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Abstract We present a new proof, as well as a C/Q extension (and also certain
C/Z extension), of the Riemann—Roch—Grothendieck theorem of Bismut-Lott for flat
vector bundles. The main techniques used are the computations of the adiabatic limits
of n-invariants associated to the so-called sub-signature operators. We further show
that the Bismut—Lott analytic torsion form can be derived naturally from transgressions
of n-forms appearing in the adiabatic limit computations.

1 Introduction

Let M be a compact smooth manifold. For any complex flat vector bundle F over M
with the flat connection V¥, one can define a mod Q version of the Cheeger—Chern—
Simons character CCS(F, VF) (cf. [19]) as follows. By aresult of Atiyah—Hirzebruch
[1], there exists a positive integer k such that k F' is a topologically trivial complex vec-
tor bundle. Let V(Ij F be atrivial connection on k F, which can be determined by choosing
a global basis of kF. Let KV’ be the connection on k F obtained from the direct sum
of k copies of V. Then we define the mod Q version of the Cheeger—Chern—Simons
character as

ccs (F, VF) - %CS (v{;F, ka) , (1.1)
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570 X. Ma, W. Zhang

where CS(V(’)‘F ,kV¥) is the Chern-Simons class associated to (kF, kV ¥, V(’)‘F ). It
determines a well-defined element in H°4 (M, C /Q) (See Sect. 2.4 for more details).

Let Z — M — B be a fibered manifold with compact base and fibers. Let e(T Z)
be the Euler class of the vertical tangent vector bundle 7'Z. The flat vector bundle
(F,VF) over M induces canonically a Z-graded flat vector bundle H*(Z, F|z) =
@UmMZHI(Z, Flz) over B (cf. [12], see also Sect. 2.1). Let VI"(Z.Fl2) — gdimZz
VH'(Z.F12) denote the corresponding flat connection induced from V¥,

In [12], Bismut and Lott proved a Riemann—Roch—Grothendieck type formula for
the imaginary part of the Cheeger—Chern—Simons character, which can be stated as
an identity in H°%(B, R),

dim Z
/e(TZ)Im (CCS (F, VF)) => (-1)Im (ccs (Hf (Z.F|z), VHI(Z’”Z))).
7 i=0
(1.2)
They actually proved in [12] a refinement of (1.2) on the differential form level, and
constructed a real analytic torsion form 7 (TH M, g7%, hf') (cf. (3.139), (3.137)) such
that

+00
1
dT (THM, ¢Z hF) - /e (Tz, VTZ) > e (F, hF)
z =0
+00 ldimZ _ ' )
> > Dy (H 2 Flp, hTEFD),13)

j=0""i=0

where (T Z, V%) and 341 (F, h'') are defined in (3.84) and (2.42).

In this paper, we will present a new approach to (1.2) based on considerations of
n-invariants of Atiyah—Patodi—Singer [2]. Besides giving a new proof of (1.2), our
method also provides an extension of (1.2) to cover the real part of the Cheeger—
Chern—Simons character.

One of the main results of this paper can be stated as the following identity in
H*Y(B.R/Q).

/e(TZ)Re (ces(F.v7)) =diiz(—1)iRe (ces(Hi 2, Fip, vH@F0)).
z i=0
(1.4)

Putting (1.2) and (1.4) together, we get the following formula which can be thought
of as a Riemann—Roch—Grothendieck formula for these Cheeger—Chern—Simons cha-
racters.
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Eta-invariants, torsion forms and flat vector bundles 571

Theorem 1.1 We have the following identity in H*%(B, C/Q),

dim Z
/e(TZ)CCS (F, VF) = > (-vices (Hi Z, F|Z),VHi(Z*F|Z)). (1.5)

7 i=0
In particular, if C denotes the trivial complex line bundle over M, then one has

dim Z
Z (-niccs (Hl’ (Z, C|Z),vH’<Z’Clz)) =0 in H'%B,C/Q).  (1.6)
i=0

It turns out that (1.4) has been obtained by Bismut in [9, Theorem 0.2] under the
extra condition that T Z is fiber-wise oriented, while when dim Z is even (1.6) is a
special case of [9, Theorem 3.12].

Our proof of (1.4), inits full generality, is based on an extension of [30, Theorem 0.2],
where Zhang proved a Riemann—Roch type formula for certain extended versions
of the Atiyah—Patodi—Singer p-invariant associated to the sub-signature operators
constructed also in [30]. The main method used, as in [30], is the computation of the
adiabatic limits of the constructed sub-signature operators, based on the techniques
developed by Bismut—Cheeger [10] and Dai [20], as well as the local index computa-
tions developed in the papers of Bismut—Lott [12] and Bismut—Zhang [13]. Moreover,
under suitable deformations of these sub-signature operators, the above arguments
also lead to a new proof of (1.2). Thus, we obtain (1.5) solely in the framework of
n-invariants.

It is particularly interesting that in such a process, the analytic torsion form of
Bismut—Lott [12] shows up naturally in a transgression formula of the n-forms asso-
ciated to the deformed operators. This suggests a natural relationship between the n
and torsion invariants.

We should mention that the proof in [9] for (1.4) relies also on the computations
of adiabatic limits of n-invariants. Moreover, when dim Z is even (1.6) plays a role in
our proof of (1.4).

From another aspect, in view of the R/Z-index theory developed by Lott [25] (cf.
Sect. 2.6), one can refine (1.4) to an identity in Ky /IZ(B) if Z is even dimensional
and spin® (cf. Sect. 3.9): suppose that Z is even dimensional and spin®. Let S(T'Z) =
ST(TZ) ® S™(TZ) be the spinor bundle of TZ. In [25, Sect. 4], Lott defined a
topological index Ind,, mapping from Kﬁ/lZ(M ) to Kﬁ}z(3)~ We denote by C the
trivial complex line bundle carrying the trivial metric and connection. Let V¢ be the
Hermitian connection on (F, VI, hf") defined by (2.7). Then F = [(F, hf', V¢, 0)—
tk(F)C] € Ky (M). Set

dim Z

I(F) = 37 (=1 (H'(Z, Fig), n" @110, g @ Fe o) 1.7
i=0
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Theorem 1.2 In Kl;/lZ(B), we have

Indip (ST 2)* = ST(T2)*) ® F) = 1(F) — tk(F)I(C). (1.8)

In fact, Bunke [16], Bunke and Schick [18] studied the index problem in their
“smooth K-theory”, when the eta form appears naturally in their formalism. Bunke
explained to us that Theorem 1.2 should hold without the assumption on the fiber Z,
but one needs to use the twisted version of their theory.

On the other hand, for any integer j > 0, Cheeger and Simons defined in [19] (see
also [9, (2.19), (3.4)]) the secondary character ¢;41(F, VF) € HY*+\ (M, C/Z).
Similarly, one has the secondary characters ?2j+1 (Hi(Z, Flz), VHI(Z'“Z)), 0<ic<
dim Z, in H>/*Y(B, C/Z).

Since e(T Z) has integral periods, in view of Theorem 1.1 as well as its proof in
Sect. 3, it is nature to formulate

Question 1.3 Whether the following identity holds for any integer j > 0 in H2i+!
(B, C/Z),

dim Z

/ (T 2)e2j1 (F.VF) = D (=D&t (H (2, Fl), v #F10))

7 i=0

dim Z
—rk(F) D (=1)Eyj41 (H" (Z.Clz), vH’(Z,C|z)) _
i=0

(1.9)

There is also a topological proof of (1.2) given by Dwyer et al. [21]. It is an
interesting question to know whether their method applies to (1.4).

On the other hand, Bloch and Esnault [14] (cf. the earlier works [22,23] and the
survey [29]) defined certain algebraic Chern—Simons classes when E is an algebraic
bundle over a smooth algebraic variety X (over an algebraic closed field k) admitting
an algebraic flat connection VZ (Note that an algebraic bundle admits an algebraic
connection if and only if its Atiyah class is zero), and developed certain Riemann—
Roch type theorems in algebraic geometry (see [15] and the survey [24] for more
details) which are closely related to the results of Bismut—Lott [12].

This paper is organized as follows. In Sect. 2, as in [12, Sect. 2], we deal with the
finite dimensional situation. In Sect. 3, we develop a proof for both (1.2), (1.4), and
(1.8), and discuss the relations between the 1 and torsion forms mentioned above.

2 p-invariants and flat cochain complexes

In this section, we discuss the n-invariants associated to a Z-graded flat cochain com-
plex. The framework is a combination of those in [10] and [12, Sect. 1, 2]. We show
that the Bismut—Cheeger n-form is exact in computing the natural adiabatic limit of »
invariants appearing in the context. As a consequence, we deduce an equality relating
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Eta-invariants, torsion forms and flat vector bundles 573

the Cheeger—Chern—Simons characters of this cochain complex and of its cohomo-
logy. Moreover, a torsion form is constructed to transgress the n-form. This torsion
form turns out to be of the same nature as those constructed by Bismut-Lott in [12,
Sect. 2].

This section is organized as follows. In Sect. 2.1, we set up the basic geometric
data. In Sect. 2.2, we introduce a deformation for the twisted signature operator in
the context. In Sect. 2.3, we compute the adiabatic limit of the n-invariants associated
to the deformed twisted signature operators discussed in Sect. 2.2. In Sect. 2.4, we
recall the construction of the mod Q Cheeger—Chern—Simons character as well as its
relation with n-invariants. In Sect. 2.5, we establish a C/Q formula relating various
Cheeger—Chern—Simons characters. In Sect. 2.6, we refine the real part of the formula
proved in Sect. 2.5 to an identity in the Kl{/lz-group. In Sect. 2.7, we construct the
torsion form transgressing the n-form mentioned above. In Sect. 2.8, we discuss in
more detail the relationships between 7 and torsion forms.

2.1 Superconnections and flat cochain complexes

Let (E, v) be a Z-graded cochain complex of complex vector bundles over a compact
smooth manifold B,

(E,v): 0E' S E'S ... 5 E" 0. (2.1

Let VE = ?:()VE[ be a Z-graded connection on E. We call (E, v, VE) a flat cochain
complex if the following two identities hold,

2
(VE) —0, [VE, v] -0, (2.2)
where we have adopted the notation of supercommutator in the sense of Quillen [27].
Let ht = @?:OhE' be a Z-graded Hermitian metric on E.
Let v* € C®(B, Hom(E*, E*~1)) be the adjoint of v with respect to h£.

Let (VE)* be the adjoint connection of V£ with respect to .
By [13, (4.1),(4.2)] and [12, Sect. 1(g)], one has

(VE) = VE +o (B 1E) 2.3)

with
@ (E hE) = (hE)_l (thE) . (2.4)
Let A’, A” be the superconnections (in the sense of Quillen [27]) on E defined by

*
A =VE4fy A= (VE) . 2.5)
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Let N € End(E) be the number operator of E, i.e., N acts on E : by multiplication
by i. We extend N to an element of C*°(B, End(E)).
Following [12, (2.26), (2.30)], for any u > 0, set

C=uNPAuN? = VE 4 Juv,

Cl=uNPAN? = (VE)* + Vuv®, (2.6)
1 1
Co=5(Ci+C).  Du=5(C-C,).

