |, L+0(1). 6.23
N)= 1 e+ O = L+ (6:23)

From (6.22), (6.23) and proceeding as in [4, Section 4], and [17, 18], one deduces that for
any 1 <k <n, (t1, - ,tp41) € Ay,
lim 5 Tr,[Ne 125 By o~ #Ps . By jotitPa] = 0, (6.24)
t—0 /
while for £k =1, 0 < ¢; <1, one has
lim ¢Trs[Ne fltDQBb e~ (1—t)tD; 9] = lim tTrg[NBy 4 th]

t—0+ t—0+

// Tr Zel/\ej Vi w F(e)
i, j=1

1 . /?_/F _RTM

+2[w ,wh —w ]}Lexp( 5 ) (6.25)

Now it is clear that

Trfw”, wF — wF] =0, (6.26)

while by [4, (4.73)] and using the notation in [4, Section 4] one has

Z e N TX[(VE wh (e)))] = VIMpTr[w"], (6.27)
i, j=1

from which, by [4, (3.10)] and [4, (3.53)], one gets
RTM
/ / 1;1 ei Ne;Tr[(Ve w (eJ))]Lexp( 5 )
RTM

_ ™ F _ _
—/M/ \Y (((pTr[w ])Lexp( 5 )) 0. (6.28)
From (6.25), (6.26) and (6.28), one gets, for any 0 < t; <1,

fli%l+ tTr [Ne_tlth Bb7ge_(1_t1)tD§] =0. (6.29)

From (6.4), (6.5), (6.24), (6.29) and [4, Theorem 7.10], one gets (3.16).
The proof of Theorem 3.5 is completed.

Remark 6.1 The method developed in this section, combined with the method in [4,
Section 4], can be used to give an alternate proof of Theorem 2.1.
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7 Proof of Theorem 3.6
We first restate Theorem 3.6 as follows.

Theorem 7.1 There exist 0 < d <1, C' > 0 such that for any 0 <t <d,0<T < L

Tro[N exp(—(tDy, + TE(V f))? // L exp(—Br2)rk(F)

- Z/M G(F,bF)/ df exp(—Bys) — 2X(F)‘ < ct. (7.1)
Set, in view of (4.6),
O(F,g") = Trlw)] = Tr[(g") "'V g"]. (7.2)

By [5, Theorem A.1], one has, under the same conditions as in Theorem 7.1,

‘TrsNexp( (tDy + TE(V f))? / / L exp(— B2 )rk(F)
T !/
—, [ ora" / a7 exp(— BT2)—2X(F)’§Ct (7.3)

for some constant C’ > 0.
Thus, in order to prove (7.1), one need only to prove that under the conditions of Theorem
7.1, there exists constant C” > 0 such that

Tr[N exp(—(tDy + TV f))?)] — Trs[N exp(—(tDy + TV f))?)]

T

B/\
- /M(o(F,bF)—a(F,gF))/ df exp(—Bya)| < 1. (7.4)

Fort>0,T >0, set

Aprr =tDpy + TSV f), Ayt =tDg+Te(Vf), (7.5
Cor=A,r— A7 (7.6
Then by (6.2) and (6.3) one has
Cir = (tDy + TEAV f))? = (tDg + TE(V f))? = t*By g + tT[Dy, — Dy, e(V f)]
— By, + f B = e(w"), 8V f)] = £ Byy + (T (V). (7.7)
By (7.6) and the Duhamel principle, one has
oAbt = o AQur 4 Z / MAL L Oy pe 2400 L Oy pe TR AL T d - d i,

+ (—1)"+1 / _tlAq e e —t2 A7 . Ct7Te_t"+2A§,t,Tdt1 coedtpg. (7.8)
Ang1

Lemma 7.1 There exists Co > 0 such that for any T >0, s € Q*(M, F), one has

1By,gsll5 < Collls|Ig + [(Dg + TV £))s]3)- (7.9)
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Proof Since both b'" and g by assumption are flat near the set B of critical points of the

Morse function f, by (6.3) and (6.16) we find that there exists § > 0 such that
Byy,=0 (7.10)

on |J BM(2§), where for each x € B, BM(2§) C M is the ball of radius 20 centered at z.
r€B

