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A mod 2 index theorem for the twisted Signature operator ™
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Abstract A mod 2 index theorem for the twisted Signature operator on 4g + i dimensional manifo)ls is established.
This result generalizes a result of Farber and Turaev, which was prov=d for the case of orthogonal flet Hundles, to arbi-
trary real vector bundles. It also provides an analytic interpretation of the sign of the Poincaré- Reidemeistci sealar prod-
uct defined by Farber and Turaev.

Keywords: twisicd Signature operitor, index flxeorera.

1 Main result

Let M be a4q + 1 dimensional smooth oriented closed manifold and let g™ be a metric on TM .
Let V™ be the Levi-Civita connection of g™ . Then V™ lifts canonically to a Euclidean connection

VAT on the (real) exterior algebra bundle A" (T* M). Forany e € TM, let e € T M
correspond 1o e via g™ . Let ¢c(e), ¢(e) be the Clifford operators acting on A * (T* M) given by
c(e)=e" AN -i,, c(e)=e" N +1i,, where e” A and i, are the standard notation for exterior
and inner multiplications.

Let E be a Euclidean vector bundle over M. Let V¥ be a Fuclidean connection on E. Let
VA ITMSE e the tensor product connection on A * (T* M) ® E obtained from V" T gnd
VE,

If e€ TM, let c(e) and ¢(e) acton A" (T " M)QE as c(e)® Idy and ¢ (e) @ Idg re-
spectively. Let e, '+, e4, ., be an oriented orthonormal base of TM .

The twisted Signature operator D (that is, twisted by E) can be defined as

4g+1

DE :é(el)"'é(€4q+1) (Ec(el) Ve{\'(T'M)®E):

=1
(A (T"M)Q E) > T (A (T"M) ® E). (1.1)
Clearly, D is a well-defined first order elliptic differential operator. Furthermore, one verifies
easily that D¥ is formally skew-adjoint. Thus, according to Atiyah and Singerm , DF admits a mod 2
index defined by
ind, D¥ = dim(kerDf) mod 2, (1.2)

which does not depend on the metrics and connections invelved in its definition. Furthermore, the
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(1] provides a topological interpretation of ind, D* .

Atiyah-Singer mod 2 index theorem
As a particular example, when E = &, the irivial line bundle with its trivial connection and met-

tic, one recovers the famous Kervaire semi-characteristic k( M) defined by
2q
k(M) = > dimH*(M;R) mod 2. (1.3)
i=0

In what follows, we will also denote ind, D¥ by k( M; E).

The main result of this paper can be stated as follows.

Theorem 1.1.  The following identity holds ,

E(M;E) = k(M) » dimE + (w,(E)w,,(M),[M]) mod 2, (1.4)
where w, is the notation for the i-th Stiefel-Whitney class .

When (E, g*, VE) is an orthogonal flat vector bundle, Theorem 1.1 has been proved by Far-
ber and Turaev') . In some sense one may view Theorem 1.1 a; a ncd 2 analogue of the ususi twisted
Signature theorem on even dimensional manifolds (ef. (13.25) of reference Zh.

On the other hand, vhea E is a real flai vector bundle sver M, Farber and Turaev'’ defined a
Poincaré- Reidemeister scalar preduct which is either positive or negative definite. In particular, they
showed that whelher thus scalar product is positive or negative definite depends exactly on the right
hand side of (1.4). Thus, Theorem 1.1 also provides an analytic interpretation of the sign of this
scalar product.

Our proof of Theorem 1.1 is analytic and is thus different from the topological proof given by
Farber and Turaev!’ for the case of orthogonal flat vector bundles. In fact, we recall that in a previous
paperz) , we have proved a topological counting formula for the Kervaire semi-characteristic k(M) . In
the next section, we will first show that a similar localization formula holds also for (M ; E). Theo-

rem 1.1 will then follow by comparing these two localization formulas.
2 A localization formula for k(M ; E)

In this section, we prove a localization formula which extends the main result in footnote 2) to
general twisted vector bundles. Since the proof of this localization formula is more or less the same as
what in footnote 2), we will only explain the basic ideas and leave the details to the interested read-
ers.

This section is organized as follows. In 2.1, inspired by ref.[3] we construct a skew-adjoint el-
liptic operator which gives an alternative analytic interpretation of k(M ; E). In 2.2, we state the
main result of this section. In 2.3, inspired by footnote 2) we introduce a deformation for the skew-
adjoint operator constructed in 2.1. This deformation will then be used in 2.4 to complete the proof of
the main result of this section.