Let
1
VEC=VE 4 2o (E hE) 2.7

be the Hermitian connection on (E, h%) (cf. [12, (1.33)] and [13, (4.3)]). Then

C, = vEe + “/TE (v +v*) 2.8)
is a superconnection on E, while
1

Dy =50 (E hE) + %ﬁ (v —v) (2.9)

is an element in C*°(B, (A(T*B)®End(E))°4d).

On the other hand, for any b € B, let H(E, v)p = ?ZOHi (E, v)p be the cohomo-
logy of the complex (E, v),. Asin[12, Sect. 2(a)], by (2.2), there is a Z-graded complex
vector bundle H (E, v) on B whose fiberover b € B is H(E, v);. Moreover, H(E, v)
carries a canonically induced flat connection V#(E-¥) (cf. [12, Proposition 2.5]). In-
deed, let ¢ : Ker(v) — H(E, v) be the quotient map. Let s be a smooth section
of H(E, v), then locally, there is a smooth section 5 of Ker(v) such that ¢ (s) = s.
By (2.2), VES € T*B ® Ker(v). Then V-V g = v (VEF) defines the connection
VH(E)

Also, as in [12, Sect. 2(b)], it follows from the finite dimensional Hodge theory
that for any b € B, there is an isomorphism H(E, v), =~ Ker((v + v*)p). Thus,
there is a smooth Z-graded sub-bundle Ker(v + v*) of E whose fiber over b € B is
Ker((v + v*);), and

H(E,v) ~ Ker (v + v*) ) (2.10)

As a sub-bundle of E, Ker(v + v*) inherits a Hermitian metric from the Hermitian
metric AE on E. Let h/(E-¥) denote the Hermitian metric on H (E, v) obtained via
(2.10).

Let pXer®+v") pe the orthogonal projection from E onto Ker(v + v*). It clearly
preserves the Z-grading.
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Eta-invariants, torsion forms and flat vector bundles 575

By [12, Proposition 2.6], one knows that

Ker(v+v*)vE Ker(v+v*) — VH(E,v)

V4 p
pKer(v+U*)w (E, hE) pKer(v+v*) = w (H(E, U), hH<E’U)) , (211)

pKer(v+v*)vE,epKer(v+v*) — VH(E,U),E'

2.2 Twisted signature operators and their deformations

We assume in the rest of this section that p = dim B is odd and B is oriented.
Let g2 be a Riemannian metric on 7 B.
For X € T B, let ¢(X), ¢(X) be the Clifford actions on A(T*B) defined by

c(X)=X*—iy, o(X)=X*"+iy, (2.12)

where X* € T*B corresponds to X via g7 8 (cf. [12, (3.18)] and [13, Sect. 4(d)]).
Then forany X, Y € TB,

c(X)e(Y) +c(V)e(X) = =2(X, Y),
X)) +T(YV)EX) = 2(X, V), (2.13)
c(X)(Y) +2(¥)e(X) = 0.

Letey, ..., ey, be a (local) oriented orthonormal basis of 7' B.

Let Np be the number operator on A(T*B), i.e., Np acts on A/(T*B) by multi-
plication by j.

Set

r = (VDT (DR - Blep) = (WD) T clen) - eey). (214
Then 7 is a well-defined self-adjoint element such that
‘L’2 = Id'A(T*B)-

Let 1 be a Hermitian vector bundle on B carrying a Hermitian connection V# with
the curvature denoted by R* = V2,

Let VT8 be the Levi-Civita connection on (T B, gTB) with its curvature R7 2. Let
VAT"B) pe the Hermitian connection on A (T*B) canonically induced from V75,

Let VAT B)®UBE.¢ pe the tensor product connection on A(T*B) @ u ® E given
by

VA(T*B)@M@E,e :VA(T*B) ® Idﬂ@E"_IdA(T*B) ® V/,l, ® IdE_’_IdA(T*B)@M ® VE,e.
(2.15)

Let the Clifford actions ¢, ¢ extend to actions on A(T*B) ® u ® E by acting as
identity on u ® E.
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Let ¢ be the induced Z,-grading operator on E, i.e., ¢ = (—1)" on E. We extend
¢ to an action on A(T*B) ® u ® E by acting as identity on A(T*B) ® u.

Definition 2.1 Let Dﬁ? E be the (twisted) signature operator defined by

14
Dg?E — e Zc(ei)vel}even(T*B)@w@E,e . Coo (B, Aeven(T*B) ® w ® E)
i=1

— C® (B,A™"™(T*B)Qu®E). (2.16)

One verifies that Dé‘- OE
(cf. [S, Sect. 3.3]).

Let v, v* extend to actions on A*V*"(T*B) ® u ® E by acting as identity on
A(T*B) @ 1.

For any u > 0, set

is a formally self-adjoint first order elliptic differential operator

DIOE _ pHOE */TE(UH*). 2.17)

sig,u sig

Remark 2.2 Déf@u can be thought of as obtained from a (signature) quantization of

C,. Indeed, if B is spin, then one can consider the twisted Dirac operators instead of
signature operators.

Let Y, be the skew-adjoint element in End(A®*"(T*B) ® u ® E) defined by
P

Y, = clee (B hE) () + 4 (v* —v). (2.18)
i=1

Definition 2.3 For any r € R and u > 0, let D" 8E (r) be the operator defined by

sig,u

D'®EGy = DMEE L/ Try, : C°(B, AY™(T*B) @ 1 ® E)

sig,u sig,u

— C®(B, AY(T*B) @ n ® E). (2.19)

Clearly, Dﬁ?f (r) is still elliptic and formally self-adjoint.

For any X € T B, set
c(X) =¢etc(X). (2.20)
As p is odd, one verifies that for any X, Y € T B,

CX)EY) +T(YV)E(X) = —2(X, Y). 2.21)

@ Springer



Eta-invariants, torsion forms and flat vector bundles 577

From (2.16) to (2.20), one deduces that

)4
~ even (s /\/—lr
Déﬁff(r) = Zc(ei) (Vé\ (T*B)®uRE.e 4 — (E hE) (e,-))
i=1

+g ((1 — «/—_lr) v+ (1 + \/—_11") v*) . (2.22)

Remark 2.4 One verifies that ¢(X), X € T B, anti-commutes with elements in End°dd
(E). Thus, we see that we are in a situation closely related to what considered in [10,
Sect. 2(a)].

2.3 A computation of adiabatic limits of n-invariants

Let (D" ®L (r)) be the reduced n-invariant in the sense of Atiyah—Patodi—Singer [2].

sig,u

More precisely, for s € C, Re(s) > p, set

+00

1 s—1
n (Dgg’f (r)) (s)= o / 1 Tr[Dggf (r) exp (-:Dgg’f (r)z)] dr.  (2.23)
270
Then n(Dggf (7)) (s) extends to a meromorphic function of s € C and is holomorphic
ats = 0.
The reduced n-invariant of Dg? f (r) is defined by
_ 1 .
7(Dher ) = 5 (n(P4eE ) @ +dimKer (D4ZE (1)) . @24)

By [10, Theorem 2.7], one knows that for any u > 0,

_ E _ E
7 (Dﬁfu (r)) =7 (Dgf (r)) mod Z, (2.25)
where DS?E(r) is the notation for Dggfzo(r) for brevity.

We fix asquare root of /—1 andletg : A(T*B) — A(T*B) be the homomorphism
defined by ¢ : @ € A'(T*B) — (2mw+/—1)"/?w. The formulas in what follows will
not depend on the choice of the square root of v/—1.

Let 77, be the n-form of Bismut—Cheeger [10, (2.26)] defined by

= (hlﬁ)% ¢ 70Trs [ ((1 - J—_lr) v

0
+ (14 V=Tr) ) e_(cu+ﬁ’Du)2i| du

i (2.26)
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where Tr, is the supertrace on E in the sense of Quillen [27] with respect to the
Z,-grading induced by (— 1)V, i.e., Try[-] = Tr[(—DV-].

Remark 2.5 Since Ker(v + v*) forms a vector bundle over B and
2
((1=v=Tr) vt (1+v=Tr)v) " = (1472) (v + %),

by [10, Lemma 2.1] and [5, Sect. 9.1], 7 in (2.26) is well-defined.

Now for any r € R, let DSSH(E’U)(r) be the deformed twisted signature opera-

tor defined by replacing (E, v, VE, hf) by (H(E, v), 0, VAEV) pHE VY That s,
let VAT B)®u®H(E.v).¢ pe the connection on A(T*B) @ u ® H(E, v) induced by
VA(T*B), VH# and VH(E-v).¢ then

H(E,
DL? (EV)

even * _1
- Z'c’(ei)(vg (rpenetEne L XL o (H(E, v). h"E) (e,»)).

i=1

(2.27)
Theorem 2.6 For any r € R, the following identity holds,
7 (DQ?E (r)) =7 (Dgf” (E‘U)(r)) mod Z. (2.28)
Proof By (2.25), (2.28) is equivalent to
Jim 7 (Dher ) =7 (D4 E @) mod Z. (2.29)

Now by Remark 2.5 and by proceeding as in [10, Theorem 2.28], one knows that
when v + v* is invertible, i.e., when H(E, v) = {0}, one has

) Erfooﬁ(Dggf (r)) - / L (TB, vTB) ch (12, V) . (2.30)
B

where L(T B, VT B) is the Hirzebruch characteristic form defined by

RTB
L(TB, VI8 = pdet'/? | —————— ,
( )=¢ tanh (RT58 /2)

while ch(u, V#) is the Chern character form defined by
ch(u, V*) = ¢Tr [exp (—R“)] .
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While in the general case where Ker(v + v*) forms a vector bundle over B, one
can generalize the arguments in [10, Theorem 2.28] to show that when mod Z,

lim 7 (DAgrm) =7 (D4 1) _|_/L (75,975 eh (1. 9) 7.

u——+00
B
(2.31)
Remark 2.7 Indeed, see [8, Theorem 2.39] for a very simple proof of (2.31).
Lemma 2.8 Forany r € R, 0, is exact. Moreover,
Nr=0 = 0. (2.32)
Proof From (2.6), one verifies directly that for any r € R,
2
(cu T «/—eru) - (1 + rz) Cl=— (1 + r2) D2, (2.33)
By (2.8), (2.9),
! (v+v*)=_—1[ND] ! (v*—v)z_—l[NC] (2.34)
2./u u " 2 u u B '
from which one gets that for any r € Rand u > 0,
1 B — 2
N [((1=V=Tr) v+ (14 V=Tr) o) e CrdmTrno’]
-1 2
— 2’_r'[*rs I:([Nv Du] + /_1r [N, Cu]) e*(Cu‘F\/jeru) }
u
/1 2
=3 " atr, |:Ne(C“+ﬁrD“) } . (2.35)
u

From (2.26) and (2.35), one sees that 7, is an exact form. In particular, by setting
r = 01in (2.35) and by (2.26), one gets (2.32). O

Combining Lemma 2.8 with (2.31), one gets (2.29), which completes the proof of
Theorem 2.6. O

Remark 2.9 The transgression formula (2.35) suggests that it is possible to transgress
the n-form 7, (2.26) through torsion like forms of the same nature as those of Bismut—
Lott [12, Definition 3.22]. This will be dealt with in more details in Sect. 2.7.