Let ¢ > 0 be a function on M such that supp(y)) € M \ |J BM(5) while » = 1 on

r€B
M\ | BY(36). Then by (7.10) and the standard elliptic estimate, there exists C1 > 0 such
rz€B
that for any s € Q*(M, F),
1B,g5115 = [|Beg(¥5)[15 < Crlllwslg + 1 Dg(w5)[13)- (7.11)

Also, by (4.18) and (4.19) it is clear that there exists Cy > 0 such that for any 7' > 0 and
ye M\ U BY(9),
zEB
T[Dg,&(Vf)] + T*Vf|> > —Cs. (7.12)

From (7.11) and (7.12), one deduces that there exists C3 > 0 such that for any 7' > 0 and
any s € Q*(M, F), one has

IDg(ws)[1§ < Callvslli + (D + TV F))*(¥s), vs)g
= Co|[¢s]l§ + [[(Dg + TV ) (¥3)13
< Cs(|Isllg + 1(Dg + TEV 1))s]15). (7.13)
From (7.11) and (7.13), one gets (7.9).

By (7.5), Lemma 7.1 and proceeding as in [14, Lemma 2.8] and [16, Lemma 1], one finds
that there exists Cy > 0 such that for any ¢ > 0, u > 0 verifying ut> <1 and T > 0,

I exp(—uA;t,T)Bb,gHu—l < Cyu 2! (Tr[exp ( - A?’;’Tﬂ )u. (7.14)

Similarly, as
wf'=0 (7.15)

on |J BM(25), one deduces that there exists C5 > 0 such that for any u > 0, ¢ >0, T > 0,
r€B

lexp(—uA2 , 2)Tw (V)1 < Cu~ (Tr[exp ( - A%’T)D“. (7.16)

From (6.8), (6.9), (7.7), (7.14), (7.16) and proceeding as in (6.12), one sees that for any

k+1
E>landt>0,t >0for 1 <i<k+1with ¢ =1, one has
i=1

le™t40er Cy pe™ 2400t Oy e~ 1 Aner || < (Cy + Cs)Fth (1 ty,) "2 Tefe™ "2 ). (7.17)
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From (7.17) and proceeding as in (6.13), one has, for any k£ > 1 and ¢ > 0,
Az,
H/ e_flAg t, TC e —t2 Aﬁ.t.T AN Ct,Te—thrlAg.t.Tdtl e dtkH < (2(C4+C5)t)kTr[e_ 9y T ] (718)
Ay, 1

From (7.8) and (7.18), one sees that at least for 0 < ¢ < min{1, , A(Ca +C )} and T > 0 with
tT <1, one has

+oo
eiAi,i,T = eiA?hth —|—Z(—1)k / 7t1Ag t, TCt Te —t2 A?).t.T e Ct’Teitk‘FlA;t,Tdtl e dtk (719)
A

From (6.6), (7.18), (7.19) and [4, (12.34)], one finds that for any 0 < ¢ < min{1
and T > 0 with ¢T" < 1, one has that for any r > 0, there exists Cg > 0 such that

C
lexp(=43, )l < 2

1
? 4(C4+C5) }

(7.20)

From (7.14), (7.16) and (7.20), one can proceed as in (6.12) and (6.15) to see that there
exists C7 > 0 such that for any ¢ > 0 small enough and T € [0, ;],

‘ / Try [Ne_tlAf]v‘vTCt’Te_tQA-‘z;v‘vT s Ct,Te_t"+2A§vth]dt1 s dthrl < Ct. (721)
nt1

Now for any = € M, we introduce the coordinates and identification around x as in Section
6, and use the Getzler rescaling introduced in (6.21), with ¢ there replaced by t2 here. By using
(7.7), one has

G2 (Ct,T) =G (tQBb’g) + tTwF(Vf). (7.22)

From (6.21)—(6.29), (7.22) and proceeding as in [4, Section 13], one deduces that there exist
Cs>0,0<d<1suchthat forany 1<k <n,0<t<d,T>0withtT <1,

’ / Tr,[Ne 014507 Cy e “ta AL Ct,Teitk_HAi’t’T]dtl e dtk‘ < Cit, (7.23)
Ay
while for £ =1 one has forany 0 <t <d, T >0 withtT'<1land 0 <t <1,

B
Try[Ne 450y pe 1m0 0r) _ / / Tr[wF(Vf)]Lexp(—BTﬁ)‘ < Cgt.  (7.24)

