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Abstract

We establish a geometric quantization formula for Hamiltonian actions of a compact Lie group acting on a non-compact sym-
plectic manifold such that the associated moment map is proper. In particular, we give a solution to a conjecture of Michele Vergne.
To cite this article: X. Ma, W. Zhang, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Quantification géométrique pour les applications moment propres. Nous établissons une formule de quantification géo-
métrique pour les actions hamiltoniennes d’un groupe de Lie compact agissant sur une variété symplectique non-compacte dont
I’application moment est propre. En particulier, nous résolvons une conjecture formulée par Michele Vergne dans son exposé a
I’ICM 2006. Pour citer cet article : X. Ma, W. Zhang, C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soit G un groupe de Lie compact connexe agissant sur une variété symplectique non-compacte (M, w) par une
action hamiltonienne. Soit (L, VX) un fibré en droites hermitien muni d’une connexion hermitienne et G-invariante, et

tel que (VL)% = 2%_. Soit J une structure presque complexe G-invariante sur T M, telle que g”™ (u, v) = w (u, Jv)

—1
est une métrique \r/i;nannienne sur T M. Soit g I’algebre de Lie de G. On munit g* d’une métrique Adg-invariante.

On suppose que 1’application moment associée u : M — g* est propre.

Soit H = |u|?. Soit X = —J(dH)* le champ de vecteurs hamiltonien associé a H.

Pour a > 0, on pose U, := {x € M: H(x) < a}. Pour une valeur réguliere a de H, d’apres Atiyah [1], le symbole
V=Tlc(-+X H) ®Idy (c(-) est]’action de Clifford) définit un symbole transversalement elliptique sur U, et son indice
transversal Q(L), est une distribution sur G. Tian et Zhang [13] ont introduit I’opérateur de Dirac correspondant dans
leur approche de la quantification géométrique quand M est compacte. Le symbole associé a été utilisé par Paradan
[10,11].
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Soit A% I’ensemble des poids dominants. Pour y € A%, soit VVG la représentation G-irréductible de plus haut
poids y, soit Q(L)Z € 7 la multiplicité de la représentation VVG dans Q(L),. Pour y € A%, on note Q(L,) I'indice
de I’opérateur de Dirac Spin® sur la réduction symplectique de M en y.

Théoréme 0.1. Pour y € A%, il existe a,, > 0 telle que Q(L)) € 7 ne dépend pas de a > ay, pour a une valeur
réguliere de H. On le note comme Q(L)Y.

Théoréme 0.2. Pour y € A%, ona Q(L)Y = Q(L,).

Si {XM =0} est compact, le Théoreme 0.2 a été conjecturé par Michele Vergne dans [15, §4.3], et des cas par-
ticuliers de cette conjecture ont été démontrés par Paradan [11,12], dans le cadre des séries discreétes. Les résultats
annoncés dans cette note sont démontrés dans [8].

1. Transversal index and the APS index

In this Note, we present a solution of an extended version of the conjecture of Michele Vergne in her ICM 2006
lecture. Details will appear in [8].

Let M be a compact manifold with non-empty boundary dM. Let J be an almost complex structure on 7 M. Let
g™ be a J-invariant Riemannian metric on the tangent vector bundle 7 :TM — M. Let (E, h%) be a Hermitian
vector bundle over M with Hermitian connection V.

Let G be a compact connected Lie group with Lie algebra g. We assume that G acts on M and that this action lifts
to an action on E, and preserves J, g'™, hf and VE.

For any W € TM such that W = w + w € TEOM @ TODM = TM ®r C, the Clifford action c¢(W) on
A(T*OD M) is defined by ¢(W) = +2w* A —v/2iy, where w* € T*OD M is the metric dual of w. Recall that
the spin® structure associated to the Clifford module A(T*(O' D M) is induced by the line bundle det(T(l’O)M ).

Let VI"”’M be the Hermitian connection on 79 M induced by projection by the Levi-Civita connection V7' on

(TM, g™). Let V% be the Hermitian connection on det(T 1% M) induced by V7'M . Let VA**®E be the Clifford
connection on A(T*©D M) ® E induced by VI vt and VE. Let {¢;} be an orthonormal basis of 7M.

Then one can construct canonically the Spin®-Dirac operator (twisted by E), D = Z?;”}M c(e,')Ve/l,‘O"@E :
20%(M, E), with 2%*(M, E) the space of smooth sections of AT*OD M) @ E on M.

