
January 26, 2006 14:3 Proceedings Trim Size: 9in x 6in MaZhangtosion05

Analysis, Geometry and Topology

of Elliptic Operators, 247–274

c©2006 World Scientific

AN ANOMALY FORMULA FOR L
2-ANALYTIC TORSIONS

ON MANIFOLDS WITH BOUNDARY

XIAONAN MA
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We extend the definition, in the extended cohomology framework, of the L
2-

analytic torsion for covering spaces due to Braverman-Carey-Farber-Mathai to the

case of manifolds with boundary, and prove an associated anomaly formula. Our

main result may be viewed as a common generalization of the anomaly formula

for Ray-Singer analytic torsion for manifolds with boundary proved by Brüning-

Ma, as well as the anomaly formula for L
2-analytic torsions for closed manifolds

proved by Zhang. It generalizes also an earlier result of Lück-Schick, without the

assumptions on the unitary representations as well as the technical “determinant

class condition”.
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1. Introduction

Let F be a unitary flat vector bundle on a closed Riemannian manifold X .

Ray and Singer [27] defined an analytic torsion associated to (X, F ) and

proved that it does not depend on the Riemannian metric on X . More-

over, they conjectured that this analytic torsion coincides with the classical

Reidemeister torsion defined using a triangulation on X (cf. Milnor [21]).

This conjecture was later proved in the celebrated papers of Cheeger [10]

and Müller [22]. Müller generalized this result in [23] to the case where F
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is a unimodular flat vector bundle on X . Inspired by the considerations of

Quillen [25], Bismut and Zhang [2] reformulated the above Cheeger-Müller

theorem as an equality between the Reidemeister and Ray-Singer metrics

defined on the determinant of cohomology, and proved an extension of it

to the case of general flat vector bundles over X . The method used in [2]

is different from those of Cheeger and Müller in that it makes use of a de-

formation by Morse functions introduced by Witten [30] on the de Rham

complex. In particular, as an intermediate step, an important anomaly

formula for Ray-Singer metrics has been established in [2], Theorem 0.1.

Recall that Ray and Singer [27] also defined the analytic torsion, in the

unitary flat vector bundle case, for manifolds with boundary. Moreover,

Cheeger [10] raised the question of computing the corresponding metric

anomaly. This question was studied by Dai and Fang [11] for the case of

unitary flat vector bundle, while a complete answer, valid for the general

case of arbitrary flat vector bundles, is recently obtained by Brüning and

Ma [4].

The purpose of this paper is to generalize the main results in [4] to the

case of L2-analytic torsions on infinite Galois covering spaces of manifolds

with boundary. We recall that the L2-torsions were first introduced, for

closed manifolds, by Carey, Mathai and Lott in [9], [15] and [20], under the

assumptions that the L2-Betti numbers vanish and that certain technical

“determinant class condition” (the more precise definition of “determinant

class condition” indeed appears later in [7]) is satisfied. The later condition

is satisfied if the Novikov-Shubin [24] invariants are positive. In [6] and

[19], extensions to manifolds with boundary, in the case of unitary flat

bundle case, have been studied. In [6], only the case of product metric

near boundary has been considered, while in [19], Lück and Schick also

considered the case of non-product metric near boundary.

Carey, Farber and Mathai [8] showed that the condition on the vanishing

of the L2-Betti numbers can be relaxed. This is achieved by constructing

the determinant line of the reduced L2-cohomology and defining the L2-

torsions as elements of the determinant line.

Recently, Braverman, Carey, Farber and Mathai [3] showed that if one

considers the extended L2-cohomology in the sense of Farber (cf. [13]) in-

stead of the usually used reduced L2-cohomology, then one can naturally

define the L2-analytic torsion as an L2-element on the associated determi-

nant lines, without requiring the “determinant class condition”.

In this paper, we first generalize the construction in [3] to the case

of manifolds with boundary, to define L2-analytic torsions, in the case of
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manifolds with boundary, for arbitrary flat vector bundles and arbitrary

Riemannian metric on the base manifold, without using the “determinant

class condition”. We then prove an anomaly formula of these L2-analytic

torsions. The main result can be thought of as a common generalization

of the anomaly formula for Ray-Singer analytic torsion for manifolds with

boundary proved by Brüning-Ma [4, 5], as well as the anomaly formula for

L2-analytic torsions for closed manifolds proved by Zhang [32]. It gener-

alizes also [19], Theorem 7.6, without the assumptions on the flatness of

the metrics on F , and on the technical “determinant class condition”. In

particular, it provides a positive answer to a question mentioned in [18],

Page 190.

This paper is organized as follows. In Section 2, we recall from [3] the

definition of the determinant line of extended cohomology of a finite length

Hilbert cochain A-complex with A a finite von Neumann algebra, as well

as the definition of the L2-torsion element lying in this determinant line.

In Section 3, we construct the L2-analytic torsion element, in the case of

manifolds with boundary, by extending the construction in [3], and establish

an anomaly formula for it.

2. L
2-torsion on the determinant of extended cohomology

In this section, we recall from [3] the definition of the L2-torsion element

which lies in the determinant of the extended cohomology associated to a

finite length Hilbert cochain complex.

This section is organized as follows. In Section 2.1, we recall the defini-

tion of the extended cohomology of a finite length Hilbert cochain complex

over a finite von Neumann algebra carrying a finite, normal and faith-

ful trace. In Section 2.2, we recall the definition of the determinant of a

finitely generated Hilbert module over a finite von Neumann algebra. In

Section 2.3, we recall the definition of the L2-torsion element of a finite

length Hilbert cochain complex.

2.1. Extended cohomology of a finite length Hilbert cochain

complex

Let A be a finite von Neumann algebra carrying a fixed finite, normal and

faithful trace

τ : A → C,

cf. [12], §I.6. Let ∗ denote the canonical involution on A defined by taking

adjoint. Let l2(A) denote the Hilbert space completion of A with respect
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to the inner product given by the trace

〈a, b〉 = τ(b∗a). (2.1)

A finitely generated Hilbert module over A is a Hilbert space M admitting

a continuous left A-structure (with respect to the norm topology on A) such

that there exists an isometric A-linear embedding of M into l2(A)⊗H , for

some finite dimensional Hilbert space H .

Let (C∗, ∂) be a finite length Hilbert cochain complex over A,

(C∗, ∂) : 0 → C0 ∂0→ C1 ∂1→ · · ·
∂n−1
→ Cn → 0, (2.2)

where each Ci, 0 ≤ i ≤ n, is a finitely generated Hilbert module over

A and the coboundary maps are bounded A-linear operators. Since the

image spaces of these coboundary maps need not be closed, the tautological

cohomology of (C∗, ∂) need not be a Hilbert space. This is why in general

one studies the reduced cohomology of (C∗, ∂), which is defined by

H∗(C∗, ∂) =

n⊕

i=0

Hi(C∗, ∂), (2.3)

with

Hi(C∗, ∂) = ker(∂i)/im(∂i−1), 0 ≤ i ≤ n, (2.4)

where one takes obviously that ∂−1 = 0 and ∂n = 0.

On the other hand, there are still ways to extract more information

from (C∗, ∂), rather than just from H∗(C∗, ∂). One such is to consider

the extended cohomology in the sense of Farber (cf. [13] and [3]), which is

defined by

H∗(C∗, ∂) =
n⊕

i=0

Hi(C∗, ∂), (2.5)

with

Hi(C∗, ∂) = (∂i−1 : Ci−1 → ker(∂i)), 0 ≤ i ≤ n, (2.6)

where (∂i−1 : Ci−1 → ker(∂i)), 0 ≤ i ≤ n, lie in an abelian extended

category. It consists of two parts: the projective part which is exactly the

reduced cohomology defined in (2.3), as well as a torsion part

T (H∗(C∗, ∂)) = ⊕n
i=0T (Hi(C∗, ∂))

defined as an element in the above abelian extended category, with

T (Hi(C∗, ∂)) = (∂i−1 : Ci−1 → im(∂i−1)), 0 ≤ i ≤ n. (2.7)
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More precisely, one has

H∗(C∗, ∂) = H∗(C∗, ∂) ⊕ T (H∗(C∗, ∂)), (2.8)

with

Hi(C∗, ∂) = Hi(C∗, ∂) ⊕ T (Hi(C∗, ∂)), 0 ≤ i ≤ n. (2.9)

We refer to [13] and [3] for more details about the definition and basic

properties of the above mentioned abelian extended category as well as the

extended cohomology.