Now from [4, (3.9), (3.52)—(3.53)], (2.26), (4.2), (6.1) and (7.2), one deduces that

// Tew” (V)] L exp(— By2)

// ivy(Te[w"]) L exp(—Br2)
:// Tr[wF]ivf(L)exp(—BTz)+//BTr[wF]Lin(eXP(—BT2))
= // Tr[wF ]V f exp(—By=) — // Trlw”|L VT (exp(—Br2))

— [ o / Vi esp(~Br) =, [ Tl / VM (1 (exp(~ Br2))

1

=) [ 0r.g) -0 [ el Br) (7.25)
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From (7.8), (7.21) and (7.23)—(7.25), one gets (7.4), which completes the proof of Theorem
7.1.

8 Proof of Theorem 3.7

In view of (3.18) and [5, Theorem A.2], in order to prove Theorem 3.7, we need only to
prove that for any T' > 0,

tErél+(Trs[N eXp(—Aitg)] — Try[N eXp(—Af],tﬁ)]) =0. (8.1)

First of all, by (7.18), there exists 0 < Cy < 1 such that when 0 < ¢t < Cp, one has

2
T

A2 A2 _ t k . by
H/ h i C, re AT --Cyre A -‘”Tdtl dtkH ( ) Tre” E I (82)
Ay 20()

Tt

Thus we have the absolute convergent expansion formula

—A? A2 T —t1 A A? T —t2A2 T —tk+1A T
TS S S —§ o010, re enT e e T e diy. (83)
)t

Tt

Since T' > 0 is fixed, by [4, (12.34) and (15.22)], there exists C; > 0 such that for 0 < ¢t < Cj,

A2

g,t, T
Trfe™ 2 ']< g;l (8.4)
From (8.2) and (8.4), one sees that
+oo 2 2
—t A —tsA —tjq A2
Z(—l)k/ e rtiC re eni o Cpre et Tdl - diy (8.5)
k=n Ak l

is uniformly absolute convergent for 0 < t < Cj.
Let 1 > 0 be the function on M defined in Section 7. Then by definition one has

Ct,? = wa,,T = Cf,,fw = th,{v (8.6)

From (8.3) one sees that for each ¥ > 1 and any T'> 0,0 <t < Cp and ({1, ,tkr1) € A,
k+1

since Y t; = 1, there is j € [1,k + 1] such that ¢; > k}rl. We here deal with the case where
i=1

jJ = k + 1; the other cases can be dealt with similarly.
From (6.8), (6.9), (7.7), (7.14), (7.16), (8.6) and proceeding as in (6.12), one has, for any
(t1,- - steg1) € A \ {t1---tpe1 = 0},

—t1A? —tpA? A2
|Trs[Ne T, T Ct’{e T L Ct,{e k+1 g,t,’{]'
—t1A% —tpA? L1 A2
:|TI'S[N6 ' gt’TC Te 2 g’t’? '”Ct,::we k+1 g.t,’{“
—hdy w2 —tpA? —thp1A
< ol T Oy e T G el e T
A2

T th41
1 _

g,t, A2
< Csth(ty - ty) 2 Trle™ 2 lye * Ten Tt (8.7)
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for some positive constants Co > 0, C3 > 0.

From (8.4), (8.7) and the assumption that 41 > one gets

1
k+1°

—t1A2 T —t2A2 T —tk+1A T
’/ TI‘S[Ne e Oy re shi .. Cyre gt ]dtl -dty,
Ay T

)t
1 A2
< C4tk_"||1be 2(k+1) g ¢, 7; ” (88)

for some constant Cy > 0.

By (8.8) one need to estimate

g 20 T = e 2050 e T o2 e Ty

_kilAZ T 1

= e e T

< \// Tr[p(z)S 7 (2, 2)(x)]dvoly,, (8.9)
M

\/k+1 \/k+1 t

where as in [4, Section 14], Syt (x,y) for z,y € M denotes the kernel of exp(—Az . v) with

t
respect to the Riemannian volume dvolgru.

Now since Supp(y) € M\ |J Bz(d), by [4, Proposition 14.1], one sees that there exist
zeB
Cs,Cg > 0 such that

VE+1? VE+1 t

/ Tr[y(x)S o v 1 (z,2)(x)]dvol, < Csexp ( - 326). (8.10)
M

From (8.3), (8.5), (8.8)—(8.10) and the dominate convergence, we get (8.1), which completes
the proof of Theorem 3.7.