We make the same assumption and use the same notation as in Section 1.

2.1 An alternative analytic interpretation of k( M; E)
Since dimM is odd, by a theorem of Hopf (cf. ref.[4]), there always exists a nowhere zero
vector field VE I'( TM ). Without loss of generality, we assume that

1) Farber, M., Turaev, V., Poincaré-Reidemeister metric, Euler structures and torsions, Preprinz, math./9803137.

2) Zhang, W., A counting formula for the Kervaire semi-characteristic, To appear in Topology .
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PV IEm = 1. (2.1)
Let e,,'*,e4,.1 be an oriented orthonormal base of TM .
Definition 2.1. The operator DY is the operator acting on I'( A®**"(T* M) ® E) defined by

4q+1 dq+1

Dt = %(c‘(v)( Dicle) VM TWRE) _(Bie(e,) VN TSE) (1)) (2.2)

=1

Remark 2.1. When E = &, the trivial line bundle with its trivial connection and metric, the
above operator was first defined in Definition 2.1 of reference [3].

Since the Clifford actions ¢ and ¢ anticommute with each other, one verifies easily that Df is a
first order (real) skew-adjoint elliptic operator. We denote its mod 2 index in the sense of Atiyah and
Singerm by ind, D%.

The following extension of Theorem 2.5 of ref.[ 3] provides an alternative anz'ytic interpretation
of k(M;E).

Theorem 2.1. The following identity holds ,

ind, D% = F{M;E). (2.3)

Proof. The prooi 1s elmest the same as thai of Theorem 2.5 of ref. [3]. One first verifies as in

Prop. 2.2 of vel.[3] that

4q+1 dq+1

DE = (V) D ele) V) (T MOE) %‘Zc(el)c"(veTMV). (2.4)

=1 =1

Now, by using (2.1), one verifies that the elliptic operator

4q+1
DE = DE %c(V)é(el)"'(:(€4q+1)2C(ei)c‘(veTMV) (2.5)
i=1
is also skew-adjoint.
From (2.4) and (2.5), one verifies directly that

dim(kerD%) = dim(kerbE). - (2.6)
One the other hand, from (2.5) and the homotopy invariance of the mod 2 index (ref.[1]),

one sees that

dim(kerbE) = dim(kerD%) mod 2. (2.7)
From (2.6) and (2.7), one gets (2.3). Q.E.D.

2.2 A localization formula for k(M ; E)
Let 7, denote the oriented line bundle generated and oriented by V. Let ¥y be the orthogonal

complement to ¥y in TM. Then 7 carries an induced orientation from those of TM and 7. Let gV'L'
be the metric on ¥+ induced from g™ .

Let X be a transversal section of ¥y. Let F be the zero set of X. Then F consists of a union of
disjoint circles. Let i : F—> M denote the obvious embedding. Without loss of generality one may well
assume that V| is tangent to F and that i * 7} is the normal bundle to ¥ in M. (In fact, let f de-
note a unit tangent vector field of F. Then since dimYy is of codimension one, one verifies easily
from the transversality assumption that { V| z, f) is nowhere zero on F (as V| should be transversal
to the normal bundle to F). One can then deform V easily through nowhere zero vector fields to a
nowhere zero vector field V', which is still transversal to ¥y, such that V' |, = sign({ VI, f))f.
One can then start with V' and, by the homotopy invariance of the mod 2 index (ref.[1]), this does
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not affect the final result.)
For any x€ F, let eg= V, e;,"'* €4, be an oriented orthonormal base near x, and let y,,*,

Yaq be the normal coordinate system near x associated to eo( %), ,e 4 q( x). Then near x, X can be

written as
X = iﬁ(y)ei. (2.8)
By the transversality of X, on sees that th?following endomorphism of ¥yl is invertible:
C(x) = {e ()} %0y, (2.9)

Jy,

with cij(x) =

Igi,j<4g
where the matrix is with respect to the base e;(x), -, e4q(x).

