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Witten genus on string manifolds. These genera vanish on string and string® complete
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RESUME

Nous construisons un analogue du genre de Witten pour les variétés spins de dimension
8k + 2. Nous construisons aussi des nombres caractéristiques modulaires sur une classe de
variétés spin®, qu'on appelle variétés cordes. Si les variétés cordes® sont spin, on retrouve
le genre de Witten sur les variétés cordes. Ces genres sont nuls sur les intersections
complétes correspondantes dans les espaces projectives complexes.

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

For any closed oriented spin manifold X, there exists a cohomology class M in H*(X,Z) determined by the spin
structure on X, twice of which is the first integral Pontryagin class p1(TX). A closed oriented spin manifold X with
@ =0 is called a string manifold. The famous Witten genus W (X) defined in [9, (17)] is an integral modular form
over SL(2,Z) on a 4k dimensional string manifold X. A well-known result due to Landweber-Stong states that W (X) =0 if
X is a string complete intersection in a complex projective space (cf. [6, pp. 87-88]).

We present in this Note two extensions of this Landweber-Stong vanishing theorem. The first one concerns a mod 2 ana-
logue of the Witten genus on 8k + 2 dimensional spin manifolds, while the second one concerns an extension of the Witten
genus to certain spin® manifolds (which we call string® manifolds) such that this generalized Witten genus is an integral
modular form over SL(2,Z). The main results in this Note show that these generalized Witten genera vanish on string and
string® complete intersections respectively, extending the Landweber-Stong theorem to the corresponding situations. This
indicates that the genera we introduce here are in some sense the “right” extensions of the Witten genus.

Details and further generalizations will appear in [4].
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1. A mod 2 vanishing theorem for 8k + 2 dimensional string complete intersections

Let H be the upper half plane. For 7 € H, set ¢ = eTV-IT,

If E is a real (resp. complex) vector bundle over a manifold, we write E = E — R*®) (resp. E = E — C'XB)). Let S/(E),
A¢(E), with t € C, denote the total symmetric and exterior powers of E respectively. »

Let B be a closed oriented 8k+2 dimensional spin manifold carrying a fixed spin structure. Let ©@(TB) = @n_; Sqm(TB)
be the Witten bundle constructed in [9, (17)]. Set ¢(B) = ind2(® (T B)) € Z3[[q]], where ind, is the mod 2 index in the sense
of Atiyah and Singer [2].

Theorem 1.1. If B is an 8k + 2 (k > 1) dimensional string complete intersection in a complex projective space, then ¢ (B) = 0.

Proof. Let B be the complete intersection of r hypersurfaces of degrees di,d>,...,d; in the complex projective space
CP%*+147_Since B is string and k > 1, one finds

r

> (d% —1)=4k+2. Q)

a=1

If each dy,1 <« <, is an odd number, then the left-hand side of (1) is divisible by 8, which results in a contradiction.
Without loss of generality, we assume that d, is even.

Let V; be the complete intersection of r — 1 hypersurfaces of degrees di,d2,...,dr—1. Let i:V, — CP#++1 denote the
corresponding embeddings. Let £ =i*O(d;). By (1), one finds that [B] € Hg2(V;,Z) is dual to c1(¢§) and cq1(§) = w(TV})
mod 2. One then applies the higher dimensional Rokhlin congruence formula in [10,11] to get

3k

¢(B) =indy(©(TB)) = <K(T V) cosh(drl

x) ch(O(TcVr — & ®C)). [vr1> mod 2Z[[q]], (2)

where &g denotes the real plane bundle underlying & and x € H2(CP**"+1 Z) is the generator.
On the other hand, one can show that

O(TeVr — &R ® 0 = O(TcVy) ® <®qun (@)) mod 2(&r ®C) - (V)[4 (3)

n=1

By (2) and (3), we have

#(B) = <Z(Tvr) cosh(d”

x) ch(@ Agn (gR/QS/C)) ch(O(TcV)), [vr]>

x Ak+r42 [ T— 127110(3‘7"1):, ) 01(27_“, ) Ak 1r
:<[W] [1 6'(0,7) 61(0,7) [ep ]) mod 2Z[q], (4)

0'(0,7)

a=

where 6 and 6 are the ]acobi theta functions (cf. [3]), and we have used Poincaré duality to deduce the second equality.
2o (42X 7)o (42 1) 2mi0(5%,7)
Set g(x) = [Ty (i) A0 | ) — (0G0 k142 and g = E£0X. Then ¢ (B) = Resg) () mod 2Z[[q]].
By (1), (4), the assumption that d; is even and the transformation laws of the Jacobi theta functions (cf. [3]), one deduces

gx+2mi) _ g(x) gx+2mit) _ g() ; ; ;
that Foerarn = Too @ and Foamin = fw- Thus @ can be viewed as a meromorphic one form defined on a torus, which

implies that Res()(w) =0 as 0 is the only pole of w on the torus. Hence, ¢(B) =0. O