2.4 Cheeger—Chern—Simons characters and n-invariants

We first recall the definition of the mod Q Cheeger—Chern—Simons character for flat
vector bundles.
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Let W be a complex vector bundle over B. Let v, VIW be two connections on W.
Let W;,0 <t < 1, be a smooth path of connections on W connecting VgV and V}V .
Let CS(V/Y, VYV ) be the differential form defined by

1 1
w wy _ 1 2 avtw w 2
cs (v, v)') = - (m) (p/Tr|: S exp (— (v") )}dt. (2.36)
0

Then

dcs (ng, V]W) — ¢ch (W, vlw) —ch (W, VOW) . (2.37)

Moreover, up to exact forms, C'S (VW, VI}V ) does not depend on the path of connections
on W connecting ng and VIW .

Let (E i vE ),i =1, 2, 3, be complex vector bundles with connections such that
there is a short exact sequence

0 E° % gl % g2 0.

Take a splittingmap f : E2 — E'. Thend @ f : E°@® E*> — E! is an isomorphism.
The Chern-Simons class CS(VE’, VE', VE®) € Qo4(a1)/Im(d) is defined by
(cf. [25, (10)])

cs (VEO, vE' VEZ) = CS ((a o ) vE' vE' @ VEZ) . (2.38)

The class CS (VEO, vE! , VEZ) does not depend on the choice of the splitting map f.

Remark 2.10 If 0 — E° — E' — E? — 0 is a short exact sequence of flat vector
bundles as in (2.1). By Lemma 2.8 and the characterization of the form 7 (cf. [8,
Theorem 2.10] and [17, Lemma 3.16]), we know that in % (M) /Im(d),

cs (VE%, vEhe VE%) — Fly—0 = 0. (2.39)

Now let (F, VF) be a complex flat vector bundle over B. Then by [1], there is a
positive integer ¢ such that g F, the direct sum of g copies of F, is topologically trivial.
Let Vg ¥ be a trivial connection on g F which can be determined by choosing a global
basis of g F. Let ¢V¥ be the natural flat connection on ¢ F obtained from the direct
sum of g copies of V¥

By (2.37),one sees that C'S (Vg F , ¢VT)isaclosed form on B. Moreover, by procee-
ding as in [25, Lemma 1], one shows that %C S (Vg F, qVT) determines a cohomology

class in H°%(B, C/Q) not depending on the choice of ¢ and Vg .
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Definition 2.11 We define the mod Q Cheeger—Chern—Simons character of (F, VF)
to be

CCS(F,vF) = [écs (ng, qu)} e H°Y(B, C/Q). (2.40)

By [19, Proposition 2.9], up to tk(F), CCS(F, vFyis exactly &(F, vFy e Fodd
(B, C/Q) defined in [9, (2.19), Theorem 2.3].

Let 1 be a Hermitian metric on F. Let w (F, h') be given similarly as in (2.4),
and let V/-¢ be the associated Hermitian connection on F given similarly as in (2.7).
Let ¢ V¢ be the connection on ¢ F obtained from the direct sum of g copies of V€.

One verifies directly that

ccs (F, VF) - Bcs (ng, qv“)} + Bcs (qu’e, qu)]
- Ecs (ng,qusf)} +[es(vie )] @an

Following [12, (0.2)], for any integer j > 0, let ¢pj11(F, Kt ) be the Chern form
defined by

c2j1(FhF) = (27“/—_1)_" 2-Qj+Dy [w2f+1 (F, hF)] . (2.42)

Let ¢2j41(F) be the associated cohomology class in H 2j+1(B, R), which does not
depend on the choice of At
The following identity has been proved in [12, Proposition 1.14],

\/L__lcs (v“, VF) —Im (ccs (F, VF)) - —% :: %Q;‘H(F).
(2.43)
Consequently,
Re (ccs (7)) = Cllcs (Ve".qve) in BB R/Q).  244)

We now come to consider the n-invariants mentioned in the title of this subsection.

Recall that B is compact, oriented, carrying a Riemannian metric g7 2 and that
p = dim B is odd. Recall also that u is a Hermitian vector bundle over B carrying a
Hermitian connection V#.

We apply the constructions in Sects. 2.1-2.3 to the trivial flat cochain complex

(F, 0, VF). Thus, let DS?F be the twisted signature operator defined as in (2.16).
Let th be a Hermitian metric on g F such that V{ ¥ is a Hermitian connection with

respect to th.
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Itis easy to see that one can construct a smooth pass of Hermitian metrics connecting
ght and th, as well as a smooth pass of Hermitian connections connecting ¢V /¢
qF
and V" .
By the standard variation formula for reduced n-invariants (cf. [2] and [11,
Theorem 2.10]), one finds

a7 (D4g") = a k(P (Dly)
= /L (7B, V") ch (1, V) 5 (V§" . qV") mod Z, (2.45)
B

From (2.44) and (2.45), one gets
7 (DQS’F) — k(F)7 (Dgg) = /L(TB)ch(,u)Re (CCS (F VF)) mod Q.

B
(2.46)

For any r € R, let V¢ () denote the Hermitian connection on F defined by

V=1
yFe) — yFe Trw (F hF) _ (2.47)

For any integer j > O and r € R, leta;(r) € R be defined as

1

a;(r) =/(l+u2r2)jdu. (2.48)

0

Lemma 2.12 The following identity in H°Y(B, R) holds,

+00

r aj(r)
CS (VF,E’VF,E,(V)) Z_EZZT02]+1(F). (2.49)
=0

Proof Formula (2.49) follows from (2.36), (2.42) and a direct computation in consi-
dering the smooth pass of connections (1 — u)VF’e +uvFe® o<y <1. O

Remark 2.13 By comparing (2.43) and (2.49), we see that up to rescaling, one can
recover the imaginary part of the Cheeger—-Chern—Simons character CCS(F, VI)
through (deformed) Hermitian connections.
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From (2.22), (2.25), (2.49) and the standard variation formula for reduced n-
invariants, one finds that for any r € R,

7 (D4E ) — 7 (ps2")

/L (7B.97F) ch (1, V) €S (VFe, vF40) mod Z
B

+00

-
o / L(T B)ch(w) Z
B Jj=0

a;j(r)
]j' c2j1(F). (2.50)
2.5 Flat cochain complex and the Cheeger—Chern—Simons character

We make the same assumptions and use the same notation as in Sects. 2.1-2.3. Thus,
(E,v,VE ) is a Z-graded flat cochain complex over B, etc.
Let CCS(E, VE) denote the C/Q Cheeger—Chern—Simons character defined by

ccs (E VE) - Zn:(—l)iccs (E", in) in HY(B, C/Q). (2.51)
i=0

The imaginary part of the following result has been proved by Bismut-Lott [12,
Theorem 2.19].

Theorem 2.14 The following identity holds in H°%(B, C/Q),
ccs (E VE) —CCs (H(E, V), vHW)) . (2.52)

Proof By Theorem 2.6, we know that for any r € R,

_ _ _ H(E, _ H(E,
] (DQSE(r)) —7 (DﬁffE) =7 (DS? ( ”)(r)) -7 (Dﬁ?? ( v)) mod Z.
(2.53)

From (2.50) and (2.53), one finds

+00 ) n ) )
%/L(TB)ch(u)Za]j(‘r) D (=Dicajp (E’)
B j=0 7 i=0

j=0 77 =0

“+o0o . n ) )
_ é/L(TB)ch(u)ZajT('r)Z(—l)’csz (H’(E, v)) modZ. (2.54)
B
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By taking derivative with respect to r at r = 0, one gets that

+00 n
/ L(TB)ch(u)Z%Z(—l)"cz]-H (£7)
j=0"7"i=0

B
+<>01 n ) )
=/L(TB)ch(/L)ZFZ(—l)’czj+1 (H’(E, v)). (2.55)
B j=07"i=0

Since (2.55) holds for any complex vector bundle u over B, while L(7 B)ch(-) :
K(B) ® Q — H®(B, Q) is an isomorphism (cf. [1]), from (2.55) and a simple
degree counting, one deduces that for any integer j > 0,

S (=D (E’) = > (~Dierjs (Hi(E, v)) in HY*'(B,R). (2.56)
=0 i=0
From (2.43), (2.51) and (2.56), one gets

Im (ccs (E VE)) —Im (ccs (H(E, V), vH”f*”))) , (2.57)

which was first proved in [12, Theorem 2.19] by using a direct transgression method.
Now by applying (2.46) to each E' as well as each H'(E, v), 0 < i < n, and by
Theorem 2.6, one finds that

/L(TB)ch(u)Re (CCS (E VE))

B

= /L(TB)ch(M)Re (Ccs (H(E, V), v’“E’”))) mod Q. (2.58)
B

By using the fact that L(7 B)ch(-) : K(B) ® Q — H®*®"(B, Q) is an isomorphism
again, one deduces from (2.58) the following identity in H°Y(B, R/Q),

Re (CCS (E VE)) — Re (CCS (H(E, V), v”<E’“>)) . (2.59)

From (2.57) and (2.59), one gets (2.52). O

2.6 A refinement in Klz/lZ(B)

In the discussions in the previous subsections, we have only assumed that B is oriented,
and this is why we have used the twisted signature operators. If B is spin® or even
spin, then we can well use the twisted Dirac operators instead. In particular, this will
enable us to apply the constructions in the R/Z-index theory developed by Lott [25]
to the current situation, where the n-form (at r = 0) vanishes tautologically.
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We form the abelian semigroup f(\ﬁ/lz(B) consisting of isomorphism classes of

tuples (E, hf, VE, p), where E = E, @ E_ is a Z,-graded complex vector bundle,
h* is a Hermitian metric and VZ = VE+ @ V£~ is a metric connection, both being
compatible with the grading, and p € Q°%(B)/Im(d) satisfies

dp = ch (E VE) = ch (E+, vE+) —ch (E_, vEf) .

The semlgroup operation is induced by direct sums of generators.