Let C* (x) be the adjoint of € (x) with respect to the fiber metric g’t'u and 'C(x) 1| =
«,/—C_*m . Let K(x) be the endomorphism of A * (¥ 57 1.) defined by

49
K(x) = Telt Clx) 11+ 2 ei(x)e(els))c(e(x)). (2.10)
=1
One verifies eastly that K (x) does not depend on the choice of the orthonormal base e, (x), ",

eso(x) of 75!, . Thus it defines an endomorphism K of the exterior algebra bundle A * ( 77" B

over F.
Now by Prop. 2.21 of ref.[5], for any x€ F, dim(kerK(x)) = 1. One then deduces easily
that kerK(x), x € F, forms a real line bundle 0.( X) over F. It admits a nature Euclidean metric

as well as a natural Euclidean connection.
Let D' E®%(0 b the twisted Signature operator on F in the sense of (1.1).
We can now state the main result of this section as follows.
Theorem 2.2. The following identity holds,
k(M;E) = ind, D' @0 (2.11)

where ind, D E® ) s the mod 2 index of D E®oD) iy the sense of Atiyah and Singerm .

As an immediate consequence, if X has no zero, one gets the following partial extension of a re-
sult of Atiyah (Theorem 1.2 of reference [6]).

Corollary 2.1.  If there exist two linearly independent vector fields on M , then for any real vec-
tor bundle E over M, one has k(M;E) =0.

2.3 A deformation of the skew-adjoint operator D%
We introduce the following deformation of D}, extending Definition 2.1 of footnote 1) .
Definition 2.2. For any TE R;, let D‘?T be the operator defined by
Dyr = Dy + Te(V)e(X):T(A"™(T"M) ® E) > T'(AN""(T*"M)  E).
(2.12)
As X is perpendicular to V, one verifies that D?T is also skew-adjoint. Thus, by the homotopy
invariance of the mod 2 index (ref. [1]), one has that for any TER,
dim(kerD‘lg,T) = dim(kerDY) mod 2. (2.13)

1) Zhang, W., A counting formula for the Kervaire semi-characteristic, To appear in Topology .
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We now state an important Bochner-type formula for — D%'% which can be proved in exactly the
same way as in (2.3)—(2.6) of footnote 1) :

- DhY = - DE 4 T (e(e)e(VK) - (TMK, VYe(e) (V) 4 T2 X 12,
:=0

(2.14)

where e, ", €4, is an oriented orthonormal base of TM.

2.4 Proof of Theorem 2.2

First of all, by using the Bochner type formula (2.14), one has the following direct analogue of
Prop. 2.2 of footnote 1) .

Proposition 2.1.  For any open neighborhood U of F, there exist constants C' >0, b >0 such
that for any T=1 and any s€E T (A (T*" M)® E) with Supp s c M \ U, ore has the follow-
ing estimate of Sobolev norms :

DY pslldi= CChislia(T-b)lsl3). (2.15)

By Proposition 2 .1, we neec only to concenirate oz te analysis near F', which can be done in
exactly the same way as wlhat in Sec. 2b) and Appendix of footnote 1), which in turn relies on the
methods and techniques developed in Secs. 8 and 9 of ref. [7]. The only place which needs a spe-
cific modification for our new situation is for the analogue of Prop. 2.4 of footnote 1), which we de-
scribe now.

Recall that 0,(X) c A * (E* 1;) denote the Euclidean line bundle formed by kerK(=x),
xEF. Then AN "(T"F)Qi"E®Qop(X) is a sub-bundle of (A (T*"M)R E)1 . Let p de-
note the canonical orthogonal projection from I'(( A *(T*" M)Q@ E)iz) onto T'(A (T F)®

iI"E®op(X)). Let D' E®0 pe the operator acting on I'( A" (T" F)®i"  E®op( X)) de-
fined by

DN - () V)T e B0, (2.16)

where VA (7 P)®i £®0,(0) i the natural tensor production connection obtained from V" ¢T P,
i* VE and the canonically induced Euclidean connection on op( X) .
Now set as in (2.14) of footnote 1)

4q

D" = Zc(ei)(i* VA.(T.M)®E)(ei). (2.17)

=0
From (2.16), (2.17), and proceeding similarly as in Sec. 2b) of footnote 1), one gets the
following analogue of Prop. 2.4 of footnote 1) .

Proposition 2.2. The following identity for differential operators acting on

(A Losn el (T"F)Ri"E®or(X)), where we use the standard notation that sgn det( C) =1

if det(C) >0 and sgn det(C) = -1 if det(C) <0, holds:
pe(V)D¥p = ¢(V) D' E®e¥) (2.18)

Furthermore , the operator ¢( V) D' £®2:(X)

Proof of Theorem 2.2. Let ¢y > 0 be such that the operator — (¢ (V) Di E®o (1) acting on

is skew-adjoint .