2.2. The determinant of a finitely generated Hilbert module

Let M be a finitely generated Hilbert module over A. Let GL(M) denote

the set of all bounded A-linear automorphisms of M . Let CM denote the

set of all inner products on M such that if 〈 , 〉 ∈ CM , then there exists

A ∈ GL(M) such that

〈u, v〉 = 〈Au, v〉M , for any u, v ∈ M, (2.10)

with 〈 , 〉M being the original inner product on M .

Following [8] and [3], we define the determinant line det M of M to be

the real one dimensional vector space generated by symbols 〈 , 〉, one for

each element in CM such that if 〈 , 〉1 and 〈 , 〉2 are two elements of CM

with

〈u, v〉2 = 〈Au, v〉1, for any u, v ∈ M, (2.11)

for some A ∈ GL(M), then as elements in detM , one has

〈 , 〉2 = Detτ (A)−1/2 · 〈 , 〉1, (2.12)

where Detτ (A) is the Fuglede-Kadison determinant [14] of A.

For the sake of completeness, we recall the definition of Detτ (A) for any

A ∈ GL(M) and its basic properties from [8] and [3].

Let At, 0 ≤ t ≤ 1, be a continuous piecewise smooth path At ∈ GL(M)

such that A0 = I and A1 = A. The existence of such a path is clear as

GL(M) is known to be pathwise connected. Then define as in [8], (13) and

[3], (2.7) that

log Detτ (A) =

∫ 1

0

Re
(
Trτ [A−1

t A′
t]
)
dt, (2.13)

where A′
t is the derivative of At with respect to t, while Trτ is the canoni-

cally induced trace on the commutant of M (cf. [8], Proposition 1.8).
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It has been proved in [8] that the right hand side of (2.13) does not

depend on the choice of the path At, 0 ≤ t ≤ 1. Moreover, we recall the

following basic properties taken from [8], Theorem 1.10 and [3], Theorem

2.11.

Proposition 2.1. The function,

Detτ : GL(M) → R>0, (2.14)

called the Fuglede-Kadison determinant of A, satisfies,

(a) Detτ is a group homomorphism, that is,

Detτ (AB) = Detτ (A) · Detτ (B), for A, B ∈ GL(M); (2.15)

(b) If I is the identity element in GL(M), then

Detτ (λI) = |λ|τ(I) for λ ∈ C, λ 6= 0; (2.16)

(c) One has

Detλτ (A) = Detτ (A)λ for λ ∈ R>0; (2.17)

(d) Detτ is continuous as a map GL(M) → R>0, where GL(M) is supplied

with the norm topology;

(e) If At, t ∈ [0, 1], is a continuous piecewise smooth path in GL(M), then

log

[
Detτ (A1)

Detτ (A0)

]
=

∫ 1

0

Re
(
Trτ [A−1

t A′
t]
)
dt; (2.18)

(f) Let M , N be two finitely generated Hilbert modules over A. Let A ∈

GL(M), B ∈ GL(N) and let

γ : N → M

be a bounded A-linear homomorphism. We extend A, B, γ to obvious

endomorphisms on M ⊕ N by taking A|N = 0, B|M = 0 and γ|M = 0.

Then A + B + γ ∈ GL(M ⊕ N) and

Detτ (A + B + γ) = Detτ (A) · Detτ (B). (2.19)

Now we come back to the determinant line detM . Clearly, detM has

a canonical orientation as the transition coefficient Detτ (A)−1/2 is always

positive.

Following [8], (2.3), for any bounded A-linear isomorphism f : M →

N between two finitely generated Hilbert modules over A, there induces

canonically an isomorphism of determinant lines f∗ : detM → detN , which
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preserves the orientations. Moreover, one has the following property which

is recalled from [8], Proposition 2.5.

Proposition 2.2. If f ∈ GL(M), then the induced isomorphism f∗ :

detM → detM coincides with the multiplication by Detτ (f) ∈ R>0.

Remark 2.1. Following [8] and [3], one thinks of elements of detM as

“densities” on M . In the A = C case, this is dual to the considerations in

[2] where one uses metrics on determinant lines instead of “volume forms”.

2.3. Extended cohomology and the torsion element of a

finite length cochain complex of Hilbert modules

Let (C∗, ∂) be a finite length Hilbert cochain complex over A

(C∗, ∂) : 0 → C0 ∂0→ C1 ∂1→ · · ·
∂n−1
→ Cn → 0 (2.20)

as in (2.2). Let

H∗(C∗, ∂) =

n∑

i=0

Hi(C∗, ∂)

denote the corresponding extended cohomology defined in (2.5), which ad-

mits the splitting to projective and torsion parts as in (2.7)-(2.9).

Following [3], we define for each 0 ≤ i ≤ n that

detHi(C∗, ∂) := detHi(C∗, ∂) ⊗ det T (Hi(C∗, ∂)) (2.21)

with

det T (Hi(C∗, ∂)) := det im(∂i−1) ⊗ (det Ci−1)∗ ⊗ det ker(∂i−1). (2.22)

Definition 2.1. (i) We define the determinant line of (C∗, ∂) to be

det(C∗, ∂) =

n⊗

i=0

(
detCi

)(−1)i

. (2.23)

(ii) We define the determinant line of H∗(C∗, ∂) to be

detH∗(C∗, ∂) =

n⊗

i=0

(
detHi(C∗, ∂)

)(−1)i

. (2.24)

The following result is recalled from [3], Proposition 7.2.

Proposition 2.3. The cochain complex (2.20) defines a canonical isomor-

phism

ν(C∗,∂) : det(C∗, ∂) → detH∗(C∗, ∂). (2.25)
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For each 0 ≤ i ≤ n, the (fixed) inner product on Ci determines an

element σi ∈ detCi. They together determine an element

σ =

n∏

i=0

σ
(−1)i

i ∈ det(C∗, ∂). (2.26)

Definition 2.2. (cf. [3], Definition 7.5) The positive element

ρ(C∗,∂) = ν(C∗,∂)(σ) ∈ detH∗(C∗, ∂) (2.27)

is called the torsion element of the cochain complex (C∗, ∂).

For any other Z-graded inner product 〈 , 〉′ ∈ CC , that is, there exists

Ai ∈ GL(Ci) for any 0 ≤ i ≤ n such that

〈u, v〉′i = 〈Aiu, v〉 for any u, v ∈ Ci, (2.28)

let ρ′(C∗,∂) denote the corresponding torsion element in detH∗(C∗, ∂).

Then one has the following anomaly formula for the torsion elements in

detH∗(C∗, ∂).

Proposition 2.4. The following identity holds in detH∗(C∗, ∂),

ρ′(C∗,∂) = ρ(C∗,∂)

n∏

i=0

Detτ (Ai)
(−1)i+1

2 . (2.29)

Proof. Let σ′
i be the corresponding element in detCi. From (2.28), one

has by definition (cf. (2.12))

σ′
i = Detτ (Ai)

−1/2σi. (2.30)

From Proposition 2.3 and from (2.26), (2.27) and (2.30), one gets (2.29).

For any 0 ≤ i ≤ n, let

∂∗
i : Ci+1 → Ci

denote the adjoint of ∂i with respect to the inner products on Ci and Ci+1.

Let

∂ =

n∑

i=1

∂i : C∗ → C∗, ∂∗ =

n∑

i=1

∂∗
i : C∗ → C∗

denote the induced homomorphisms on C∗. Then

� = (∂ + ∂∗)2 (2.31)

preserves each Ci. Let �i denote the restriction of � on Ci.