Let e, be the inward unit normal vector field perpendicular to dM. Let ey, ..., egimm—1 be an orthonormal basis
of TOM. Let ;; = (VeTi M, i»en) be the second fundamental form of the isometric embedding 15y : 0M <> M. Let
DE, : 2%(M, E)lyu — 2%*(M, E)|ym be the induced (by D) Dirac operator on dM defined by (cf. [6, p. 142])

dimM—1 0 1dimM—l
D?M =- Zl C(en)c(ei)vell.1 “oE + E 21: Tij- (1)
1= 1=

Let ¥ : M — g be a G-equivariant map with Adg-action on g. Let ¥¥ denote the vector field over M such that
wM (x) equals to the value at x of the vector field generated by ¥ (x) € g over M.

We suppose that WM |33, € TdM is nowhere zero on dM.

Following [6, Lemma 2.2] and [14, §1c)], set for T € R,

£ E ~v=1T M E E
DE=D +Tc(w ), Di,T:DT|QO’%(M,E)’
. g VAT M E £
Dyy.r = Dyy — Tc(en)C(llf ). Dyy a1 = DaM,T|_QO’%(M>E)|BM. ”

Then DfM’T preserves the Z,-grading on .QO"(M, E)|yp. For any A € Spec{DfM’i’T}, let E; + 7 be the cor-
responding eigenspace. Let P>o+ 1 (resp. P-o,+,7) be the orthogonal projections from the L%-completions of

ven

2954 (M, E)|ypm onto @k%) Ejy +,1 (tesp. D, Er +.7)-
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Forany T € R, let (DE 41> P>0.4.1) (resp. (DE , P~o.—.1)) denote the corresponding Atiyah—Patodi—Singer type
boundary valued problem [2], [6, Theorem 2.3]. Then both (D
G-equivariant.

Let T be a maximal torus of G, and let t be its Lie algebra and t* its dual. Then the set of the finite dimensional
G-irreducible representations is parameterized by the set of dominant weights A% C t*. For y € A%, we denote by
VyG the irreducible G-representation with highest weight y. Then VyG , ¥ € A% is a Z-basis of the representation
ring R(G).

Recall that g = t @ v with v = [t, g], and so g* = t* @ t*. Thus we identify naturally A% as a subset of g*.

Let QMg 7(E, WM € Z, y € A%, be defined by

T P>0,4+,7) and (DE 7> P>0,—,7) are elliptic and

@ Qs (E.¥M)" . VG :=Ker(DY ;. Pxo.+.7) — Ker(D 1. Poo_7). (3)
yeA;

Proposition 1.1. For any y € A%, there exists T, > 0 such that QK[PS r(E, lPM)V does not dependon T > T,.

Denote by Q\ps(E, ¥ ™)” the quantization number Q)g 7 (E, wM) for T > T,. Then Qs (E, wM)? does
not depend on g”™, ht, VE and depends only on the homotopy classes of J, oM.

Let M =M \ M be the interior of M. One identifies TM and T*M via g'™. Let ag’IwM €
Hom(z*(A®*NT*OVM) @ E), 7*(A(T*ODM) ® E)) denote the symbol defined by o, (x,v(x)) =
V=1r*(cw+ ") ® IdE)(x’v(x)) The symbol oE wn defines a G-transversally elliptic symbol on TgM in the

sense of Atiyah [1, §3], which in turn determines a transversal index (cf. also [10, §31, [11, §3])

o) = @ mnd, ( o yn) . with each Ind, (0, ») € Z. 4)
yeA}

Ind

The following result can be proved by using the main theorem of Braverman in [4]:
Theorem 1.2. For any y € A%, one has Ind, (GAIEWU/M) = QM (E, wM)yr.
2. Geometric quantization for proper moment maps

Let (M, w) be a non-compact symplectic manifold with symplectic form w. We assume that there exists a Hermitian

line bundle (L, L) (called a prequantized line bundle) carrying a Hermitian connection VL such that (V£)2 = j—z_la)

Let J be an almost complex structure on 7M such that gTM (u,v) = w(u, Jv) defines a J-invariant Riemannian
metricon T M.

We assume that the compact connected Lie group G acts on M and this action can be lifted to an action on L. We
assume also that G preserves g”™, J, hl and V¥. Then the moment map u: M — g* is defined by 27/ —1u(K) :=
VIL<M — Lk, for any K € g, which verifies du(K) = igmw.

Basic Assumption. The corresponding moment map u: M — g* is proper.