9 Proof of Theorem 3.8

In view of (3.19) and [5, Theorem A.3], in order to prove Theorem 3.8, we need only to
prove that there exist ¢ > 0, C' > 0, 0 < Cyp < 1 such that for any 0 <t < Cp, T > 1,

|Trs [NV eXp(—Az’t,{)] — Trg[N exp(—Az’t’?)H < cexp(—=CT). (9.1)

First of all, one can choose Cy > 0 small enough so that for any 0 < t < Cy, T > 0, by
(8.3), we have the absolute convergent expansion formula

7A2 A2 T t1 A 2 T 7t2A2 T 7t1‘+1A T
T S —E: ot 10 re Pont o re M T an diy, (9.2)
’t

vt
from which one has

Trs [N eXp(—Ait’?)] — Trg[N eXp(—Ai . {)]

aby

’t

+oo 2 2 2
“hA A e A
=) (—1)k/ Try[Ne ot T C, pe et Cre e ]l dty (93)
Ag
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Thus, in order to prove (9.1), we need only to prove

A2 2
. —t2 A2 o —tpy1 AZ T
E / TI"g g‘t‘t C,re sbhi ...y re gt ]dtl -dty
Ay

Tt

t1+tpp1) A2 —ty A2
_E:/ Tr, [N ) 10, re gvtv?-'-Ct{]dtlmdtk‘
Ay, ot ’

< cexp(—CT). (9.4)

Let ¥ > 0 be the function on M defined in Section 7. By (8.6), we have for any ¢ > 0,
T>1, (tr, - ytee1) € Ap \ {t1---try1 = 0},

tittig1)A2 —t2 43
(1 k:+1) t,TC Te 2 g't’?"'CtT]

’t

Trs[Ne

—tk.A2

t1+t A? taA?
—(t1+tk+1) gtTC T’lﬂe b2 "*‘*?Ctg-“we 9"5‘{015,?]. (9.5)

= Trs[Nye
We first state a refinement of the estimates (6.11), (7.14) and (7.16).

Lemma 9.1 There exists Cy > 0 such that for any 0 <u <1,0<t <1, T > 1, one has

1 42 u A2

—uA? A YA
le 20T Cy o flymr < Cru2H(Tefe > on T et T, (9.6)
Proof From (7.9), (7.15) and (7.16), one sees that there exists a constant Cy > 0 such that
CrrCyr < Cot?(1 + A;tﬁ ). (9.7)

From (6.8) and (9.7), one gets

3u A2 u A2

_uA2 A TA
[be ot T Gy rllur < le T e et C, 1|

1 —4A A? T 5A T —ZAZ T 2 %
< Cgubtflpe” Han Ty Ty e e A )
_1A2 A2
< Cyum2t(Tefe 2 o0 7)) e * o0 | (9.8)

for some positive constants C3 > 0, Cy > 0.
The proof of Lemma 9.1 is completed.

Lemma 9.2 There exist 0 < ¢; < 1, C5 > 0, Cg > 0 such that for any 0 < u < 1,
0<t<ec,T>1, one has
2

—uA® .
e 2t < Csexp(—CeuT). (9.9)

Proof From (4.13) and (7.5), one has

A2tT—t2(D +, (Vf)) —2D? . (9.10)

9112

Since T' > 1, it is known (cf. [29]) that there exist 0 < ¢; < 1, ¢2 > 0, ¢3 > 0 such that for
any 0 < t < ¢1, the spectrum of D§ T splits into two parts:
Tt

Spec(ﬁ;tg) C [O,exp ( - cQT)} U [03T —|—oo). (9.11)

t2 12’
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For0<t<cyand T > 1 let Q[(T)’” denote the orthogonal projection from L2(2*(M, F)) to
t2
the direct sum of the eigenspaces of D; + corresponding to the eigenvalues lying in [0,1]. Let
)42