January 26, 2006 14:3 Proceedings Trim Size: 9in x 6in MaZhangtosion05

Anomaly formula for L
2–analytic torsions on manifolds with boundary 255

Now consider the special case where the cochain complex (C∗, ∂) is

acyclic, i.e., for any 0 ≤ i ≤ n, im(∂i) = ker(∂i+1) (In particular, this

implies that im(∂i) is closed in Ci+1). Then the torsion element ρ(C∗,∂) =

ν(C∗,∂)(σ) ∈ detH∗(C∗, ∂) ' R can be thought of as a positive real number.

The following result has been proved in [3], Proposition 7.8.

Proposition 2.5. If the cochain complex (C∗, ∂) is acyclic, then the fol-

lowing identity holds,

log ρ(C∗,∂) =
1

2

n∑

i=0

(−1)i+1i logDetτ (�i). (2.32)

We refer to [3] for more complete discussions about the torsion elements

in determinant lines.

3. Infinite covering spaces and the L
2-Ray-Singer torsion

on the determinant of extended de Rham cohomology

In this section, we define the L2-analytic torsion element for the infinite

covering space of manifolds with boundary, and prove an anomaly formula

for it.

This section is organized as follows. In Section 3.1, we define, in the case

of manifolds with boundary, the extended de Rham cohomology associated

to a lifted flat vector bundle on an infinite covering space. In Section 3.2, we

define the L2-analytic torsion element, in the manifolds with boundary case,

as an element in the determinant of the extended de Rham cohomology. In

Section 3.3, we state an anomaly formula, in the case of manifolds with

boundary, about the L2-analytic torsion element. In Section 3.4, we study

the variational formula for the heat kernel. The anomaly formula is then

proved in Section 3.5.

3.1. Infinite covering spaces and the extended de Rham

cohomology

Let Γ → M̃
π
→ M be a Galois covering of a compact manifold M with

boundary ∂M , with dimM = n. Then M̃ is a manifold with boundary

∂M̃ , which is a Γ-covering of ∂M . We make the assumption that Γ is an

infinite group, as the case of finite group has been dealt with for example

in [16] and [17].

Let (F,∇F ) be a complex flat vector bundle over M carrying the flat

connection ∇F . Let gF be a Hermitian metric on F . Let (F̃ ,∇
eF ) denote
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the naturally lifted flat vector bundle over M̃ obtained as the pullback

of (F,∇F ) through the covering map π. Let g
eF be the naturally lifted

Hermitian metric on F̃ .

Let N (Γ) be the von Neumann algebra associated to Γ generated by

the left regular representations on l2(Γ) ≡ l2(N (Γ)). The canonical finite

faithful trace on N (Γ) is given by the following formulas,

τN (Γ)(Lα) =0, if α 6= 1, (3.1)

1, if α = 1,

where Lα denote the left action of α ∈ Γ on l2(Γ). It induces canonically

a trace on the commutant of any finitely generated Hilbert N (Γ)-module

(cf. [8], Proposition 1.8), which will be denoted by TrN .

For any 0 ≤ i ≤ n, denote

Ωi(M̃, F̃ ) = Γ(Λi(T ∗M̃) ⊗ F̃ ), Ω∗(M̃, F̃ ) =

n⊕

i=0

Ωi(M̃, F̃ ). (3.2)

Let d
eF denote the natural exterior differential on Ω∗(M̃, F̃ ) induced from

∇
eF which maps each Ωi(M̃, F̃ ), 0 ≤ i ≤ n, into Ωi+1(M̃, F̃ ).

Let gTM be a Riemannian metric on TM . Let gT∂M be its restricted

metric on T∂M . Let gT fM be the lifted Riemannian metric on TM̃ and

denote by 〈·, ·〉
Λ(T∗ fM)⊗ eF

the induced Hermitian metric on Λ(T ∗M̃) ⊗ F̃ .

Let o(TM̃) be the orientation bundle of TM̃ , and let dvfM
be the Rieman-

nian volume element on (TM̃, gT fM ), then we can view dvfM
as a section

of Λn(T ∗M̃) ⊗ o(TM̃). The metrics gT fM , g
eF determine a canonical inner

product on each Ωi(M̃, F̃ ), 0 ≤ i ≤ n as follow,

〈σ, σ′〉 :=

∫

X

〈σ, σ′〉
Λ(T∗ fM)⊗ eF

dvfM
for σ, σ′ ∈ Ω(M̃, F̃ ). (3.3)

Let L2(Ωi(M̃, F̃ )), 0 ≤ i ≤ n, denote the Hilbert spaces obtained from

the corresponding L2-completion.

Let gT∂ fM be the metric on T∂M̃ lifted from gT∂M . We identify the

normal bundle N
∂ fM

to ∂M̃ in M̃ with the orthogonal complement of T∂M̃

in TM̃ |
∂ fM

.

Denote by en = ẽn the inward pointing unit normal vector field along

∂M̃ . We also put, with i(·) the notation of interior multiplication,

Ωi
a(M̃, F̃ ) = {σ ∈ Ωi(M̃, F̃ ); i(ẽn)σ = i(ẽn)(d

eF σ) = 0 on ∂M̃}. (3.4)
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Let d
eF
a be the closure of d

eF with respect to the (absolute) boundary

condition (3.4). Then

d
eF
a : L2(Ω∗(M̃, F̃ )) → L2(Ω∗(M̃, F̃ ))

is an unbounded operator. Let

d
eF∗
a : L2(Ω∗(M̃, F̃ )) → L2(Ω∗(M̃, F̃ ))

be the adjoint of it. Set

D̃a = d
eF
a + d

eF∗
a . (3.5)

For any I ⊆ R and 0 ≤ i ≤ n, denote by

L2
a,I(Ωi(M̃, F̃ )) ⊆ L2(Ωi(M̃, F̃ )) (3.6)

the image of the spectral projection PI,i : L2(Ωi(M̃, F̃ )) → L2(Ωi(M̃, F̃ ))

of D̃2
a|L2(Ωi(fM, eF ))

corresponding to I.

The following result generalizes a theorem of Shubin [28], Theorem 5.1

which has been recalled in [32], Theorem 3.1.

Theorem 3.1. Fix ε > 0. Then for any 0 ≤ i ≤ n,

(i) L2
a,[0,ε](Ω

i(M̃, F̃ )) ⊂ Ωi
a(M̃, F̃ ), i.e., L2

a,[0,ε](Ω
i(M̃, F̃ )) consists of

smooth forms verifying the boundary condition (3.4);

(ii) When carrying the induced metric from that of L2(Ωi(M̃, F̃ )),

L2
a,[0,ε](Ω

i(M̃, F̃ )) is a finitely generated Hilbert module over N (Γ).

Proof. (i) As in [28], we make use of elliptic estimates. Fix any λ > 0,

from the standard elliptic estimate, one knows that

(D̃2
a + λ)−1 : L2

a,[0,ε](Ω
i(M̃, F̃ )) → L2

a,[0,ε](Ω
i(M̃, F̃ )) (3.7)

is a well-defined, onto map which increases the degree of differentiability

by two. By applying this to powers of (D̃2
a +λ)−1, we see then any element

in L2
a,[0,ε](Ω

i(M̃, F̃ )) is smooth and verifies the boundary condition (3.4).