On KR /Z(B ) we consider the minimal equivalence relation ~ which is compatible
with the semigroup structure and such that the following properties hold,

(1) change of connections : We have (E, hE,V, p) ~ (E,hE', V', p/) iff p/ =
p+CSV', V),

(2) trivial elements : If (E, h* VE) is a Z,-graded Hermitian vector bundle with
connection, then (E @ E°P, hE®E VE g VE () ~ 0, where E°P denotes E with
the opposite grading.

The group KE/]Z(B) is the quotient of I?i/lz(B) by ~. We still use (E, hE VE, 0)
to denote the class of (E, hZ, VE p) in KI;/IZ(B).

It was shown by Lott [25, Sect. 2] that the group K l{/IZ(B) given by this geometric
definition is naturally isomorphic to the topological definition.

Let (E, VE) be a flat vector bundle on B carrying a Hermitian metric 2% asin (2.1),
one easily sees that

n
(E, hE, VE,E’ 0) — Z(_l)l (Ei, hEl, VEl’e9 0)
i=0
is an element in KE/IZ(B)-

Theorem 2.15 The following identity holds in KI;/IZ(B),

(E, hE, vEe, 0) - (H(E, v), RHED gHE e o) . (2.60)
Proof Clearly, (2.60) is a refinement of the real part of (2.52). It is also a di;ect
consequence of [25, Dgﬁnition 6] and Remark 2.10. In fact, let F* = Im(vgi-1), G' =
Ker(vgi), then F', G' are flat vector bundles on B with Hermitian metrips induced
by h£. Now we have short exact sequences of flat vector bundles: 0 — F! — G' —

H(E,v) - 0,0 - G' - E' — F'*! — 0. Then by [25, Definition 6] and
Remark 2.10, in Kl;}Z(B),

(6", vO"<.0) = (F',v7<,0) + (H(E, v), V' ED<,0)
(Ei, VEI.,E’ 0) — (Gi’ VGI.,E’ 0) + (Fi+l’ VGiJrl,e’ 0) .

Thus we get (2.60). O
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2.7 Torsion forms and a transgression formula for 7,

Asin [12, (2.39)], we denote

d(E) = i(—l)ii rk (E‘) . d(H(E,v) = i(—l)ii rk (Hf(E, v)) . (261)

i=0 i=0

By (2.33) and by [12, Theorem 2.13 and Proposition 2.18], one has thatasu — +o0,

Tr, |:Ne(C“+ﬁrD“)2j| = d(H(E,v)) + O (%) , (2.62)

and that when u — 07,
2
Tr, [Ne—(cﬁﬁ”?u) ] = d(E) + O(u). (2.63)

The following definition is closely related to [12, Definition 2.20].
Definition 2.16 For any r € R, put

+00
I, = —rg / (Trs [Ne*@*ﬁ”’u)z] — d(H(E, v))
0
d
—(d(E) — d(H(E, v)))e_”/4) a (2.64)
2u
Theorem 2.17 For any r € R, the following transgression formula holds,
. 1
= ——dlI,. (2.65)
2
Proof Formula (2.65) follows from (2.26), (2.35), (2.62)—(2.64). m]

Let Ty (A, hE ) be the torsion form constructed in [12, Definition 2.20] associated
to the odd holomorphic function f(z) such that f'(z) = ezz, that is,

Ty (4 hE) = —¢ 7)0(Tr5 [NePi] — e (E, v)
0

d
—(d(E) — d(H(E, v)))e*“/“) au (2.66)
2u
Theorem 2.18 The following identity holds,
al, -
Sl 1 (A ). 2.67
ar |,—o f ( ) ( )
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In particular,

o
ar

- _ZdT (AhE) (2.68)
r=0

Proof Formula (2.67) follows from (2.64) and [12, Definition 2.20]. Formula (2.68)
follows from (2.65) and (2.67). O

Combining (2.64), (2.65) with the Bismut—Lott transgression formula [ 12, Theorem

2
2.22] for the function h(x) = Z+°° (1+]r, ) x zj/:] , one gets

Corollary 2.19 For anyr € R, the following identity holds,

= r z (1+r3)) & z (.—1)1' - (Hi(E, U),hHi(Eyv))
i

il
2 = Jj! = 2j+1
+o0o 2\j N i
r (1 4+ro)/ (=1 ( i E
o (En ) 2.69
an j! Zz,urlczf+l (269
=0 i=0
In particular,
~ —+00
oy 1 (=1 )l Hi(E,
=—> - H(E, v, h1'E))
ar | _ 2nz Zz +162J+1( (£, v),
r=0 ]:0] =
1 1 & - R
5= : EhE) 2.70
2nj§j!§2j+1czf“( (2.70)

Remark 2.20 In view of Theorems 2.17 and 2.18, a direct computation of (2.69) or
(2.70) will lead to an alternate proof of the Bismut-Lott transgression formula [12,
Theorem 2.22].

2.8 More on 1 and torsion forms

On B x R x R, let C + ~/=1rD be the operator defined by

_ _ 9 9
(C i «/—er) = Cu+v/=1rDy +dr— +du. 2.71)
r u

Bx{r}x{u}

Then Try [exp (—(5 + «/—1r5)2)] is closed on B x R x R* , moreover

(5 + «/—_1rf))2 - (Cu + \/—_1rDL,)2 + du% (Cu + «/—_er“) +/—1drD,.
2.72)
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By the Volterra expansion formula [5, Sect. 2.4], we get
~ 2
Trg [exp (— (C + \/—er) )i|
2
= Trg |:exp (— (Cu + \/—1rDu) )]
9 2
—duTrg [8_ (Cu + «/—er,,) exp (— (Cu + \/—eru) )j|

u

—drTr, [J—_lDu exp (— (Cut ‘/__1’D”)2)]
+/1ds Tr, [du% (Cu+v=1rD, ) exp (—s (c+ \/—_er”)2)
0

x /—1dr Dy exp (—(1 — 5 (cu + «/Teru)z)} . (2.73)

Applying the total differentiation 4% *®*R% on B x R x R’ to(2.73), after compa-
ring the coefficients of dudr, and using the fact that D, commutes with

exp (—s(Cy + +/=1rDy)?), we get

%Trs [% (Cu n ﬁrpu) exp (— (cu + J—_eru)z)}

_%Trs |:\/—_1Du exp (— (Cu + «/—_er”)2)]

=dTrg [% (Cu + x/—_eru) V—=1D, exp (—(Cu + «/—_er”)2)] .
(2.74)

Now by (2.34),

Tr, [aa—u (Cu+V=TrD,) V=1D, exp (— (cu+ J—_eru)z)}

_ _«/2—_1Trs |:([Nz, D,] + [Nz, J—_eru]) D, exp (—(Cu + «/—_eru)z)]

u

_ _\/__lTrs [21\1203 exp (— (Cu + \/—_eru)z)]

2u

o, [NzrDu exp (— (cu 4 \/—_er”)2)} : (2.75)
2u
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From (2.35) and (2.74)—(2.75), one deduces that

9 gty | N et | Z Dy [Dye+ei] = Lo, [vD2emtrc].
ar 2u ou u

(2.76)

By taking r = 0 in (2.76), one gets
d N
2Ty, [DueDﬁ] — dTr, [— (1 + 2D§) eD‘%:| , 2.77)
ou 2u

which is exactly [12, (2.32)] (compare also with [12, (3.103)—(3.105)]).

Remark 2.21 Formula (2.77) plays an essential role in [12] in the construction of
analytic torsion form. While it can be proved directly as in [12], here we obtain it
through purely considerations of n-forms. This suggests that there should be a deep
relationship between n and torsion invariants as well as forms.

We now come back to (2.35). We take the derivative with respect to r in it, and then
take r = 0. What we get is

1 2 1 2
Vi [(v* —v) eD"] = Ty, [NeDu] . (2.78)
Together with (2.9), we get
oD 1
Try | StePi | = dTr, [NePi]. (2.79)
u 2u

It is interesting to compare (2.77) and (2.79). In particular, we can rewrite (2.79)
as (compare to (3.133))

1
9 1
—/Trv D; ds — —dTr, [Ne ] (2.80)
du 2u

0

By (2.62), (2.63), (2.68) and (2.80), one can give a direct proof of (2.70). As was
pointed out in Remark 2.20, this would also lead to a proof of [12, Theorem 2.22].
A comparison like this in the fibration case would be more interesting.

3 Sub-signature operators and a Riemann-Roch formula

In this section, we deal with the fibration case. We will give a new proof of the
imaginary part of Theorem 1.1, which is a Riemann—Roch—Grothendieck formula due
to Bismut-Lott [12], by computing the adiabatic limits of n invariants of deformed
sub-signature operators. We will also prove the real part of Theorem 1.1, in its full
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generality, by using the same method. Moreover, we will give a natural derivation
of the Bismut-Lott analytic torsion form [12] through the transgression of n forms
appearing in the adiabatic limit computations.

This Section is organized as follows. In Sect. 3.1, we recall the construction of
the Bismut-Lott superconnection introduced in [12]. In Sect. 3.2, we define the sub-
signature operator as in [30], as well as a deformation of this operator. In Sect. 3.3,
we state the Lichnerowicz type formula for the deformed sub-signature operator. In
Sect. 3.4, we state the main technical result of this section, Theorem 3.9, on the
adiabatic limit of the n invariants for the deformed sub-signature operators, which
will be proved in Sects. 3.5 and 3.6. In Sect. 3.7, we prove Bismut—Lott’s formula
(1.2) through 7 invariants. In Sect. 3.8, we prove (1.4) by using Theorem 3.9. In
Sect. 3.9, we discuss in detail the relation of our results with Lott’s R/Z index theory
[25]. In Sect. 3.10, we will construct the Bismut—Lott analytic torsion form through
the transgression of n forms, which is one of the main points of view of this paper.

3.1 The Bismut-Lott Superconnection

Let m : M — B be a smooth fiber bundle with compact fiber Z of dimension n. We
denote by m = dim M, p = dim B. Let T Z be the vertical tangent bundle of the fiber
bundle, and let 7*Z be its dual bundle. Let F be a flat complex vector bundle on M
and let V¥ denote its flat connection.

LetTM = TH M@T Zbeasplittingof TM.Let PTZ, PT"M denote the projection
from TM to TZ, THM.If U € TB, let U¥ be the lift of U in T# M, so that
. UH =U.

Let E = @/_E ! be the smooth infinite-dimensional Z-graded vector bundle over
B whose fiber over b € B is C®(Zp, (A(T*Z) ® F)|z,). That is

c® (B, E") — ™ (M, N (T*2) ® F) . 3.1)

Definition 3.1 Fors € C°°(B, E) and U a vector field on B, then the Lie differential
Lyu actson C*®(B, E). Let VE be the Z-grading preserving connection on E defined
by

VEs = Lyns. (3.2)
If Uy, U, are vector fields on B, put

T(Uy, Up) = —PT7 [U{’, UZH] e C®(M,TZ). (3.3)

Wedenote by ir € QZ(B, Hom(E?®, E*! )) the 2-form on B which, to vector fields
U1, U, on B, assigns the operation of interior multiplication by T (Uy, U>) on E.