Q[l ) = 1d — QY. Then it is known that (cf. [4, (7.20)]) Im(Q[(T)’”) is a finite dimensional
2 +2
bpace
Now we write

et = e 5 (@Y Q)]
< fhpe 0T Q)+ e 0T Q). (9.12)
From (9.10) and (9.11), one sees that
e e T QU < e 00T QU] < exp(—csu). (9.13)
From (9.11) one has
fwe” e T Q< e T — 1)@ 0@ < 0@+ Crexp (=71 ) 91)

for some positive constants ¢4 > 0, C7 > 0.
For any T > 0, let Jr be the map defined in (4.31) where we assume without loss of
generality that the radius 4a there verifies 4a < 6. Then one has
YJr =0. (9.15)

+2

By (9.15) and [4, Theorem 8.8] and [5, Theorem 6.7], an analogue of which has been proved
in Theorem 4.1, one sees that there exist Cs > 0, ¢5 > 0 such that

T
lWQ% T || < Csexp ( - ) (9.16)
2 2 2
From (9.16) one deduces easily that there exist Cy > 0, ¢g > 0 such that
0,1 ceT'
Q! < Coexp (= ;) (9.17)

From (9.12)—(9.14) and (9.17), one gets (9.9).
The proof of Lemma 9.2 is completed.

From Lemmas 9.1 and 9.2, one deduces that for any 0 < ¢t < min{Cy, ¢1}, T > 1 and
(tr, - ytep1) € Ap \ {t1 - - tpg1 = 0},

t1+t ta A2 —t, A2
fpe” T 0, e 0T, g g T 0,y
—(ti+ty )A Y ty A2 .
<fwe TG e e T C
71A2 C
g<clc5t>'f<<t1+tkﬂ>t2-~tk>—%Tr[e e Texp (<700, (9.18)

By [4, (15.22)], one sees that there exists Cyp > 0 such that for any 0 < ¢ < min{Cy, ¢1},
T>1,

142 Tg

Trfe * o%1] < Cho i (9.19)
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From (9.5), (9.18) and (9.19), one sees that there exists C1; > 0 such that for any k& > 1,

—t1 A2 —ty A2 —tp1 A®
‘/ Try[Ne o1 C, re FonT O e T oAty - diy,
A ot
T: CeT
S 011(2 010575)'“ t’j exp ( — Z ), (920)

from which one sees that there exist 0 < ¢; < min{Cy, ¢1}, C12 > 0, Cy3 > 0 such that for any
O<t<crand T >1,
—taA? —tpy1 A2
‘Z/ Tre [N nALT ¢ C, re oL Cf,,Te o g‘t’{]dty —odty <Craexp(=C13T). (9.21)
A t
On the other hand, for any 1 < k < n, proceeding as in (8.8), one sees that for any 0 < ¢t < ¢,
T>1,

Tt

7t1A t2A2 7tk+1A2
‘/ TI‘S[Ne JtTC Te “‘fmCt Te g’t’?]dtl"'dtk
Ay

< ke || " 20k A T
< Crat™ " |[¢pe st | (9.22)

for some constant Ci4 > 0.
Now since Supp(yp) € M\ U B.(d), by [4, Proposition 15.1], one sees that there exist
B

e
C15, Ci6 > 0 such that for any 0 <t < e¢7, T > 1,

ClﬁT).

o (9.23)

/M Tr[lb(x)S\/kl+1 foiT 7 (z, ) (x)]dvol, < Cisexp ( —
From (8.9), (9.22) and (9.23), one sees immediately that there exist Cy7 > 0, C1g > 0 such
that forany 1 <k<n—-1,0<t<cyand T > 1,

—tp1 A?
k+1 g,

Tt Tt

7t1A¢2.t.T 7t2A¢2.t.T ¢, T —C18T
‘ Trs[Ne oty C) re oty . Cyre t]dtl---dtk‘SCne i (9.24)
Ay
From (9.3), (9.21) and (9.24), one gets (9.1).
The proof of Theorem 3.8 is completed.

10 Euler Structure and the Burghelea-Haller Conjecture

In this section, we recall several symmetric bilinear torsions introduced by Burghelea-Haller
[10, 11] which are defined by using the Euler structure introduced by Turaev [34]. We then
apply our main result, Theorem 3.1, to prove a conjecture due to Burghelea and Haller [11,
Conjecture 5.1].

Some applications on comparisons of various torsions are also included.