1) Zhang, W., A counting formula for the Kervaire semi-characteristic, To appear in Topology .
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| — sgn det( €

)
(A 2 (T F)®or(X)) contains no eigenvalues in (0,2¢g).
By Propositions 2.1, 2.2 and Lemma 2.3 of footnote 1) which goes back to Corollary 2.2 of
ref. [5], one can proceed as in Sec. 2b) and Appendix of footnote 1) to prove the following ana-

logue of (2.17) of footnote 1). That is, there exists T > 0 such that for any T= T,

#10:4 € Sp(= D%.1), 2 < col = dim(ker(c(V)Di E®2:(0)2) (2.19)
From (2.13), (2.19), Theorem 2.1 and the skew-adjointness of D;E/,T, one gets
k(M;E) = indyc(V) D' E®oX) (2.20)

Now by a simple application of the Atiyah-Singer index theorem (cf. ref. [2]), one sees that
the following identity holds for each connected component of F,
dim(kerD" F@o, 1) | AT P’ E®oF(X)) - dim(k‘frbl. F@2 ) AT Peil g a,(X))
= y(F)dimE = 0. (2.21)
By (2.16), (2.20), (2.21) acd the Cefinition of the twisted Signature operator Di E®00) ,
one sees directly that
ind,¢ (V) D £®°X) = ing, D' FOoP, (2.22)
Theorem 2.2 follows from (2.20) and (2.22). Q.E.D.

3 A proof of Theorem 1.1

By Theorem 2.2 and its application to the E = it case, which has been proved in footnote 1),
one needs only to prove the following result.

Proposition 3.1.  The following identity holds :
ind, D' E®°:0 = (ind, DO )dimE + (wi(E)wey(M),[M]) mod2. (3.1)

Proof. We first assume that dimE is even. By the standard obstruction theory one knows that
[F]€ H, (M;2,) is dual to wy,(M). Thus, one has

<w,(E)w4q(M),[M]> = <w1(i*E>’[F]>- (32)
Thus in order to prove (3.1), one needs only to prove that
ind, D' £9°:0 _ (ind, D°* 0 )dimE + {w,(i* E),[F]). (3.3)

Let Fy, -, F, be the connected components of F. Then each F; is a circle. For each 1<i<

P, let vy denote the Mobius line bundle, which is the unique nonorientable line bundle, over F;.

We now discuss the situation in three cases.

Case (). If " (E) | is orientable, then since dimE is even, one verifies that ({" E®
0p(X))1 is orientable.

Case (ii). ¥ (i" E)| F s nonorientable and (0p( X)), _, is orientable, then one verifies
that topologically, (i* EQop(X))] P = (Kl Fl)dimE_l@ vF -

Case (iii). If both ({™ E)I r and (0p(X))] r are nonorientable, then one verifies, in using

the fact that dimE is even, that (i " EQo.(X))| F= (RlpidimE”@vpl)-

1) Zhang, W., A counting formula for the Kervaire semi-characteristic, To appear in Topology .
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From the discussions about these three cases, one sees easily that (3.3) holds on each F; when
dim £ is even. Summing up over i, one gets Proposition 3.1 in this case.
When dimFE is odd, one can apply the above discussion to E@ .- to get Proposition 3.1.
Q.E.D.
The proof of Theorem 1.1 is also completed. Q.E.D.

4 An analogue in 49 + 3 dimension

We now assume that dimM =4q + 3, instead of 4¢ + 1. In this situation, the twisted Signature
operators defined as in (1.1) are no longer skew-adjoint. However, the analysis concerning the oper-
ators DY and D% ; still makes sense. It turns out that in this dimension, instead of Theorem 1.1,
what one gets is

Proposition 4.1.  The following identity holds :

ind, D} = (ind, D§)dimE + (w,(Edwy,,-«M,).[M], mod?2. (4.1)

Now, by proceeding similarly as in the proof of Theorem 3.7 «<f {votnote 1) one verifies easily

that ind, DY = 0 for auy real vecter bundle over A Thus by Proposition 4.1 one has
(wi(E)wag,(M),[M]) = 0. (4.2)
Since the map w,: Vecty(M)—H'(M;7,) is onto, from (4.2) one recovers analytically the

following result of Masseym

M,W4q+2(M) =O.

: on a 49 + 3 dimensional smooth orientable closed manifold
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