Let d be the exterior differentiation along fibers. We consider dZ to be an element
of C*®°(B, Hom(E®, E*t1)).
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The exterior differentiation operator d™ , actingon Q (M, F) = C®(M, A(T*M)®
F), has degree 1 and satisfies dM)? = 0.
By [12, Proposition 3.4], we have

aM =a? +vE +ir. (3.4)

So dM is a flat superconnection of total degree 1 on E.
We have

(dz)2 —0, [VE, dz] =0 (3.5)

Let 17" be a Hermitian metric on F. Let V* be the adjoint of V¥ with respect to
hf. Let w(F, hf) and V¢ be the 1-form on M and the connection on F defined as
in (2.2), (2.7) respectively.

Let gTZ be a metric on T Z. Let o(T Z) be the orientation bundle of 7 Z, a flat real
line bundle on M. Let dvz be the Riemannian volume form on fibers Z associated to
the metric g7 % (Here dvy is viewed as a section of AM™Z(T*7) ® o(T Z)).

Let (. )ar+z)@F be the metric on A(T*Z) ® F induced by g”#, h*. Then E
acquires a Hermitian metric hE such that for o, «’ € C®°(B, E) and b € B,

(a,o/)hE ) = /(a, a’)A(T*Z)®F dvz,. (3.6)
Zp

Let VE*, d%*, (d@M)*, (i7)* be the formal adjoints of VZ, d%, dM, i with respect
to the scalar product (, ),E.
Set
1
D* =d” +a™, VFe = (vE T vE*) , (3.7)
o (B nF) = vE ~ VE,
Let Nz be the number operator of E, i.e. Nz acts by multiplication by k on C*°(M,

AX(T*Z) ® F).
For u > 0, set

C,; — uNz/szu—Nz/z’ CI;/ — M_NZ/2(dM)*MNZ/2,

1 / VA 1 " / (38)
C, = E(CMJFCM), Du=§(cu -Cl).

Then C! is the adjoint of C!, with respect to 2£. Moreover, C,, is a superconnection
on E and D, is an odd element of (B, End(E)), and

C2=-D2 [Cu Dy =0. 3.9)
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Let g78 be a Riemannian metric on T B. Then g”™ = g2 @n*¢T? is a metric on
TM.Let VM VTB denote the corresponding Levi-Civita connections on T M, T B.
Put VI2=pTZyTM 4 connectionon T Z. As shownin [7, Theorem 1.9], VT Z is inde-
pendent of the choice of g7 8. Then OV =V7Z @ 7*VT8 is also a connection on T M.

Let § = VI'M _ 0y By [7, Theorem 1.9], (S(-)-, )7 is a tensor independent of

gTB. Moreover, for Uy, U, e TB, X,Y € TZ,

(3 (uf) x.0f') 1 = ~{s (v') v %)
gTM gTM

=<S(X)U1H,U2H>gT =%<T(U1H,U2H),X>KTM, (3.10)

M

T

(scov, U{’}gw = —(scout!, Y>g L= _% (Lop™) .1,

and all other terms are zero.

Let {fa}g=1 be an orthonormal basis of T B, set {f‘"}g=1 the dual basis of T7*B. In
the following, it’s convenient to identify f, with fofl .

Let {e;};_, be an orthonormal basis of (7' Z, gT%).

We deﬁne a horizontal 1-form k on M by

k(fou) == D (S (e ei, fa)- (3.11)

Set

o(T) = Zf A fPe(T (fas f5))
(3.12)
ar) = Zf A FPE(T (fur 1)) -

Let VA2 pe the connection on A(T*Z) induced by V72, Let VI 2®F-¢ pe the
connection on A(T*Z) ® F induced by VA(T*Z), vie,
By [12, (3.36), (3.37), (3.42)],

> cle)vIFEr e %Z?(ej)w (F hF) (€)).

J J

- ;aej)vjjzm" + % ;c(ej)w (o) ep.

S
N
Il

Ny
N
*

|

QU
N

I

(3.13)

vE,e:zf ( TZ®Fe+ k(fa)),

( ) zf Z S(ez)e],fa)C(ez)c(e])er(F h )(fa)

iJ
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By [12, Proposition 3.9], we get

1
e, = Yipz  gEe L gy,
2 2/u
T 1 1 (3.14)
_NU (7 Z 1 EY _ ~
Dy =" (d d )+2a)(E,h ) N

Let H*(Z, F|z) = ?:OHi (Z, F|z) be the Z-graded vector bundle over B whose
fiber over b € B is the cohomology H (Zp, F'|z,) of the sheaf of locally flat sections
of F on Zp.

By [12, Sect. 3(f)], the flat superconnection d M induces a canonical flat connection
VH(Z.F1z) on H*(Z, F|z) which preserves the Z-grading and which does not depend
on the choice of T# M. In fact, let {1/ Ker(d%) — H*(Z, F|7z) be the quotient map.
Let s be a smooth section of H*(Z, F|z), then locally, there is a smooth section 5 of
Ker(d?) such that ¢ (5) = s. By (3.5), VH(Z.Fl2) g .= 4 (VET).

By the Hodge theory, there is an isomorphism H®(Z, F|z,) ~ Ker(D?*) for any
b € B. Thus Ker(D?") has locally constant dimension on B. They together form a
vector bundle Ker(D?). Now the fiberwise isomorphism induces an isomorphism of
the smooth Z-graded vector bundles on B,

H*(Z, F|z) ~ Ker(D?%). (3.15)

Clearly, as a subbubdle of E, Ker(D%) inherits a metric from the scalar product {, ),
in (3.6). Let k11 (Z.F12) pe the corresponding metric on H*(Z, F|z) induced by (3.15).
Let P be the orthogonal projection operator from E on Ker(D?) with respect to
the Hermitian product (3.6).
Let (VH(Z.FI2)y* be the adjoint of V#(Z-F12) with respect to the Hermitian metric
RH(ZFlz).

The following result is established in [12, Proposition 3.14].

Proposition 3.2 The following identities hold:

viZ.Fl2) — pyEp, (v’“”'z))* = pvEep,

® (H(z, Fly), hH(Z,Flz)) - Pw (E hE) P (3.16)

3.2 The sub-signature operator on a fibered manifold

We assume that 7' B is oriented.

Let (i, h*) be a Hermitian complex vector bundle over B carrying a Hermitian
connection V¥,

Let Np, Ny be the number operators on A(T*B), A(T*M) respectively, i.e. they
act as multiplication by k on AK(T*B), A¥(T* M) respectively. Then Nyy = Np+N7.
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Let VAT™M) pe the connection on A(T*M) canonically induced from V'™,
Let VAT MST UBE (roqp yAT MI®T*UBF.€) be the tensor product connection on
A(T*M) @ m*1 ® F induced by VAT M) gyt and VF (resp. V).

Let {e,}"_, be an orthonormal basis of 7'M, and its dual basis {e?}""_,.

Let { fo} (’;:1 be an oriented orthonormal basis of 7' B.

Set
wrm = () e (51)- (52).
©(TB) = (\/Tl)wc(fﬁ).._c (pr), (3.17)

7= (—)N2¢(TB).

Then the operators T(T B), (T B), t act naturally on A(T*M). They are self-adjoint
and

T(TB)? = (-1, ©(TB?=1*=1,

3.18
T = (=DP(=D)YMT(TB) = T(TB)(—1)"¥. G-18)

LetdYV" : Q(M,n*n ® F) — QN (M, 7% ® F) be the unique extension of
V#, VF which satisfies the Leibniz rule. Let d¥"* be the adjoint of d¥" with respect
to the scalar product (, )o 7z uer) o0 (M, 7*u ® F) induced by g™ i nt
as in (3.6).

Asin [13, (4.26), (4.27)], we have

2 * *
dV — 2 ea /\vé\l(T M)Rm /,L®F,

"z e AT M@ U F F (3.19)
d¥" = =3, A (vea< )BT URF ) (Fh ) (ea)) .
a

For r € R, we introduce the following operators as in [30, (1.12)] and (2.19),

pruer _ 1 [r (dv“ + dV”*) 4 (P! (dv“ + dV“*) r] ,

sig 2
P 1
Dgg#@F = [_L, (dvu* _ dv#) 4 (=Pt (dvu* _ dvu) _L_], (3.20)
DL (r) = DI + V=1r DL M.

*UQF ~T*u@F .. *uF A *u®F .
Let (Dgg“ ), (D;rig“ )* be the formal adjoints of Dgg“ , Dgg“ with
respect t0 (, )M, 7 peF)- Then

T R®F P+l T UQF AT URQF P+ DT URF
TDsig =(-1 Dsig T, Dsig =(-1 Dsig T,
(3.21)

* F * * F ok F * P F
(D;Tigﬂ-@) ) =(_1)P+1Dsﬂigl/~® i (Dgglﬂ@ ) z(_l)PD;TigM® )
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Remark 3.3 If © = C, then Dsfg is different from the sub-signature operator in [30,
(1.12)] (cf. also [31]) by a factor (v/—1)P(P+D/2(—1)Nu

Assume now M = B,u = F = C, then if p = dim B is odd, DSCig is exactly
the odd Signature operator in [3, (2.1)], [8, (1.38)], and DS =

sig
DSg =1(d +d*) and Dgg =0.

= 0; if p is even, then

Following [30], we will rewrite D"_“®¥ D™ *®F by using the natural connections.
g sig sig y g

Let VAT™M) pe the Hermitian connection on A (T*M) defined by (cf. [30, (1.21)])

SR . 1 & -
GATM) _ g AT _ 5 e (PTZS(X)fa> c(fy), XeTM. (322

a=1

Let V¢ be the tensor product connection on A(T*M) ® n*u ® F induced by
§A(T*M), 7*VH* and Ve,
Forr € R, set

m n

pTHOF _ Zc(eu)§§a — %Z’c‘(ei)w (F, hF) (i),

a=1 i=1

n m
DTHeF _ Z’C‘(ei)ﬁsi + %Zc(ea)w (F, hF) (eq)

(3.23)
P
Z D (T (fur £5)) T E(f5) -
a,B=1
D™ HOF (1) = pTHEE 4 /Ty DT HET
The following result extends [30, Proposition 1.14].
Proposition 3.4
DL = cp7 el pT MO = pruer (3.24)
Proof By (3.19),
- 1
dV# + dVﬂ* — Z (C(ea)ve/:(T*M)an*M@F,e _ E?(ea)a) (F, I’ZF) (ea)) ,
. (3.25)

m
* * 1
dVﬂ* _ dv“' — Z (_?(ea)ve/:(T M)Qn*uQF,e + zC(ea)a) (}77 hF) (ea))

a=1
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Recall also that the following equation was gotten in [30, (1.24)] by direct compu-
tations,

Vs = 3 (V1) () (8 ) (5f)
p=1
— —T(TB) Zp“?(PTZS(X)fﬁ)?(flg). (3.26)
p=1

By (3.10) and (3.17),

NP Y denre (P S(en) fy)
%(Z?(e»?(PTZS(leﬁ) - Z?(fa)?(PTZS(fa)fﬁ))
(Z?(ei)?(PTZS(ei)fﬁ) - % Z?(T (fota fﬁ))?(ftx)) (3.27)

i o

SNRL

Now (3.24) is a direct consequence of (3.25)—(3.27). O

From (3.23), the operators D™ "u®F  pmru®F (1) are formally self-adjoint first order
elliptic differential operators, and D™ HOF 5 a skew-adjoint first order differential
operator.