(ii) By simple smooth deformations and the homotopy invariance of

the finite rank property (cf. [28]), we need only to deal with case where

gTM and gF are of product structure near ∂M . Now in the case where all

structures are a product near the boundary, one can proceed as in [17] to

reduce the problem to the double of M̃ , on which one can apply the result

of Shubin [28], Theorem 5.1.
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Now consider the finite length cochain complex of N (Γ)-Hilbert modules

(L2
a,[0,ε](Ω

∗(M̃, F̃ )), d
eF
a ) : 0 → L2

a,[0,ε](Ω
0(M̃, F̃ ))

d
eF
a→ L2

a,[0,ε](Ω
1(M̃, F̃ ))

→ · · ·
d

eF
a→ L2

a,[0,ε](Ω
n(M̃, F̃ )) → 0. (3.8)

It is easy to verify that the extended cohomology of (L2
a,[0,ε](Ω

∗(M̃, F̃ )), d
eF
a )

is independent of ε > 0. For if ε′ > ε > 0, the sub-complex

(L2
a,(ε,ε′](Ω

∗(M̃, F̃ )), d
eF
a ) of (L2

a,[0,ε′](Ω
∗(M̃, F̃ )), d

eF
a ) is acyclic. Moreover,

it is easy to verify that this extended cohomology, up to bounded N (Γ)-

linear isomorphisms, does not depend on the choice of the metrics gTM and

gF on TM and F respectively. We denote it by H
(2)
a,dR(Ω∗(M̃, F̃ ), d

eF
a ).

Definition 3.1. The extended cohomology H
(2)
a,dR(Ω∗(M̃, F̃ ), d

eF
a ) defined

above is called the L2-extended (absolute) de Rham cohomology associated

to M̃ and F .

3.2. L
2-Ray-Singer torsion on the determinant of the

extended de Rham cohomology

We continue the discussion of the above subsection.

In view of Definition 2.2, for any ε > 0, the finite length cochain complex

of N (Γ)-Hilbert modules (L2
a,[0,ε](Ω

∗(M̃, F̃ )), d
eF
a ) in (3.8) determines a tor-

sion element in detH
(2)
a,dR(Ω∗(M̃, F̃ ), d

eF
a ). We denote this torsion element

by Ta,[0,ε](M̃, F, gTM , gF ).

By proceeding as in [3], Section 12.2, for any s ∈ C with Re(s) > n
2 and

for 0 ≤ i ≤ n, set

ζi
a,(ε,+∞)(s) =

1

Γ(s)

∫ +∞

0

ts−1TrN

[
exp

(
−tD̃2

a|L2
a,(ε,+∞)

(Ωi(fM, eF ))

)]
dt.

(3.9)

Then ζi
a,(ε,+∞)(s) is analytic in s for Re(s) > n

2 . Moreover, by using [19],

Lemma 1.3, one finds that ζi
(ε,+∞)(s) can be extended to a meromorphic

function on C which is holomorphic at s = 0.

Let

Ta,(ε,+∞)(M̃, F, gTM , gF ) ∈ R+

be defined by

log Ta,(ε,+∞)(M̃, F, gTM , gF ) =
1

2

n∑

i=0

(−1)ii
∂ζi

a,(ε,+∞)(s)

∂s

∣∣∣∣∣
s=0

. (3.10)
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By proceeding as in [3], Lemma 12.4, one knows that the product

Ta,[0,ε](M̃, F, gTM , gF ) · Ta,(ε,+∞)(M̃, F, gTM , gF )

in detH
(2)
a,dR(Ω∗(M̃, F̃ ), d

eF
a ) does not depend on ε > 0.

Definition 3.2. The L2-Ray-Singer (or L2-analytic) torsion element asso-

ciated to (M̃, F, gTM , gF ) is the positive element in the determinant of the

extended de Rham cohomology H
(2)
a,dR(Ω∗(M̃, F̃ ), d

eF
a ) defined by

T
(2)
a,RS(M̃, F, gTM , gF )

= Ta,[0,ε](M̃, F, gTM , gF ) · Ta,(ε,+∞)(M̃, F, gTM , gF ).
(3.11)

3.3. An anomaly formula for the L
2-Ray-Singer torsion

elements

We continue the discussion of the above subsection.

For Γ = {1}, the above construction gives us the usual torsion element

Ta,RS(M̃, F, gTM , gF ) which is dual to the Ray-Singer metric discussed in

[2], [4], Def. 1.2 and [5], Def. 4.3.

For convenience of notation we use l.i.m.t→0Ft to denote the constant

term in an asymptotic expansion Ft with respect to the parameter t.

We can now state the main result of this paper.

Let gTM
u (resp. gF

u ), 0 ≤ u ≤ 1, be a smooth path of metrics on TM

(resp. F ). Let ∗u be the usual Hodge star operator associated to gTM for

the F = C case (cf. [31], Chapter 4).

Theorem 3.2. The following identity holds,

∂
∂u

(
log T

(2)
a,RS(M̃, F, gTM

u , gF
u )

)
= ∂

∂u

(
log Ta,RS(M, F, gTM

u , gF
u )

)

= −
1

2
l.i.m.t→0Trs

[(
∗−1

u

∂∗u

∂u
+ (hF

u )−1 ∂hF
u

∂u

)
e−tD2

u,a

]
. (3.12)

Remark 3.1. If M is a compact manifold without boundary, then The-

orem 3.2 is [32], (3.80). If we assume moreover Γ = {1}, then it is [2],

Theorem 4.14

Remark 3.2. If gF
u = gF is a fixed flat metric on F (i.e. (F,∇F , gF ) is

an unitary flat bundle), the first equation of (3.12) was obtained in [19],

Theorem 7.6 under certain technical “determinant class condition”. Thus

Theorem 3.2 generalizes [19], Theorem 7.6, without the assumptions on the

flatness of gF , and on the technical “determinant class condition”.
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The second equation of (3.12) is [10], Theorem 3.27 and [27], Theorem

7.3 when gF
u = gF is a fixed flat metric on F . For a general family of metrics

(gTM
u , gF

u ), the second equation of (3.12) was proved in [5], Theorem 4.5.

From [4], Theorem 0.2 and [5], Theorem 0.1, §5.5, we get immediately the

anomaly formula for log T
(2)
a,RS(M̃, F, gTM , gF ) which differs by a factor − 1

2 ,

as the torsion element is dual to the Ray-Singer metric. We left the details

to the readers.

3.4. Variational formula for the heat kernel

The results in this subsection were essentially obtained in [10], Theorems

3.10, 3.27 and [27], Prop. 6.1, Theorem 7.3 when gF
u = gF is a fixed flat

metric on F . In [5], §4.2, it is observed that their proof works also for any

Hermitian metric on F . Our main point here is a reformulation of these

results in the spirit of the proof of [1], Theorem 1.18 in the covering case.

Let ∗
eF be the Hodge operator

∗
eF : Λ(T ∗M̃) ⊗ F̃ → Λ(T ∗M̃) ⊗ F̃ ∗ ⊗ o(TM̃)

defined by

(σ ∧ ∗
eF σ′)F = 〈σ, σ′〉

Λ(T∗ fM)⊗ eF
dvfM

.

A direct verification shows that, when acting on Ωi(M̃, F̃ ), one has

d
eF∗
u = (−1)i(∗

eF
u )−1d

eF⊗o(T fM) ∗
eF
u . (3.13)

We only consider orthonormal frames {ei}n
i=1 of TM̃ with the property that

near the boundary V , en =: ẽn is the inward pointing unit normal at any

boundary point and {ei}
n−1
i=1 is an orthonormal basis of T∂M̃ . Let {ei} be

the corresponding dual frame of T ∗M̃ .

Let e−t eD2
a(x, z), (x, z ∈ M̃), be the smooth kernel of the operator e−t eD2

a

with respect to dvfM
(z). Then

e−t eD2
a(x, z) ∈ ⊕n

k=0(Λ
k(T ∗M̃) ⊗ F̃ )x ⊗ (Λk(T ∗M̃) ⊗ F̃ )∗z .