2. Avanishing theorem for string® complete intersections

Let M be a closed oriented even dimensional spin® manifold. Let L be the complex line bundle on M associated to the
spin® structure on M and ¢ = c1(L). We use the notation Lg to denote the real plane bundle underlying L. Let TcM = TM ® C
be the complexification of TM. Set

O(TcM, Lg ® €) = <® Sqam (Tcﬂ)) ® ((X)qu" (L.TE;TC)>

m=1 n=1

o (®A_q2r_1 (L,?@/o) ® (®Aq25_1 (L;@/c)), )
r=1

s=1
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O*(TcM, Lg® €) = (@ Sqom (TE’M)) ® (@AqZH(LR/é/C)). 6)
m=1 n=1
Define
We(M) = <Z(TM) eXp(%) ch(O/(TcM, Lg ® 0)), [M]> (7)

if dim M = 4k and
-~ Cc
W (M) :<A(TM) exp<§> ch(©*(TcM, Lr ® 0)), [M]> (8)

if dimM = 4k + 2.

By a classical theorem of Atiyah and Hirzebruch [1], one sees that W (M) € Z[[q]. Clearly, when M is actually spin with
c=0, W.(M) is exactly the Witten genus of M.

2

On the other hand, for M as above, TM @ Lg is spin. Since p1(TM @ Lr) = p1(TM) + c2, there exists a class %

in H*(M, Z) determined by the spin® structure on M, twice of which equals to p;(TM) + c? (cf. [8, Lemma 2.2]).
2
A direct computation shows that (i) if dim M = 4k and W =0 (here it is enough to assume that this class van-

ishes rationally), then W.(M) is an integral modular form of weight 2k over SL(2, Z); (ii) if dim M = 4k+2 and ’“(TZM =0
(again it is enough that this class vanishes rationally), then W.(M) is an integral modular form of weight 2k over SL(2, Z).
In view of the string condition w =0, we propose the following definition.

Definition 2.1. Let M be an even dimensional closed oriented spin® manifold and L denote the associated complex line
bundle with ¢ = c1(L) denotmg the first Chern class of L. Then the spin® manifold M is called a string® manifold if

7(P1(TM) — 2+ (- 1“3 )e2) =0 in H4*(M, 2).

With the above terminology, W.(M) is an integral modular form over SL(2,Z) if M is a string® manifold.

The construction of W.(M) is inspired by the mod 2 Witten genus ¢(B) considered in the previous section, as well
as the considerations in [5] where the mod 2 elliptic genera are studied in the framework of Rokhlin congruences (cf. (2)
and (3)). Moreover, the following vanishing theorem on complete intersections holds for W,.

Theorem 2.2. If V is a string® complete intersection, of dimension greater than or equal to 4, in a complex projective space, then
We(V)=0.

Proof. We only prove the case of dim V = 4k. The case of dimV =4k + 2 can be proved similarly.

A direct calculation shows that W.(M) =0 for any 4 dimensional string® manifold M. So we assume dimV =4k, k > 1.
Let V be the intersection of r hypersurfaces of degrees di,d>, ..., d; in the complex projective space CPZ+7, Let i: V <
CP2+T denote the embedding.

Since (p1(TV) — 3c?)/2 =0 for some c € H(V,Z), by using the Lefschetz hyperplane theorem which implies that
i* 1 H2(CP?*7 7) — H2(V,Z) is an isomorphism for k > 1, one finds that

.
2k+r4+1-) d2 =3P, (9)

a=1

where [ is an integer verifying ¢ = i*(Ix) with x € H2(CPZ*t" Z) being the generator.
Then up to a constant scalar (2r+/—1)~2%, one has

i*x TN (DT deitx 7T 61, T) e, T) B3(c, T)
WC(V):<<<|:—0(/i*x,t):| > n[emai*x,r)] 0100.7) 0(0.7) 650.7) ) 1!

6(0,7) a=1-"6'(0,7)
Zk”“ TT1 TN\ 60 D) 00, D)\ (e
9(x r) 1_[ 0(dex.7) 61(0.7) 62(0.7) 63(0.7) ,[cPPT]), (10)
6’(0,7) a=1-7970,7) 1Y, 2 (U, 3(0,
where 6, 6;,1 < i< 3, are the Jacobi theta functions (cf. [3]) and we have used Poincaré duality to deduce the second

equality.
Set g(x) = ([Tg=1 99(51(’10?;?)?]%:3 322((’3:;)) Zz((%(jfr)), F0 =555 and o = g}x()x?x. Then up to a constant scalar,
We(V) = RES(O) (w).

By (9), (10) and the transformation laws of the Jacobi theta functions (cf. [3]), one deduces that ?E’;ﬂ; = % and
gx+1) _ g

T = o Thus w can be viewed as a meromorphic one form defined on a torus, which implies that Res()(w) =0 as 0
is the only pole of w on the torus. Hence, W.(V)=0. O
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Remark 2.3. If c =c¢(L) is even, then M is spin and the genus W (M) appears as the index of certain rigid twisted Dirac
operators studied in [7]. By using the method in [7], one can show that the twisted spin® Dirac operators associated to the
genus W¢(M), for general string® M, are still rigid (in the sense of Witten [9]). We refer to [4] for more details.
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