10.1 Euler and coEuler structures

Let M be a closed oriented smooth manifold, with dim M = n. We assume the vanishing
of the Euler-Poincaré characteristics of M, that is, x(M) = 0. The set of Euler structures with
integral coefficients, Eul(M; Z), introduced by Turaev [34], is an affine version of Hy(M;Z).
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Let X € I'(TM) be a non-degenerate vector field on M which means X : M — TM is
transversal to the zero section. Denote its set of zeros by zero(X). For every x € zero(X), there
is a well-defined Hopf index IND x (x) € {£1}.

Any Euler structure can be represented by a pair (X, ¢) where ¢ € C;™8(M; Z) is a singular
1-chain satisfying

dc=e(X):= > INDx(z)z. (10.1)
z€zero(X)

Since x(M) = 0, the existence of ¢ is clear.

Lemma 10.1 (cf. [11, Lemma 2.1]) Let M be a closed smooth manifold with x(M) = 0,
let ¢ € Eul(M;Z) be an Euler structure, and let o € M be a base point. Suppose X is a
non-degenerate vector field on M with zero(X) # (0. Then there exists a collection of paths o,
02(0) = g, 0,(1) =z, x € zero(X), such that

e:[X, Y INDx(2)o.|. (10.2)
zEzero(X)

The set of coEuler structures Eul*(M; C) is an affine version of H"~(M; C).

Let g™ as before be a Riemannian metric on M with the associated Levi-Civita connection
denoted by VTM,

Any coEuler structure can be represented by (g7, a) for some a € Q"~(M) such that

da =e(TM,VTM), (10.3)

where e(T'M,VTM) is the Euler form defined in (2.27). Since (M) = 0, the existence of a is
clear.

If [X,c] € Eul(M;Z) and [¢T™,a] € Eul*(M;C), we say that [g7M, o] is dual to [X, ] if
for any closed one form w € Q'(M) which vanishes in a neighborhood of zero(X),

/ wA (X*P(TM,VTM) — ) = /w, (10.4)
M c

where (T M, VT™M) is the Mathai-Quillen current (cf. [22]) associated with g7 defined in [4,
Definition 3.6].
For any [X, c] € Eul(M;Z) and g7, the existence of « is proved in [10, 11].

10.2 A proof of the Burghelea-Haller conjecture

We make the same geometric assumptions as in Section 3. We also assume (M) = 0 as in
the previous subsection.

Recall that we have the Thom-Smale cochain complex (C*(W™, F'), 9) associated to a Morse
function f and a Riemannian metric g7 verifying conditions in Section 3.1.

Let ¢ € M be a fixed base point.

Let ¢ be an Euler structure.

For every critical point « € B of f choose a path o, with 0,(0) = x¢ and 0,(1) = x so that

VF 3 (=1)"®@)g, | is a representative of e (cf. Lemma 10.1).
z€B
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Let b,, be a nondegenerate symmetric bilinear form on the fiber Fy, over xy. For x € B
define a nondegenerate symmetric bilinear form b, on F, by parallel transport of b,, along o,
with respect to VI, The collection of symmetric bilinear forms {b, },¢ 5 defines a nondegenerate
symmetric bilinear form on the Thom-Smale cochain complex (C*(W*, F'),d), which in turn
defines an induced symmetric bilinear form on det H*(C*(W™, F), ).

Since x(M) = 0, one sees easily that the above induced symmetric bilinear form on
det H*(C*(W*", F),0) does not depend on the choices of {0,},en, o and by,. It depends
only on F', e and V f. We call it the Milnor-Turaev symmetric bilinear torsion and denote it by
.

On the other hand, let b¥ be a nondegenerate symmetric bilinear form on the flat vector
bundle F'.

For any o € Q" 1(M) such that da = (T M, V™M) following Burghelea and Haller [10, 11],

we define
Tt o = DS e iy - €XD ( /M 0(F,b") A a) (10.5)

and call it the Burghelea-Haller symmetric bilinear torsion.
By [11, Theorem 4.2], we know that T;“gTM bF o, does not depend on the choice of gT™ and

the smooth deformations of bf". Thus we now denote it by TELE o

We can now state the following equivalent version of the Burghelea-Haller conjecture (cf.
[11, Conjecture 5.1]).