The operator D™ “®F is Jocally of Dirac type.

By (3.18), (3.21) and (3.24),

.L_DJT*M®F — (_1)p+1Dn*M®FT’ rﬁn*u@F — (_1)p+15n*u®Fr_ (3.28)

TxUQF (r)

3.3 A Lichnerowicz type formula for D,

If B € End(T M) is antisymmetric, then the action of B on A(T*M) as a derivation
(cf. [5, (1.26)]) is given by

> len, Bea) e i, = %Z (en, Bea) (clea)clen) — Clea)elep)) . (3.29)

a,b a,b

Let VI"M — pT"MyTM e the connection on THM induced by VIM, Let
RTM RTHM, RTZ be the curvatures of V7'M VTHM, vrz respectively. Let K be the

> ” _
scalar curvature of (M, g™™). Let VIM = vT"M ¢ V77 be the connection on T M
with curvature R”M . Then

vIM _GTM | gy pT"Mg)pT"™ (3.30)
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Set
k\e — _% i <RTHMfa, fﬂ>€(fa)?(fﬁ)
o, =1
—% i (RTZei. ;) atente)) - % ((F. hF))2. (3.31)
ij=1

We explain now how to get VAT™M) a5 4 Clifford connection.

Assume temporary that 7 M is spin.

Let S(T' M) be the spinor bundle of 7M.

By (2.13), ¢(-) is the Clifford action on A(T*M) and we have the following iso-
morphism of Clifford modules,

AT*M)@rC~S(TM)® S(TM)*. (3.32)

Again by (2.13), ¢(-) € End(S(T M)*).

Let VST'M) (resp. ﬁs(TM)*) be the Clifford connection on S(7 M) induced by vim
(resp. S(T M)* induced by VI'M) on T M with curvatures RSTM) (resp. RS(TM)"),

By (3.22), (3.30) and (3.32), VAT M) ig the connection on A(T*M) ®g C induced
by vSI'M) and gs(TM)*, and

1 m
RSTM) — = 3 (RMey. ep)ceareen).
a,b=1
(3.33)

RSTM* _ _ <§TMea, eb>?(ea)?(eb).

1

FN -
M=

a

But locally, T M is spin, thus by (3.22), (3.31) and (3.33), the curvature of Veis given
by

(V)" = (R™M e, ep)clearcter) + R +7* R™. (3.34)
a,b=1

Let VIM®F.e,(F pF) be the covariant derivative of w (F, ht). Explicitly

(vg;M@’F’ew (F hF)) (ep)

- (ve’:(T*M)@Fw (F.n7)) en + % ((F. hF))2 (eas €b). (3.35)
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Let A be the Bochner Laplacian

AC = i (V) = Veru,,) - (3.36)

The following result was proved in [30, Theorem 1.1] based on a direct computation
(i.e. applying the Lichnerowicz formula).

Proposition 3.5

. - K 1< ~
DTHEFE = R4 — 4+~ 3 cleq)clep) (RC + T RY) (e ep)
4 2ab*l

+;11 ; (w (F hF) (ei))2+% z Clencte)) (a) (F, hF))2 (erre))

i j=1
—%édea) é?(ei) [(VeTaM@F’ew (F, hF)) (i)
to (F hF) (S(ea)e,-)] . (3.37)

Similarly, for D7 #®F2 DT H®F DT R®F] we have

Proposition 3.6

e ~ Se 1 ! ~ ~ Se 2
DT H®F.2 _ ( Ve, VTZe ) + 3 Z clei)cle)) (V ) (ei,ej)
i=I i,j=1
1< g
+Z Z fol’ fﬂ c(fa)z'\(fﬁ)
i=1 a,p=1

a=1
+% Z c(eq)c(ep) (w (F hF>)2 (eq, ep)
a,b=1
2
1 P
+E Z T (fu. f3))C(f)C(f8) | - (3.38)
o,f=1
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I:Dn HQF Dn ;/,(X)F] iZC(Ea)C(el (§E+JT*RM+%CU (F,hF)z) (eq,€;)

a=1i=1

—ZZc(ea)c(e, ( <RTM(eb,ei)eb,ea>+§§(ea)e[_)
a=1i=1
P

S0 Lo () )

+3 20 (Fa") Stepen

ﬁw( W) (T (fu ) 2T (1)

1

+Zoz =1
1< - &

—7 2. ¢t | Ve, 20 T (for £3)) T (f) T (f5)
a=1 o,B=1

Proof To simplify the notation, when a subscript index appears two times in a formula,
we sum up with this index.

By the discussion at the beginning of Sect. 3.3 and (3.30), we know that for
XeTM,

[V ctea] = e (ViMed) . [V @en] = (VEea).  (339)
From (3.39),
~ ~ 1 ~ ~ ~
2en Ve 2e) Ve, = Setendte)) (V) eivep) + (V)" = Virz,.  (340)

From (3.23) and (3.40), we get the first equation of (3.38).
We compute now [D7 K&F DT u®F)
Note that

Sea)ei = VIMe; = VZ¢;, ¢ (VeTl_Mea) Ve = —c(e)Vrm,
Combining the above equation with (3.39), we get

[c(ea)VE, . Cen)VE ] = clea)Clei) [VE VE — VEVE ]
+C(€a)c (VTZ ) VC —+ C(e,)C ( ea) 65{4

= c(ea)ile;) (V°)° (€ar i) + c(ea)Ce) V(e - (3A1)
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Recall that for X, Y, Z, W € TM, we have

<RTM(X, Y)Z, W> = <RTM(Z, W)X, Y>,
(3.42)
R™x . v)Z+ R™ (v, )X + R"™M(Z, X)Y = 0.

From (3.42), we get
(RTM (eas een ec) cleareen)etee) = =2 (R™ (eu, eeas ec)cled). (3:43)
Thus by (3.34), (3.41) and (3.43), we get
(et Ve, 2T ] = 5 (K™ (eqn e, e tencteo)
+c(eq)c(e;) (I?e +7*R* + %w (F hF)z) (eq, €)
+c(ea)T€) V(- (3.44)

Note that by (3.35)

VIMEFeq (F.hT) (ep) = VEMO < (F.AT) (ea)

_ (A9 (7,1 ey ) =0 345
Thus
|ce0) Ve, clenyr (F.n") (@)
= 0 () ¥, — (T (R ) @), Gd6)
By

vie (a) (F, hF) (e,-)) - (V;M®F’ea) (F hF)) () + (F hF) (veTuMej) ,
(2.13), (3.10), (3.39) and (3.45),

[@ten Ve, Eepo (Fon”) o))
=20 (F.0") ),

+3(ee) VI (a) (F, hF) (ej)) +?(e,»)€(vjizej) ® (F, hF) (e))
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— 2w (F hF) () Ve +2le)ele;) (veTiM‘@Fvew (F, hF)) (e))
+E(ei)lej)w (F, hF) (S(ene;)

=20 (F.h7) @)V + (VI <o (F. 7)) @) + o (Fh7) (Seen.
(347)

We have also

[6en), & (T (far fp)) € (f) € (fp)] = 2(T (fo fp) - i) E(f) T (fp) - (3:48)
From (3.23), (3.34), (3.44)—(3.48), we get the second equation of (3.38). O

To conclude this subsection, we state the following formula, which is a consequence
of (3.22) and will be used in a later occasion.

(V6,27 (e 1)) 2 E ()] = [VATM.2(T (fur S)) TS 2 (1))
(3.49)

T*u@F
KE )

3.4 The n invariant for DSig

In this section, we assume that B is a closed oriented compact manifold and p = dim B
is odd.

By (3.20), D;Ti;’@F(r) preserves the Z,-grading on Q(M,7*u ® F) induced
by (—1)™. We denote by Dg;’f 8®F(r) the restriction of D;;“ ®F) on Qe (M,
T*u Q F).

Let ﬁ(Dg*f?F (r)) denote the associated reduced n-invariant as in (2.24). We will
omit the notion of F when F = C s the trivial complex line bundle carrying the trivial
metric and connection.

Definition 3.7 Let ¢(M/B, i, F, r) € R/Z be defined by
sig,e sig,e

G(M/B,u, F,r) =7 (D”*"@F(r)) — tk(F)7 (D”*“(r)) modZ.  (3.50)

When (F, VF, hF) is unitary and M = B, 2¢(M/B, C, F,0) € R/Z is the mod Z

part of the p-invariant p (M, F) associated to Dgg’ . and F in the sense of [3,4], where

o(M, F) = n (Dgg!e) — tk(F)p (Dgg,e) . (3.51)
Theorem 3.8 (i) If n is odd, then ﬁ(Dg;’z@F(r)) € R/Z does not depend on
(gTB, g%, h*, V) and h*.

@ii) The numbera(M/B, w, F,r)doesnotdependon (78, gT%, h*, V*) and h* .
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T*URF

TB
sig,e,e to

For any ¢ > 0, let D
14TB
c .

The following result is the main technical result of this paper, which generalizes
[30, Theorem 0.2].

(r) be the operator obtained above by replacing g

Theorem 3.9 We have the following identity in R/Z,

n
A USF — ( HA®H(Z,Flz) .  HIZ.Fl
lim 7 (D32 0) = (D421 0) = X 0(—1)'n(Défg,e ().
=
(3.52)

By applying the previous constructions to the special case with M = B, one
constructs a series of smooth invariants ¢(B, u, H' (Z; F|z),r),0 < i < n. They are
the (generalized) p-invariants associated to twisted Signature operators on B.

Corollary 3.10 (i) Ifn = dim Z is odd, then

7 (D”*“W(r)) =5 (D“®H(Z’F|Z)(r)) in R/Z. (3.53)

sig,e sig,e

(1) In general, the following identity holds in R/Z,

HM/B. i, F.r) = D (=16 (B, H'(Z, Flz). )

i=0

—tk(F) (=1 (B. . H'(Z,Clz).7) . (3.54)

i=0

3.5 A proof of Theorem 3.8

We will consider a smooth path of data with parameter s € [0, 1] and apply the proof of
the Atiyah—Patodi—Singer index theorem [2] on M x [0, 1]. Here we need to compute
the local index density on M x [0, 1], and we conclude our result by analyzing our
local formula.