Take any y € A%. If y is a regular value of the moment map ., then one can construct the Marsden—Weinstein
symplectic reduction (M, , w,), where M,, = w~ (G - y)/G is a compact orbifold. Moreover, L (resp. J) induces
a prequantized line bundle L, (resp. an almost complex structure J,,) over (M, w,). One can then construct the
associated Spin‘-Dirac operator (twisted by L,) on M, whose index Q(L,) is well-defined. If y € A% is not a
regular value of u, then by proceeding as in [9], one stlll gets a well-defined quantization number Q(L, ) extending
the above definition.

! This kind of deformation (by WM has been used by Tian—Zhang [13,14] and Paradan [10,11] in their approaches to the Guillemin—Sternberg
geometric quantization conjecture [7].
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We equip g with a Adg-invariant metric, and we identify g with g* by the metric. Set H = |u|>. Let X H—
—J(dH)* = ZMM be the Hamiltonian vector field associated to H.

For any a > 0, U, := {x € M: H(x) < a} is a compact subset of M. For any regular value a > 0 of H, XM is
nowhere zero on U, = H_l(a).

Theorem 2.1. For any y € A%, there exists a, > 0 such that QAPS (L, u™M)Y € Z does not depend on a > ay, with a
a regular value of 'H.

For any y € A%, we denote by Q(L)" the well-defined integer QlA]‘l‘DS (L, u™)Y not depending on the regular value
a>0.

Let (N, ®") be a compact symplectic manifold and (F, h’", VF) the prequantized line bundle over N, and G acts
on N, F and preserves JV, h¥, VI Let n: N — g* be the corresponding moment map.

We will use the same notation for the natural extension of the objects on M, N to (M x N, w @ oV ). In particular,
L ® F is the prequantized line bundle over M x N obtained by the tensor product of the natural liftings of L and F
to M x N. Then the induced moment map 6 : M x N — g* is given by 0(x, y) = u(x) + n(y).

Theorem 2.2. For the induced action of G on (M X N, w @ N Yand L ® F, we have,
Q((L®F)y—0)= Y QL)Y Q(F)". (5)

yeAy

The proof of Theorem 2.2 is deferred to Section 4.
By taking N in (5) to be the orbits of the co-adjoint action of G on g*, we get:

Theorem 2.3. For any y € A%, one has Q(L)Y = Q(L,).

Remark 2.4. (i) If M is compact, then Theorem 2.1 holds tautologically and Theorem 2.3 is the Guillemin—Sternberg
geometric quantization conjecture [7] proved in [9].

(i) In view of Theorem 1.2, Theorem 2.3 was conjectured by Michele Vergne in [15, §4.3] in the case when the
zero set of X is compact. Special cases of this conjecture, related to the discrete series of semi-simple Lie groups,
have been proved by Paradan [11,12].

Theorem 2.3 provides a proof of this conjecture even when the zero set of Xt is non-compact.

3. A vanishing result

Our proof of Theorem 2.2 relies essentially on a vanishing result, Theorem 3.1, which is established in this section.

For A > 0 large enough which is a regular value of the functions | w|? and 1 |9|2 on M x N, we define M =
{(r,y) € M X Ni|ul> > A, |07 <24}, My = {(x,y) € M x N; |ul* = A}, My = {x € M; |ul> < A} and Mp =
{(x,y)eM x N; |6)*>= 2A} Let Mg ={(x,y) e M x N, |u(x)? <A}, M=MUM, = {|9|2 <24}

Then M is a smooth manifold with boundary d M and 9 M = M| U My, M| =0M4 x N.

Set @, q; € €*°(R) verify the following conditions,

5(6) 12, fort\%, <5() 1—43, fortg%,
a(t) = t) =
1, fort>3%, 2(1—1), fort>3,
- - 1 2
o (t t>—, "t) <0, for-<t<=. 6
a(t) +¢() 77 ¢ @) < or 3 3 (6)

For A>0,seta(t) =a(f —1),¢(t) = qg(% - .

We define f € €°(M x N), p:M x N — g* = gby = |ul> + a(ul?)(0]* = |u*), p =0 — ¢(B)n.