We denote by e−t eD2
a(x, z)k the component of e−t eD2

a(x, z) on (Λk(T ∗M̃) ⊗

F̃ )x⊗(Λk(T ∗M̃)⊗ F̃ )∗z. By using the metric 〈·, ·〉
Λ(T∗ fM)⊗ eF

, we will identify

(Λ(T ∗M̃)⊗ F̃ )∗ to Λ(T ∗M̃)⊗ F̃ , thus the operations d
eF
z , d

eF∗
z act naturally

on e−t eD2
a(x, z).
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Lemma 3.1. For σ ∈ Ω(M̃, F̃ ) ∩ L2(Ω(M̃, F̃ )), we have

e−t eD2
ad

eF σ = d
eF
a e−t eD2

aσ,

e−t eD2
ad

eF∗σ = d
eF∗
a e−t eD2

aσ +

∫

∂ fM

e−t eD2
a(·, y)i(en)σ(y)dv

∂ fM
(y).

(3.14)

Especially,

d
eF
x e−t eD2

a(x, z)k = d
eF∗
z e−t eD2

a(x, z)k+1. (3.15)

Proof. At first, by the identification of the orientation bundle o(TM̃) and

o(T∂M̃) in [5], §1.3, for σ, σ′ ∈ Ω(M̃, F̃ ) ∩ L2(Ω(M̃, F̃ )),

〈d
eF σ, σ′〉 =

∫

fM

((d
eF σ) ∧ ∗

eF σ′) eF = 〈σ, d
eF∗σ′〉 +

∫

∂ fM

(σ ∧ ∗
eF σ′) eF

= 〈σ, d
eF∗σ′〉 −

∫

∂ fM

〈en ∧ σ, σ′〉(y)dv
∂ fM

(y).

(3.16)

As d
eF∗
a , d

eF
a commute with D̃2

a, they also commute with e−t eD2
a . Thus for

σ ∈ Ω(M̃, F̃ ) ∩ L2(Ω(M̃, F̃ )), σ′ ∈ Ωa(M̃, F̃ ) ∩ L2(Ω(M̃ , F̃ )),

by (3.16)

〈d
eF
a e−t eD2

aσ, σ′〉 = 〈e−t eD2
aσ, d

eF∗
a σ′〉 = 〈σ, e−t eD2

ad
eF∗
a σ′〉

= 〈σ, d
eF ∗
a e−t eD2

aσ′〉 = 〈d
eF σ, e−t eD2

aσ′〉 = 〈e−t eD2
ad

eF σ, σ′〉.
(3.17)

and

〈d
eF∗
a e−t eD2

aσ, σ′〉 = 〈σ, e−t eD2
ad

eF
a σ′〉 = 〈σ, d

eF
a e−t eD2

aσ′〉

= 〈d
eF∗σ, e−t eD2

aσ′〉 −

∫

∂ fM

〈σ, en ∧ (e−t eD2
aσ′)〉(y)dv

∂ fM
(y)

= 〈e−t eD2
ad

eF∗σ, σ′〉 −

〈∫

∂ fM

e−t eD2
a(·, y)i(en)σ(y)dv

∂ fM
(y), σ′

〉
. (3.18)

From (3.17), (3.18), we get (3.14).

Now for σ ∈ Ωa(M̃, F̃ ) ∩ L2(Ω(M̃, F̃ )), by (3.16) and (3.17),

∫

fM

(d
eF∗
z e−t eD2

a(x, z))σ(z)dvfM
(z) =

∫

fM

e−t eD2
a(x, z)(d

eF σ)(z)dvfM
(z)

= (d
eF e−t eD2

aσ)(x) =

∫

fM

d
eF
x e−t eD2

a(x, z)σ(z)dvfM
(z). (3.19)

From (3.19), we get (3.15). The proof of Lemma 3.1 is complete.
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Let gTM
u (resp. gF

u ), 0 ≤ u ≤ 1, be a smooth path of metrics on TM

(resp. F ). When dealing with objects associated with (gTM
u , gF

u ), we will

use a subscript “u” to indicate. While at u = 0 we usually omit this

subscript indication. In particular, we will use 〈 , 〉fM,u
, 〈 , 〉

∂ fM,u
to denote

the product on M̃ , ∂M̃ with respect to dvfM,u
, dv

∂ fM,u
. Then one has

Qu := (∗
eF
u )−1 ∂∗

eF
u

∂u
= (∗u)−1 ∂∗u

∂u
+ (g

eF
u )−1 ∂g

eF
u

∂u
. (3.20)

In what follow, all operations are applied to the variable z when we do

not specify them.

Lemma 3.2.

(∗F
u,w)−1 ∂

∂u

(
∗F

u,we−t eD2
u,a(x, w)

)

=

∫ t

0

{
−

〈
[dF , [d

eF∗
u , Qu]]e−(t−s) eD2

u,a(x, z), e−s eD2
u,a(z, w)

〉
fM,u

+
〈
i(en)QudF e−(t−s) eD2

u,a(x, z), e−s eD2
u,a(z, w)

〉
∂ fM,u

+
〈
i(en)Que−(t−s) eD2

u,a(x, z), d
eF∗
u e−s eD2

u,a(z, w)
〉

∂ fM,u

}
. (3.21)

Proof. We only need to prove (3.21) for u = 0. At first, by [5], (4.10), we

have

i(en,u)d
eF∗
u σ|

∂ fM
= 0 if i(en,u)σ|

∂ fM
= 0. (3.22)

We know also that for σ ∈ Ω(M̃, F̃ ) ∩ L2(Ω(M̃, F̃ ))

lim
s→0

∫

fM

e−s eD2
u,a(x, z)σ(z)dvfM,0(z)

= lim
s→0

∫

fM

(
e−s eD2

u,a(x, z) ∧ ∗
eF
u ((∗

eF
u )−1 ∗

eF
0 σ)(z)

)
F

= lim
s→0

(
e−s eD2

u,a(∗
eF
u )−1 ∗

eF
0 σ

)
(x) = ((∗

eF
u )−1 ∗

eF
0 σ)(x). (3.23)
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By (3.16), (3.22) and (3.23), we get

e−t eD2
u,a(x, w) − ∗−1

u,w ∗0,w e−t eD2
0,a(x, w)

= −

∫ t

0

∂

∂s

〈
e−(t−s) eD2

u,a(x, z), e−s eD2
0,a(z, w)

〉
fM,0

=

∫ t

0

[〈
∂

∂t
e−(t−s) eD2

u,a(x, z), e−s eD2
0,a(z, w)

〉

fM,0

+
〈
e−(t−s) eD2

u,a(x, z), D̃2
0,ae−s eD2

0,a(z, w)
〉

fM,0

]

=

∫ t

0

[〈
(

∂

∂t
+ D̃2

0,a)e−(t−s) eD2
u,a(x, z), e−s eD2

0,a(z, w)

〉

fM,0

−
〈
d

eF e−(t−s) eD2
u,a(x, z), en

0 ∧ e−s eD2
0,a(z, w)

〉
∂ fM,0

−
〈
e−(t−s) eD2

u,a(x, z), en
0 ∧ d

eF∗
0 e−s eD2

0,a(z, w)
〉

∂ fM,0

]
. (3.24)

From our definition of e−t eD2
u,a , we have

(
(

∂

∂t
+ D̃2

u,a)e−t eD2
u,a

)
(x, z) = 0, (3.25)

(
i(en,u)e−t eD2

u,a

)
(x, z) =

(
i(en,u)d

eF e−t eD2
u,a

)
(x, z) = 0, for x ∈ ∂M̃.

From the explicit construction of the operator e−t eD2
u,a , as observed in [19],

p. 560, it is differentiable with respect to u, as M̃ has bounded geometry.

We get

(
(

∂

∂t
+ D̃2

u,a)
∂

∂u
e−t eD2

u,a + (
∂

∂u
D̃2

u,a)e−t eD2
u,a

)
(x, z) = 0,

(
i
(

∂
∂uen,u

)
e−t eD2

u,a + i(en,u) ∂
∂ue−t eD2

u,a

)
(x, z) = 0 for x ∈ ∂M̃,

(
i
(

∂
∂uen,u

)
d

eF e−t eD2
u,a + i(en,u)d

eF ∂
∂ue−t eD2

u,a

)
(x, z) = 0 for x ∈ ∂M̃.