Letg! 8, ¢T2 THM, hl i, VI (s € [0, 1]) be a smooth family of the objects as
in Sect. 3.1. In order to apply the Atiyah—Patodi—Singer index theorem strictly, without
loss of generality we assume that gST B gST z TSH M, hf , Wi, v do not depend on s
near the end points 0 and 1.

Consider the fibration 7 : M = M x R - B = B x R.

Letw, : M — M, 75 : B — B be the natural projections.

We define TH M|y x(s) = TTMOR, 78| gy () = g7 B @ds® h78" gy () = hY,
BT | gyysy = hE.

Clearly,

" 3 1 —1 0hY
VTBH = VH 4 ds A (5 +5 (h)~! a—s‘) (3.55)
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is a Hermitian connection on (7 i1, h™BM) with curvature R75M.
We orient T B as follow: if { fa}(’;: | is an oriented orthonormal basis of 7'B, then

the orientation of T B is deﬁned by f' A A fP Ads.
We denote by fp11 = as and

T=(-DN?7 (TB). (3.56)

Now all the constructions in Sects. 3.2, 3.3 work well for the fibration 7.

Let Qi(IVI, (mom)*u®m{F) be the £1 eigenspaces of T in Q(M Tom)* u®
77 F). Then by (3.21), (3.28), Do """
by T.

For any u > 0, let P, (x, y) be the smooth kernel of exp(—u(D(m”l)*“@”rF(r))z)
with respect to the Riemannian volume form dv; (y).

(r) changes the Z,-grading induced

For xo € M, let d VT, i be the Riemannian volume form on (TXOM , gl

For U € TxOA7I let Vi be the ordinary derivative in direction U.
Fory = (y1, ..., Yms+1) € R"*! weidentify y as Z 1 Yaeq as avector in TxOM
Set

n

b1 == (172) 3 (% + R

i=1

p+1 2 Pl .
_z(vfa R ) =5 3 (R o e 2 ()
o,f=1
(3.57)
- z (<R£)Ze,',ej>+r2 <RXTOM€,',6./>)Z’\(€1')/C\(61')7
lJ 1
n m+l

_ 1 i
L3y =— Y. > e“cle) (sto(ea)e,. +7 <R10My, Sk (ea)ei>) :

i=1 a=1

Let exp(_tho(r))(y3 y/)’ exp(_t(on(r) + \Y —17L3,x0))(y7 y/)’ (y’ y/ € Rer])
be the smooth kernels of exp(—1Ly,(r)), exp(—t(Ly,(r) + +~/—1rL3 y,)) associated
tod V7, 77 (") respectively.

Proposition 3.11 For xg € M, one has
lim Tr [ZP, (0, x0)] = (=1) 57 #7727 ()
u—

/ : 2 (TB) exp (— (on (r)+\/—_1rL3,xO)) (0, 0)Tr|, [exp (—R”Z“)], (3.58)
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where [ means the coefficient of e' A --- A e" 1 Cley) - - - Clem1) in

7 (TB) exp (— (on ") + \/—_lrLgny)) (0, 0)Tr . [exp (—R”§“)] .

Proof At first, by [13, Proposition 4.9], among the monomials in terms of c(e;)’s
and C(e,)’s, only c(ej)cler) - - - c(em+1)C(emt1) has a nonzero supertrace with the
Z,-grading on A(T*M) defined by (—1)V# . Moreover,

Tr[(=D)Vie(entien - clemsDeensn) | = (2" (359)

In view of (3.59), to compute the local index, it is convenient to use the rescalings
Ve, — \%Vea, cley) — ﬁe“ A =g, , Cleq) — Cleg) and y, — Juy,.

We denoteby Ly, L2, L3, the operators obtained from u D™ "H®F.2 y DT ROF.2
u[ D™ HOF DT ®F after the above rescalings.

By Propositions 3.5, 3.6, (3.49) and (3.57),as u — 07,

m+1 1 _ 2
T = s ot
Ll,u - — Z (Veu + Z <Rx0 y, ea>) + R)ECO + (JT*RT[BM)

a=1 X0
S U orit ?
Low— (Vi+_<R y,€'>)
u ; e, 4 X0 1 (360)
1 « = 1 5
™ s xp
ta ‘Zl <Rxo i, €j>6(ei)0(ej) + o (rrl*F, h )XO
L ]=
L3, —L3y,.

Thus after rescaling, the operator u(D™ *®F (1))2 has the limit

e 1472 £\ 2
on(r)+~/—1rL3,xo+(n*R”B“) . :rw(nl*F,h”lF) . 361

X0 X0

By (3.18), (3.59), (3.61) and by proceeding the standard local index technique (cf.
[5]), we get

lim Tr [£P, (x0, x0)] = (—1)"7
e—0

/A T(TB)exp (— (on(r) + J—_lrL3,xo)) (0,0) Trl, [exp (_R”};M)]

14 r2 )
~Tr|p|:exp( —Zr a)(nf‘F,h”lF) )] (3.62)
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Now note that (cf. [12], (3.77)])

2
Tr|p [exp (1 Zr @ (nl*F, h”i‘F)z)] = 1k(F). (3.63)

The proof of Proposition 3.11 is completed. O

Proof of Theorem 3.8 From (3.24), Proposition 3.11 and the Atiyah—Patodi-Singer
index theorem [2, Theorem 3.10], one gets as in [30, (1.54)] the following mod Z
variation formula of » invariants,

m(m+1)
7 (D53 ) =7 (DLA5 ) = (-0 ™5 k()
A
/ / 2 (TB) exp (— (on r) + \/—1rL3,xO)) (0, 0)Tr|, [exp (—R”z’iﬂ)] .
Mx[0,1]
(3.64)
Set Ay = {(t1,....00)[0 <1y <--- <1 <1} C R¥, and
I (1) Z/e—(l—lk)on(r) /—lrL3’er_(lk_["’l)L"0(r)~ .. /—1I’L3,me—tll"‘0(r)dt1- - diy.
tAg
(3.65)
By (3.57), Iy(t) =0 fork > m + 1.
By the Volterra expansion formula (cf. [5, Sect. 2.4]), we have
m+1
exXp(—t (L (r) + v/ =1rL3 1)) = exp(—t Ly, (1) + D (=D Ix(1).  (3.66)
k=1

Now by the uniqueness of the heat kernel, we get

exp(—1Ly, (r))(x, y) = exp(—1 Ly, (r)(=x, —).

By (3.65) and observe that Ly, (r) has even degree on the Clifford variables ¢(e;)
(resp. ¢(fy)), we know that the odd degree part on the Clifford variables ¢(e;) and
C(fo) inexp(—1(Lyy(r) + v/=1rL3 ) is — D3 Igy1(2) and Iogy 1 (1)(x, y) =
—IDj+1(t)(—x, —y). Thus we know

/A?(TE) exp (— (on (r) + J—_lrLg,xo)) (0, 0)Tr],, [exp (_Rﬂz’;ﬂ)]

is zero if n is odd. Thus we get the first part of Theorem 3.8.
On the other hand, when dim Z is even, from (3.64) and its application to the trivial
complex line bundle case, we get the second part of Theorem 3.8 by subtraction.
Thus the proof of Theorem 3.8 is completed. O
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3.6 A proof of Theorem 3.9

We will apply the adiabatic limit techniques developed by Bismut—Cheeger [10] and
Dai [20], i.e., study the limit of the corresponding objects associated to - LoTB a5¢ — 0.
The general strategy has already been explained in detail in their works, here, we only
need to compute the adiabatic limit of the trace of certain heat kernels when ¢ — 0.
We will distinguish the objects in Sect. 3.2 associated to % g"B instead of g7 8, by
adding a subscript €.
By (2.12) and (3.17), forui,us € R,e =corc,

eNB2e, (uiv/e fo + uzei) e VB2 = ure (fo) + uze (ei)

oNo/2g g=Ns /2 (3.67)

=T.

Denote by D” THBF 8NB/2D§;T “®F8_NB/2, similarly, we define 5ZSM®F and
DI eF ().

Let ¢ : A(T*B) — A(T*B) be defined by g = (27w /—1)~92/2¢),

Since we have twisted a vector bundle © on B, the superconnection in Sect. 3.1
should be modified accordingly.

Let VE®1-¢ be the connection on E ® p induced by VE-¢ and V4. Denote by
C!/ the superconnection on y ® E defined by replacing V¢ in (3.14) by VE®#H-€,
All other operators in (3.14) extend naturally on £ ® u. Let V be the connection on
A(T*M) ® n*u ® F induced from 0V = g*vTB g vTZ yi vyhe

Theorem 3.12 For any u > 0, one has

1 .
7 m [ D312" ) exp (~uD 2" ()?) ] /L (7B, V7" ) ch (. 1)

B
) (ﬁ)lﬂ oTr, [Zﬁ% (C4M + \/_rD4,,) exp ( (1 +r ) C4u)] ,
(3.68)

where the Try on E is defined by the Z»-grading induced from (—1)NZ.
Proof Following [11] and [10], let z be an odd Grassmannian variable which anti-
commutes with c(e;)’s and ¢(e,)’s.
Asin [10, (4.54)], if A, B are of trace class in End(Q*(M, n*u ® F)), set
Tr*[A + zB] = Tr[B]. (3.69)
One finds as in [11] and [10, (4.55)] that by (3.17), (3.24), (3.28) and (3.67),
T [ DA () exp(-uDT k% ()|

1 * *
= EﬁTr [rng "@F(r)exp(—uD? “®F(r)2)]
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1 * *
= —3 T [z exp(—uD 8T (1) + 2 /uDI M (1) |
1
= 3T [r exp(—uDX HOF ()2 4 7 JuDT H®F (r))]. (3.70)
In [30, Proposition 22] Zhang formulated a Lichnerowicz type formula for

u(DT 22 _ 2 JuDF *®* which is obtained from (3.10) and (3.13).
The correspondlng degenerate term as ¢ — 0 is

2
~ (fo)
_u{;‘Z‘t: Vi, + “/75 %(S(fa)e,-, fg)clec(fp) + Z;ﬁ (3.71)

Note that by (3.10), Sg(-)e; = €S(")e;.

On the other hand, from (3 10), (3.23), (3.67) and Proposition 3.6, it is easy to
see that for the operators (Dé g“ ®F)2 [D” “®F, D” “®F] there is no second order
derivative on Vy, and all the other terms converge as € — 0. Thus, the only possible
singular term in the local index computation appears in (3.71).

To cancel this singular term in (3.71), one can proceed as in [10,30]. Here we will
give another argument as in [6, Sect. 7], [26, Sect. 7].

We fix by € B. For § > 0 small enough, we can identify the ball By(6) C Tp,B
with center 0 and radius § to the ball in B by using the exponential map.