Theorem 10.1 Ife= |Vf, 3 (—1)™@) g, | and (¢"™, ) are dual in the sense of (10.4),
reEB
then we have

PatH (. ) =Tpl. (10.6)

Proof By [11, Theorem 4.2], we may well assume that b is flat near B. Then (F,b"") =0
near B.
By (10.4), one has

/ O(F, b5 ) (X (T M, VTM)—a):/e(F,bF), (10.7)
M c

where ¢ = 3 (—1)nd@)g, .
zeB
From Theorem 3.1 and (10.7), noting X = V f, we have

PgoetH (T;flbﬂa) = PgoetH (bFI\gj,F,gTM,bF)) - exp (/M o(F, bF) A a)
ey oo (= [ ORI UM ) e ([ 086 Aa)
M M

= b’(AJ/lw’F’bF,fX) + exXp ( - /0(F, bF)> . (108)

By [11, (46)], we have

T;;fe = b'(A]AV[’F’bF,iX) - exXp ( — /0(F, bF)> . (109)
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By (10.8) and (10.9), we get (10.6).
The proof of Theorem 10.1 is completed.

Remark 10.1 Some non-trivial special cases of Theorem 10.1 has already been proved in
[11]. Moreover Braverman-Kappeler proved in [9] that when dim M is odd, (10.6) holds up to
a numerical factor of absolute value one. This later result was generalized to the case of even
dimensional manifolds in the second version of [11].

As was pointed out in [11], the following result is a direct consequence of Theorem 10.1.

Corollary 10.1 The Burghelea-Haller torsion 7%, , does not depend on bY" and the rep-
resentative «.

10.3 Comparison of b?I\SJ,F,gTM,bF) with the usual Ray-Singer torsion

We still assume x (M) = 0.

Let g* be a Hermitian metric on F. Then one can construct the Ray-Singer analytic torsion
as an inner product on det H*(M, F'), or equivalently as a metric on the determinant line (cf.
[4]). We denote the resulting inner product by b?JvSI, FLgTM gF)-

In this section, we prove the following comparison result between b?]\%’ FLgTM pF) and
b?AS/:[!F’gTM’gF), which is also a consequence of [8, (5.13)] and [9, Theorem 1.4].

It is clear that the absolute value of the ratio of the symmetric bilinear form and the inner

product is well-defined.
Proposition 10.1 If dim M is odd, then the following identity holds:

bRS
’ (M, F,gT™ bF)
b

e =1 (10.10)
(M,F7gT]W7gF)

Proof Let ¢ be an Euler class associated to V f in the sense of Lemma 10.1. Let T;{ be

the Redemeister inner product induced from the FEuler structure e. Then one verifies easily that

Vf

’ 7-F,e
Vv
TF,e

=1. (10.11)

Let [T a], a € Q"~Y(M), be dual to the Euler structure ¢ in the sense of (10.4).
From (10.5), (10.6), (10.11) and [4, Theorem 0.2], one deduces that

bRS
(M,F,gTM bF)

bRS
(M,F,gTM gF")

Note that the left-hand side of (10.12) does not depend on the Euler structure e.
By choosing different Euler structures, one sees that for any real closed form v € Q"= (M)
whose image in H*(M,R) lies in H*(M, Z),

Re(/M(o(F, gF) = 0(F,bF)) A 7) = 0. (10.13)

= e ([ @Rg™) —0(Rb7) Ao (10.12)

Then it is easy to see that (10.13) should also hold for any real closed form v € Q"1 (M). As
a consequence, we get the following equality in H'(M,R)

Rel6(F,b")] = [6(F, ")) (10.14)
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Since that dim M is odd implies e(T'M, VM) = 0, by (10.3), (10.12) and (10.14), we get
(10.10).
The proof of Proposition 10.1 is completed.

Remark 10.2 In the general case that dim M need not be odd, by the consideration in the
proof of [11, Theorem 5.9], one sees that there exists an anti-linear involution J¥ : F — F such
that

(J2 =1dp, b (JFu,v) = bF (u, JFv), b (u, JFu) >0, wu,veF. (10.15)
Then
g" (u,v) := b (u, JFv), w,v € F, (10.16)
defines a Hermitian metric on F. From (10.16), we get
(gF) IV GF = ()L () IR IE 4 (JF) L E g (10.17)
From (10.17), one gets
O(F, ) = 0(F, g™') — Tx[(JF) "IV TF), (10.18)
from which we get
Re(0(F, b)) = 0(F, g7, (10.19)

which provides a direct proof of (10.14).
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