(3.26)

By (3.26), differentiating (3.24) with respect to u and setting u = 0
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gives

(∗F
0,w)−1 ∂

∂u (∗F
u,we−t eD2

u,a)(x, w)

=

∫ t

0

[
−

〈
(

∂

∂u
D̃2

u,a)e−(t−s) eD2
u,a(x, z), e−s eD2

0,a(z, w)

〉

fM,0

+
〈
i
(

∂
∂uen,u

)
d

eF e−(t−s) eD2
0,a(x, z), e−s eD2

0,a(z, w)
〉

∂ fM,0

+
〈
i
(

∂
∂uen,u

)
e−(t−s) eD2

0,a(x, z), d
eF∗e−s eD2

0,a(z, w)
〉

∂ fM,0

]
. (3.27)

From (3.13) and (3.20), one gets

∂

∂u
d

eF∗
u = [d

eF∗
u , Qu],

∂

∂u
D̃2

u,a = [dF , [d
eF∗
u , Qu]]. (3.28)

Set

ġTX
u := (gTX

u )−1(
∂

∂u
gTX

u ). (3.29)

Observe that ∂
∂uej,u, ej,u ∈ T∂M̃ for j < n, thus we compute that

∂
∂uen,u = −

n∑

j=1

〈ġTX
u ej,u, en,u〉gT X

u
ej,u +

1

2
〈ġTX

u en,u, en,u〉en,u. (3.30)

By [2], Prop. 4.15, we have,

∗−1
u

∂∗u

∂u
= −

1

2

∑

1≤j,k≤n

〈
ej , ġ

TX
u ek

〉
gT X

u

(ej ∧ i(ek) − i(ej) ∧ ek). (3.31)

From (3.30) and (3.31), we get at u = 0,

i( ∂
∂uen,u) =

[
i(en), ∗−1

u

∂∗u

∂u

]
+

1

2
〈ġTX

0 en, en〉i(en). (3.32)

From (3.25), (3.27), (3.28) and (3.32), we get (3.21).

Let N denote the number operator on Ω∗(M̃, F̃ ) acting by multiplication

by i on Ωi(M̃, F̃ ). It extends to obvious actions on L2-completions.

Let TrN ,s[·] = TrN [(−1)N ·] be the supertrace in the sense of Quillen[26],

taking on bounded N (Γ)-linear operators acting on Ω∗(M̃, F̃ ) as well as

their L2-completions. In what follows we will also adopt the notation in

[26] of supercommutators.

Theorem 3.3. We have the following identity,

∂
∂uTrN ,s

[
Ne−t eD2

u,a

]
= t ∂

∂tTrN ,s

[
Que−t eD2

u,a

]
. (3.33)
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Proof. Let U be a fundamental domain of the covering π : M̃ → M , and

let U1 = U ∩ π−1(∂M). Observe first that for any Γ-equivariant smooth

operator P acting on Ω(M̃, F̃ ), if we denote by P (x, z) the smooth kernel

of P with respect to dvfM,u(z), then

TrN ,s[P ] =

∫

U

(∗
eF
u P (x, x))F . (3.34)

Thus when we apply (3.34) to (3.21), and reverse the order of integration

on the right hand side of (3.34), then use (3.15), (3.31) and the fact that

N preserves the boundary condition, we get

∂
∂uTrN ,s

[
N exp

(
−tD̃2

u

)]
= −tTrN ,s

[
[d

eF , [d
eF∗, Qu]]Ne−t eD2

u,a

]

+ t

∫

U1

Trs[((i(en)Qud
eF )x′Ne−t eD2

u,a)(w, x′)|w=x′ ]dv
∂ fM,u

(x′)

+ t

∫

U1

Trs[N(Quend
eF∗)x′e−t eD2

u,a(x′, w)|w=x′ ]dv
∂ fM,u

(x′). (3.35)

By (3.15) and (3.31),

Trs

[
(Quend

eF∗)x′Ne−t eD2
u,a(x′, w)|w=x′

]

= −Trs

[
(i(en)QuNd

eF e−t eD2
u,a)(x′, x′)

]
. (3.36)

From (3.14) and the fact that d
eF e−s eD2

u,a , d
eF∗e−s eD2

u,a are smooth Γ-

equivariant operators, we see that for any Γ-equivariant differential operator

P which changes the Z2-grading on Ω(M̃, F̃ ), we have

TrN ,s

[
d

eF Pe−t eD2
u,a

]
= TrN ,s

[
e−s eD2

u,ad
eF Pe−(t−s) eD2

u,a

]

= TrN ,s

[
d

eF
a e−s eD2

u,aPe−(t−s) eD2
u,a

]

= −TrN ,s

[
Pe−(t−s) eD2

u,ad
eF
a e−s eD2

u,a

]
= −TrN ,s

[
Pd

eF
a e−t eD2

u,a

]
, (3.37)
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and in the same way

TrN ,s

[
d

eF∗Pe−t eD2
u,a

]
= TrN ,s

[
e−s eD2

u,ad
eF∗Pe−(t−s) eD2

u,a

]

= TrN ,s

[
d

eF∗
a e−s eD2

u,aPe−(t−s) eD2
u,a

+

∫

∂ fM

e−sD2
a(·, z)i(en)Pe−(t−s) eD2

u,a(z, ·)dv∂ fM (z)
]

= −TrN ,s

[
Pd

eF∗
a e−t eD2

u,a

]

+

∫

U1

Trs

[
i(en)Pe−t eD2

u,a(x′, x′)
]
dv

∂ fM,u
(x′).

(3.38)

We also have

[d
eF , N ] = −d

eF , [d
eF∗, N ] = d

eF∗. (3.39)

From (3.35)-(3.39), we get

∂
∂uTrN ,s

[
Ne−t eD2

u,a

]

= −TrN ,s

[
Qu(Nd

eF d
eF∗ + d

eF∗Nd
eF − d

eF Nd
eF∗ − d

eF∗d
eF N)e−t eD2

u,a

]

= −TrN ,s

[
QuD̃2

u,ae−t eD2
u,a

]
= ∂

∂tTrN ,s

[
Que−t eD2

u,a

]
. (3.40)

The proof of Theorem is complete.

3.5. A proof of Theorem 3.2

First, by proceeding as in the beginning of [32], Section 3.4, one gives

a slightly more flexible formula of the L2-Ray-Singer torsion element

T
(2)
a,RS(M̃, F, gTM , gF ) defined in (3.11).

For any c > 0, let

(C∗, d
eF
a ) ⊂ (Ω∗

a(M̃, F̃ ), d
eF )

be a finite length N (Γ)-Hilbert cochain subcomplex of (L2
a(Ω∗(M̃, F̃ )), d

eF
a )

such that (L2
a,[0,c](Ω

∗(M̃, F̃ )), d
eF
a ) is a subcomplex of (C∗, d

eF
a ). That is, as

N (Γ)-Hilbert cochain complexes, one has

(L2
a,[0,c](Ω

∗(M̃, F̃ )), d
eF
a ) ⊆ (C∗, d

eF
a ). (3.41)

Let d
eF∗
C∗ : C∗ → C∗ be the formal adjoint of d

eF
a : C∗ → C∗ with respect

to the induced Hilbert metric on C∗ from that of L2(Ω∗(M̃, F̃ )). Set

DC∗ = d
eF
a + d

eF∗
C∗ ,

D2
C∗ = (d

eF
a + d

eF∗
C∗)2 = d

eF∗
C∗d

eF
a + d

eF
a d

eF∗
C∗ : C∗ → C∗.

(3.42)
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Then D2
C∗ preserves the Z-grading of C∗. Moreover, one has

D2
C∗ = D̃2

a : L2
a,[0,c](Ω

∗(M̃, F̃ )) → L2
a,[0,c](Ω

∗(M̃, F̃ )). (3.43)

For any 0 ≤ i ≤ n, let D2
Ci denote the restriction of D2

C∗ on Ci.