Let V1,..., Viimc be an orthonormal basis of g. Denote by ViM , Vl.N the Killing vector fields on M, N induced
by V;. For any function Q with values in g, we will denote Q; its i-component with respect to the basis {V;}, and
when a subscript index appears two times in a formula, we sum up with this index. Set
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yi=2(1+a (1ul?) (11 = 1ul?) e + 2a(1ul*)n;,

Vi =2p; = 26" (B)piniv;- (7
Let ¢ :=v;V; : M — g be the induced G-equivariant map and let ¥ be the vector field on M induced by v, then
Y = wM = wj(VjM + V,N) We also have Y| aq, =2u, and ¥|a, = 2+ %pini)é.

Theorem 3.1. When A > 0 is large enough, we have Qﬁ;,ls (L F,Y)r=0=0.

Outline of the proof of Theorem 3.1. For T € R, let DM be the operator defined by DM = DL®F 4 Y1 o(y)
QY M, L®F) - 2%*(M,L® F). Forany T € R, let FM: 2%*(M, L ® F) — 2%*(M, L ® F) be defined
by FM = Dy 4 /=1 Ty;Ly,.

Let {ek}d‘mM (resp. { £i}¥™N) be an orthonormal frame of TM (resp. TN). Let vTOM gTU YN e the connec-
tions on T(1 0)M , T19 N induced by the Levi-Civita connections. Set

Sel(@ ) )e(v 4 v),

—

= 2e((@"y) e (v +2v]") +

((1+ SV @)

dim N
Rj = Z c(Fe(VENVN) = =TV NV o - ®)

4>|»—4>

T4
Proposition 3.2. The following Bochner type identity holds on M,

T2
Fpt = DY¥F2 £ T (26 + YRy + V=11 + 1)) + - |YP?

dim M

~=1T ~=1T ,

g 2 ee(VE i) = S YT v ) ©
k=1

Proposition 3.3. There exists Ay > 0 such that for any A > Ay, z € M\ OM there exists an open neighborhood U,
of 2, C;, C1.; > 0 such that for any T > 1 and s € 2%*(M, L ® F) with supp(s) C U, one has

Re(F{Ms, s) > (HDL®FsHO+(T Ci)lIsl3)- (10)
Proof. If Y (z) # 0, then by (9), we get easily (10). If Y (z) = 0, from our choice of v/, we have the following crucial
estimate: there exist C > 0, Ag > 0 such that for any A > Ag and (x, y) € {Y =0} C M, we have

V=11 + D),y 2 _CIdA(T*(Ovl)(MxN))®L®F . (11
Moreover, ¥;0; = lu|> + O(A?), |R;|’s are bounded, and VJM = —J(dM|p|?)*. We then apply the arguments in
[13, §2.4] to get (10). O

From Proposition 3.2, as Y is nowhere zero on d. M, by proceeding as in the proof of [14, Proposition 2.4], we get
an estimate similar to [14, Proposition 2.4] for D%VI on an open neighborhood of 3 M. Now from Proposition 3.3, the

estimate near 9. M for D/TM, and the gluing arguments in [3, p. 115-116], we get finally:

Theorem 3.4. For A as in Proposition 3.3, there exist C, C\ > 0 such that for any T > 1 and s € 2%*(M, L ® F)¢
with P>o +. 7(slam) =0, one has
2 2
[ D7y = C(I DX s]g + (T = ColsI). (12)

In particular, for T > 0 large enough, Theorem 3.1 holds.
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Remark 3.5. There are other choices of « and ¢ for which Theorem 3.1 is still valid. A possible simpler choice for
Y would be to use « =0 or « = 1 in (7), and then choose a suitable ¢. However, we could not get the corresponding
estimate (11) for these choices, thus we could not eliminate the potential contributions caused by the possible zero set
of Y. This explains why we introduce the non-linear deformation § in Theorem 3.1.

4. Proof of Theorem 2.2

Let w/\_/l be a smooth G-invariant vector field on M induced by a G-equivariant map ¥ : M — g, such that
yM =Y on M. Then for A > 0 large enough, we have

oM (L & F,0M) = = oM (L & F, yM)"="
= oML @ Fy ™M) =" 4+ oM (L® F, ¥)"=0
= Oy (Lo Fy™)™, (13)

where in the first equation, we use the deformation oM + (11— t)lpM, 0 <t < 1, which is nowhere zero on Mj;
while in the second equation, we make use of the splitting property of the APS type index (cf. [5, Theorem 1.1] for the
product metrics case, and one deduces the general case by a deformation argument); while in the third equation, we
use Theorem 3.1. We then use the deformation tY + (1 — t),uM, 0 <t <1, whichis ,uM along M 4 and thus nowhere
zero on M, to complete the proof of Theorem 2.2.
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