By (3.41) it is clear that the extended cohomology of (C∗, d
eF
a ) is identical

to that of (L2
a,[0,c](Ω

∗(M̃, F̃ )), d
eF
a ). That is, one has

H∗(C∗, d
eF
a ) ≡ H

(2)
a,dR(Ω∗(M̃, F̃ ), d

eF
a ). (3.44)

From (3.44), one sees that (C∗, d
eF
a ) induces canonically an L2-torsion

element in detH
(2)
a,dR(Ω∗(M̃, F̃ ), d

eF
a ). We denote it by

T(C∗,d eF
a ) ∈ detH

(2)
a,dR(Ω∗(M̃, F̃ ), d

eF
a ). (3.45)

For any s ∈ C with Re(s) > n
2 and for 0 ≤ i ≤ n, set

ζi
C∗,⊥(s) =

1

Γ(s)

∫ +∞

0

ts−1
(
TrN

[
exp

(
−tD̃2

a|L2(Ωi(fM, eF ))
)
)]

−TrN
[
exp

(
−tD2

Ci

)])
dt. (3.46)

Then one sees easily that each ζi
C∗,⊥(s), 0 ≤ i ≤ n, is a holomorphic

function for Re(s) > n
2 and can be extended to a meromorphic function on

C which is holomorphic at s = 0. Let T(C∗,d eF
a ),⊥ ∈ R+ be defined by

log T(C∗,d eF
a ),⊥ =

1

2

n∑

i=0

(−1)ii
∂ζi

C∗,⊥(s)

∂s

∣∣∣∣∣
s=0

. (3.47)

The following analogue of [32], Proposition 3.6 can be proved in the

same way as there.

Proposition 3.1. There holds in detH
(2)
a,dR(Ω∗(M̃, F̃ ), d

eF ) the following

identity,

T
(2)
a,RS(M̃, F, gTM , gF ) = T(C∗,d eF

a ) · T(C∗,d eF
a ),⊥. (3.48)

We now come to the proof of Theorem 3.2.

Let gTM
u (resp. gF

u ), 0 ≤ u ≤ 1, be a smooth path of metrics on TM

(resp. F ) such that gTM
0 = gTM , gTM

1 = g′TM (resp. gF
0 = gF , gF

1 = g′F ).

We now state the following analogue of [32], Proposition 3.7.

Proposition 3.2. For any u0 ∈ [0, 1], there exists k0 > 0 such that for any

k > k0, one can construct a family of finite length N (Γ)-Hilbert cochain

subcomplex (C∗(u), d
eF
u,a) of (Ω∗

u,a(M̃, F̃ ), d
eF ) such that
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(i) One has the inclusion relation of cochain complexes

(L2
u,a,[0,1](Ω

∗(M̃, F̃ )), d
eF
u,a) ⊆ (C∗(u), d

eF
u,a); (3.49)

(ii) The cochain complex (C∗(u), d
eF
u,a) depends smoothly on u ∈ [0, 1],

and (C∗(u0), d
eF
u0,a) = (L2

u0,a,[0,k](Ω
∗(M̃, F̃ )), d

eF ).

Proof. Proposition 3.2 can be proved in the same way as in [32], Proposi-

tion 3.7 where we take u0 = 0, with easy modifications with respect to the

appearance of the boundary ∂M . The only places need to take more care

are listed as follows:

1. One notes here that the analogue of [32], (3.32) still holds here, as

by Theorem 3.1, Im(P[0,k],u) consists of smooth forms. Thus d
eF
u,a acts on

them just as usual d
eF , not depending on u. By setting d

eF to be d
eF
u,a in an

analogue of [32], (3.35), one can complete the proof of (i) easily.

2. For the proof of (ii), one needs to modify the proof of [32], Lemma

3.8. Here, one needs to take care about the analogue of [32], (3.39). For

such an analogue holds, we need to assume that x ∈ Ω∗
0,a(M̃, F̃ ). Indeed, if

we fix a Γ-invariant first Sobolev norm denoted by ‖·‖1, then it is easy to see

that there exist A1, B1 > 0 such that for any smooth form x ∈ Ω∗(M̃, F̃ )

and any u ∈ [0, 1], one has

‖D̃ux‖0,u ≤ A1‖x‖1 + B1‖x‖0, (3.50)

while there exist A2, B2 > 0 such that for any x ∈ Ω∗
0,a(M̃, F̃ ), one has

A2‖x‖1 − B2‖x‖0 ≤ ‖D̃x‖0. (3.51)

From (3.50) and (3.51), one sees that there exist A, B > 0 such that

x ∈ Ω∗
0,a(M̃, F̃ ), one has

‖D̃ux‖0,u ≤ A‖D̃x‖0 + B‖x‖0, (3.52)

which is exactly the analogue of [32], (3.39) we need.

One can then proceed as in [32], Proof of Lemma 3.8 to complete the

proof of (ii).

We now come back to the proof of Theorem 3.2 for u = 0.

By (3.48), one gets that for any 0 ≤ u ≤ 1,

T
(2)
RS(M̃, F, gTM

u , gF
u ) = T(C∗(u),d eF ) · T(C∗(u),d eF ),⊥. (3.53)
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For any s ∈ C with Re(s) > n
2 and 0 ≤ u ≤ 1, set

θu(s) =

n∑

i=0

(−1)iiζi
C∗(u),⊥(s). (3.54)

From (3.46) and (3.54), one can rewrite θu(s) as

θu(s) =
1

Γ(s)

∫ +∞

0

ts−1
(
TrN ,s

[
N exp

(
−tD̃2

u,a

)]

−TrN ,s

[
N exp

(
−tD2

C∗(u)

)])
dt. (3.55)

For any 0 ≤ u ≤ 1, let PC∗(u) denote the orthogonal projection from

L2
u(Ω∗(M̃, F̃ )) onto C∗(u). Then by Proposition 3.2, PC∗(u) depends

smoothly on u ∈ [0, 1]. Moreover, one has

d
eF PC∗(u) = PC∗(u)d

eF PC∗(u). (3.56)

Let d
eF∗
C∗(u) : C∗(u) → C∗(u) be the formal adjoint of

d
eF
C∗(u) = PC∗(u)d

eF PC∗(u) : C∗(u) → C∗(u). (3.57)

Then in view of (3.56), one has

d
eF∗
C∗(u) = PC∗(u)d

eF∗
u,aPC∗(u) = PC∗(u)d

eF∗
u,a. (3.58)

Set

D̃C∗(u) = d
eF
C∗(u) + d

eF∗
C∗(u). (3.59)

One has, similar as in (3.39), that

[D̃C∗(u), N ] = −d
eF
C∗(u) + d

eF∗
C∗(u). (3.60)

In order to have a formula for ∂
∂ud

eF∗
C∗(u) similar to (3.28), by using (3.28)

and (3.58), we compute

∂
∂ud

eF∗
C∗(u) = ∂

∂u

(
PC∗(u)d

eF∗
u

)
=

(
∂

∂uPC∗(u)

)
d

eF∗
u + PC∗(u)

∂
∂ud

eF∗
u

=
(

∂
∂uPC∗(u)

)
d

eF∗
u + PC∗(u)[d

eF∗
u , Qu]

=
(

∂
∂uPC∗(u)

)
d

eF∗
u + PC∗(u)d

eF∗
u Qu − PC∗(u)Qud

eF∗
u

= [d
eF∗
C∗(u), Qu] +

(
∂

∂uPC∗(u)

)
d

eF∗
u + QuPC∗(u)d

eF∗
u − PC∗(u)Qud

eF∗
u . (3.61)
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Since C∗(u), 0 ≤ u ≤ 1, are finitely generated Hilbert modules, by using

(3.60), (3.61), as in [32], (3.63), one deduces

∂

∂u
TrN ,s

[
N exp

(
−tD̃2

C∗(u)

)]
= −tTrN ,s

[
N

∂D̃2
C∗(u)

∂u
exp

(
−tD̃2

C∗(u)

)]

= −tTrN ,s



[
N, D̃C∗(u)

] ∂d
eF∗
C∗(u)

∂u
exp

(
−tD̃2

C∗(u)

)



= t
∂

∂t
TrN ,s

[
Qu exp

(
−tD̃2

C∗(u)

)]
− tTrN ,s

[(
d

eF
C∗(u) − d

eF∗
C∗(u)

)

(
∂PC∗(u)

∂u
d

eF∗
u + QuPC∗(u)d

eF∗
u − PC∗(u)Qud

eF∗
u

)
exp

(
−tD̃2

C∗(u)

)]

= t
∂

∂t
TrN ,s

[
Qu exp

(
−tD̃2

C∗(u)

)]
− tTrN ,s

[(
d

eF
C∗(u) − d

eF∗
C∗(u)

)

(
PC∗(u)

∂PC∗(u)

∂u
d

eF∗
u PC∗(u) + Qu[PC∗(u), d

eF∗
u ]

)
exp

(
−tD̃2

C∗(u)

)]
. (3.62)

Denote for 0 ≤ u ≤ 1 that

f(u) =
(
d

eF
C∗(u) − d

eF∗
C∗(u)

)
· . . .

. . . ·

(
PC∗(u)

∂PC∗(u)

∂u
d

eF∗
u PC∗(u) + Qu[PC∗(u), d

eF∗
u ]

)
.

(3.63)

Since C∗(u) contains L2
u,[0,1](Ω

∗(M̃, F̃ )) for 0 ≤ u ≤ 1 (cf. (3.49)), one

sees that when t → +∞,

TrN ,s

[
Qu exp

(
−tD̃2

u,a

)]
− TrN ,s

[
Qu exp

(
−tD̃2

C∗(u)

)]

is of exponential decay.

On the other hand, since, when restricted to the subcomplex

(L2
u,a,[0,1](Ω

∗(M̃, F̃ )), d
eF
u,a) of (C∗(u), d

eF ), d
eF∗
u commutes with PC∗(u),

while

PC∗(u)

∂PC∗(u)

∂u
PC∗(u) = 0, (3.64)

from (3.63), (3.64) one gets

f(u)|
L2

u,[0,1]
(Ω∗(fM, eF ))

= 0. (3.65)

From (3.49) and (3.65), one sees that as t → +∞,

TrN ,s

[
f(u) exp

(
−tD̃2

C∗(u)

)]
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is of exponential decay.

By (3.33), (3.55), (3.62), (3.63) and (3.65), we have for Re(s) large

enough that

∂θu(s)

∂u
=

1

Γ(s)

∫ +∞

0

ts
∂

∂t

(
TrN ,s

[
Qu exp

(
−tD̃2

u,a

)]

−TrN ,s

[
Qu exp

(
−tD̃2

C∗(u)

)])
dt

−
1

Γ(s)

∫ +∞

0

tsTrN ,s

[
f(u) exp

(
−tD̃2

C∗(u)

)]
dt

=
−s

Γ(s)

∫ +∞

0

ts−1
(
TrN ,s

[
Qu exp

(
−tD̃2

u,a

)]

−TrN ,s

[
Qu exp

(
−tD̃2

C∗(u)

)])
dt

−
1

Γ(s)

∫ +∞

0

tsTrN ,s

[
f(u) exp

(
−tD̃2

C∗(u)

)]
dt. (3.66)

Now by using the finite propagation speed of solutions of hyperbolic

equations (cf. [29], §2.8, §6.1), we know from [19], Theorem 2.26 that as

t → 0+, for any positive integer l one has an asymptotic expansion

TrN ,s

[
Qu exp

(
−tD̃2

u,a

)]
= Trs

[
Qu exp

(
−tD2

u,a

)]
+ o(ul/2) (3.67)

=
l∑

j=−n

Mj,utj/2 + o(ul/2).

From (3.66) and (3.67), one finds that for any 0 ≤ u ≤ 1, one has

∂

∂u

(
∂θu(s)

∂s

∣∣∣∣
s=0

)
= −M0,u + TrN ,s

[
QuPC∗(u)

]

−

∫ +∞

0

TrN ,s

[
f(u) exp

(
−tD̃2

C∗(u)

)]
dt. (3.68)

Now observe that we are applying Proposition 3.2 for u0 = 0, thus one

has, as in [32], (3.70),

(C∗(0), d
eF ) = (L2

0,a,[0,k](Ω
∗(M̃, F̃ )), d

eF
a ). (3.69)

Thus one again has the fact that d
eF∗
u commutes with PC∗(u), which, together

with (3.64), implies that

f(0) = 0. (3.70)
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From (3.47), (3.54), (3.68) and (3.70), one finds

∂ log T(C∗(u),d eF ),⊥

∂u

∣∣∣∣∣
u=0

= −
M0,0

2
+

1

2
TrN ,s

[
Q0PC∗(0)

]
. (3.71)

Now let us consider the variation of T(C∗(u),d eF ) near u = 0.

Observe that for any

ω, ω′ ∈ C∗(0) = L2
a,[0,k](Ω

∗(M̃, F̃ )),

the induced inner product of them in C∗(u) is given by

〈PC∗(u)ω, PC∗(u)ω
′〉u = 〈ω, PC∗(u)ω

′〉u =

∫

fM

(
ω ∧ ∗

eF
u PC∗(u)ω

′
)

eF

=

〈
ω,

(
∗

eF
)−1

∗
eF
u PC∗(u)ω

′

〉
. (3.72)

Set for 0 ≤ u ≤ 1 that

Au = PC∗(0)

(
∗

eF
)−1

∗
eF
u PC∗(u)PC∗(0) : C∗(0) → C∗(0). (3.73)

From (2.27)-(2.29), (3.45), (3.72) and (3.73), one finds,

log
T(C∗(u),d eF )

T(C∗(0),d eF )

= −
1

2

n∑

i=0

(−1)i log DetτN(Γ)

(
Au|Ci(0)

)
. (3.74)

From (2.18) and (3.74), one deduces

∂

∂u
log

T(C∗(u),d eF )

T(C∗(0),d eF )

= −
1

2
TrN ,s

[
A−1

u

∂Au

∂u

]
. (3.75)

By (3.73), one sees directly that

Au|u=0 = Id|C∗(0). (3.76)

From (3.20), (3.64), (3.73), (3.75) and (3.76), one finds

∂

∂u

∣∣∣∣
u=0

log
T(C∗(u),d eF )

T(C∗(0),d eF )

= −
1

2
TrN ,s

[
PC∗(0)

(
∗

eF
)−1 ∂∗

eF
u

∂u

∣∣∣∣∣
u=0

PC∗(0)

]

= −
1

2
TrN ,s

[
Q0PC∗(0)

]
. (3.77)

From (3.53), (3.71) and (3.77), one gets

∂

∂u

∣∣∣∣
u=0

log
T

(2)
RS(M̃, F, gTM

u , gF
u )

T
(2)
RS(M̃, F, gTM , gF )

= −
M0,0

2
. (3.78)
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Since (3.78) holds for arbitrary (gTM , gF ), one gets indeed that for any

0 ≤ u ≤ 1,

∂

∂u
log

T
(2)
RS(M̃, F, gTM

u , gF
u )

T
(2)
RS(M̃, F, gTM , gF )

= −
M0,u

2
. (3.79)

Now by using (3.67), one sees that for any 0 ≤ u ≤ 1, M0,u is exactly

the same quantity appears in [4], (7), (8) and [5], Theorem 4.5, where a

similar result is proved for the usual Ray-Singer metrics.

The proof of Theorem 3.2 is complete.

Remark 3.3. If for any u ∈ [0, 1], Spec(D̃2
u,a) contains a non-empty gap,

then the proof of Theorem 3.2 can be simplified a lot. Here we did not

make this assumption as usually Spec(D̃2
u,a), u ∈ [0, 1], may not be discrete

when Γ is an infinite group.
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