Let 'V, be the connection on A(C(z))®@A (T*B) on B defined by

A(C()RA(T*B) A(T*B) zc()
'V, =V — 3.72
+ Wi (3.72)
Then by (3.29) and (3.72),

1
(Vo) = 3 2R fur fo) (e f)e(f) —C e ) . (BT3)
a.p

Let V, be the connection on
ACIRAMT*M) @ n* 1 ® F =~ A(C)SA(T*B)RAT*Z) @ n*nu @ F
induced by 'V, V1% V#* and Ve,
For y e Tj, B sufficiently close to by, we lift horizontally the path r € R} — ty
into path € R} — x; € M, with x; € Zty, dx o THpp
For x¢ € Zo, we identify (A(C(2))RA(T* M) @a*u® F)y, to
(AC@)BAT*B))p®(A(T*Z) @ m* 1 ® F)yq

by parallel transport along the curve t — x; € Z;, with respect to the connection V..
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For y € Ty, Y, set

2
H=-2 (Vf“ * %<R’Z;By’ f"‘>) - iZ<RZ;Bfa, fﬁ>?(fa)?(f,s). (3.74)

o a,B

Now we do the following Getzler rescaling: yo — /u&yy, Vg, —> ﬁ?vf and

c(fa) > =[O N = ugiy,.

Recall that S;(-)e; = €S(-)e;. By (3.9), (3.10), (3.23), (3.29), (3.71), (3.73), [30
Proposition 2.2], and by proceeding similarly as in [10 (4. 69) (4.70)], the rescaled
operator Ly p, (r, €) obtained from uD” mOF2ay _ o Ju D” HOF (1) converges as

e — 0,to

Ly by (r) = H+ (1 +r2)(Ch)?

_ z_ <) — ze _ gz, <)
z(ﬁD +4ﬁ+\/_1r(ﬁ<d —d*) + 4f)). (3.75)

In fact, when r = 0, this follows from [30, (2.41)]; now by (3.10), (3.23) and Propo-
sition 3.6, we find that (3.75) holds in general.
Also from (3.14),

(CH)? = C2 + R~ (3.76)

We denote by fAB aAB=anpMXwitha € A(T*M), B is a linear combination
of e(fi,)---¢(fip), (i < -+ < i;) and BM2 s the coefficient of ¢(f7) - - -¢(fp)in B.
By (3.18), (3.59) for A(T*B), (3.70) and (3.75), we get

tim e[ 2% “”wexp( ge)

sig.e.e sig.e,e

z

AB
/ / Trs [exp (= Lupo ()]t (3.77)
B

f

Pl is from (3.59), { }* is the coefficient

of z.
From (3.76) and (3.77), as in [30, (2.43)], we get

lim Tr[ DT “®F(r)exp( uDZ"CF (r) )]

0 sig,e,& sig,e,&
/2 TB
_ __(_ )P(P+l)+p 1 p /det1/2 i Tr I:e_R;A.]
T sinh(RT5/2)
B
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x Try I:Z\/E% (C4u + «/—_er4u) exp (— (1 + "2) Cé%u)i|

AB R 1 R N
x [ Rae (3 (R o so)ecserctsn | (3.78)
wp
From (3.17), the last term of (3.78) is (v/=1) 5~ det'/2(cosh(RT B /2)) as in [30,
(2.44)]. Thus we get (3.68) as p is odd. O

The following Lemma tells us that the right hand side of (3.68) is zero.

Lemma 3.13

(2 (e s vEirn) o (- (60 v=rn) )|

_ «/—_1’"dTrs [NZ exp (— (cu + \/—_eru)z)] ) (3.79)

2u

Proof By (3.9),

(cu + «/—_er,,)z - (1 + r2) c2. (3.80)

By (3.14), we have (cf. also [26, p. 19])

aC aD
2u—= = —[Nz, D,], 2u—= = —[Nz, C,]. (3.81)
ou ou

Thus by (3.80) and (3.81)
Try [% (Cu + «/—_er,,) exp (_ (Cu n «/—_eru)2)1|
= g—lTrS |:([Nz, D,]+ \/—_ll’[Nz, Cu]) exp (_ (Cu + \/__er,4)2):|
u

_ \/jrm HC” Ny exp (_ (cu + J—_eru)z)H

J=T
2

L aTr, [NZ exp (— (cu + J—_eru)z)] , (3.82)
u
as
Tr, |:[Nz, D,]exp (— (Cu +\/—_1rDL,)2)] =Tr, [Nz, D, exp ((l+r2) Dﬁ)] =0.

O
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Proof of Theorem 3.9 From Lemma 3.13, we know that the right side of (3.68) is
zero. By mimicking the argument in [20], we get Theorem 3.9 (compare also with
[25, p. 298] for the precise counting of the mod Z term). O

3.7 n invariant and Bismut-Lott theorem

We prove the Bismut-Lott formula (1.2) in this subsection.

Let Aﬁ*\Z) be another copy of A(T*Z).

For w € A(T*Z), we denote by @ € Aﬁ*\Z) the copy of w.

The Berezin integral fB : A(T*M)@Aﬁ"*\Z) — A(T*M) @ o(T Z) is defined
by [Py @ — yig ---igdfory € A(T*M).

We define also the fiber-wise integral fZ by: for y € C®(B, A(T*B)), § €

C®(M, AN(T*Z) ® o(T 2)),
/(n*y) A8 = y/(S. (3.83)

VA V4

Set

. 1 < ~  ~ _— T
R = 2 2. <ei, RTZej>e’ nel € NA(T*MIBAX(T*2),
i,j=1 (3.84)

B
nn n 1 L]
o(TZ, V%) = (=)™ 73 / exp (—ERTZ) .

The form e(T Z, VT%) is the Chern-Weil representative of the Euler class e(T Z) of
T Z. Certainly, e(TZ, VT%) = 0if n = dim Z is odd.

By the standard variation formula for the reduced eta invariants (cf. [11, Proposi-
tion 2.8]), we find that for any r € R,

d _ QF
—7 (D51 (1)

ar
i u 0 T*URF T u@F 2
u]ir}) ;TI‘ — 5Dsig,e (r) Jexp |\ —u (Dsig,e (r))
A~k * 2
lim Tr [—«/—1 /%Dggfﬁ@F exp (—u (Dﬁg,’ﬁw(r)) )]

‘/__1 AN UQF T*uF 2
2\/ETr [tﬁD MO exp (—u (D ® (r)) ):| (3.85)

= — lim
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Now we do tAhe rescaling as in Sect. 3.5, then by (3.23), we know the rescaled
operator of /u D™ H®F ig

Y 1
_ ™ ., . 1 F
2 Ser) (ve, o <Rx0 v, e>) + 50 (F h )XO . (3.86)
By (3.57), (3.60), the rescaled operator of u(D™HOF ()2 is Ly, (0), and

- Zc(e, (ve, + 5 (REAy, ei}) exp (~Lxy () 0.0)  (3.87)
is zero. Thus as in Sect. 3.5, by (3.59), we get
o~ . 2
lim Tr [tﬁD" HOF exp (—u (D” “®F(O)) )]
u—0
N
+P+m2m/de/ T(T B) exp (—Ly, (0)) (0, 0)
M

xTrl, [exp (—R”*“)] Tr|p [%w (F, hF) exp (%w (F, hF)z)i|. (3.88)

By applying [5, Proposition 3.13], the Berezin integral of f " in (3.88) is the coef-
ficient of e! A --- A ™ of (cf. [30, (1.49)—(1.51)]) the Berezin integral fB of

1\2 pp+D) _— 1 F 1 2
_(E) W-1)"72 Tr|, [eXp (—R )]Tr|F |:§a) (F,h )exp (Zw (F,h )
™ M inh(RTZ
det!/? R7/2 det!'/?{ cosh R det!/? sinh(R”%/2)
sinh RTM /2 2 RTZ)2

1 ~ 0~
- exp (4 Z(RTZei,ej>e’ /\ef> .

iJj

m(m—1)
2

Now as p is odd, if n is even, then

M+] _p—l

_ («/—_l) 2 (_1)(P+n)(§+n+1)+p _ (\/—_1) 7 (_1)n(n2—1).
Thus by (3.84), (3.85), (3.88) at r = 0, we get
o7 (ng’gw (r))

= ! L(T B)ch TZ F 3.89
= = [Lame (M)/a )Z—cz,+1<) (3.89)

r=0 B j= 0
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When we take derivative on r for (3.54), by (2.50), (3.50) and (3.89), we find,

— 1
/ L(T B)ch(u) / «(T2)) / (T Z)erj41(F)
z =07y

B

|
= /L(TB)Ch(M) Z = [c2j+1(H(Z, Fl2)) — tk(F)c2j41(H(Z, Cl2))].

B j=0 J:
(3.90)

We claim that for any j € N,
cj+1(H(Z,Clz)) =0, (3.91)

a proof of which will be given shortly.
As L(TB)ch(-) : K(B) ® R — H®®(B,R) is an isomorphism, we get from
(3.90) and (3.91) that,

o0

— 1 1
Z; / E(TZ)Czj+1(F)=ZF621+1(H(Z,F|Z)) in H°Y(B,R),  (3.92)
j=0""7 j=0""

which is equivalent to the Bismut-Lott formula (1.2) through a simple degree counting,
in the case where B is orientable and of odd dimension.

Proof of (3.91) If n = dim Z is odd, then as in (3.89), from (2.50), (3.53) and (3.89),
for F = C, we get

o0
1
/L(TB)Ch(M) Z —c2j+1 (H (Z,Clz)) = 0. (3.93)
B =07
As L(T B)ch(-) : K(B) ® R — H®*"(B, R) is an isomorphism, we get (3.91).
If n = dim Z is even, then by (3.90), for F = 0o(TZ) and the isomorphism
L(TB)ch(-) : K(B) ® R = H®*"(B,R), as c2j41(0(T Z)) = 0, we get
2j+1(H(Z,0(TZ)|2)) = c2j4+1(H(Z, R]z2)). (3.94)

By Poincaré duality, we have for any i € N,

H'(Z,0(T2)|z) = (H"—i(z,mz))*. (3.95)

Thus from [12, Theorem 1.8], (3.94) and (3.95), we get
—c2j+1(H(Z,R|z)) = c2j+1(H(Z, R]2)). (3.96)
Thus we have proved (3.91). O
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3.8 A proof of Theorem 1.1

First of all, if B is not orientable, then there is a double covering o : B — B
such that B’ is orientable. We pull-back the fibration 7 : M — B to get a fibration
7' M’ — B’. Thus we only need to prove Theorem 1.1 when B is orientable.

From now on, we assume B is orientable.

Next, if B is of even dimension, then we can apply the analysis before to the product
fibration Z — M x S' — B x S! to get the result.

From now on, we also assume that dim B is odd.

Combining with what was done in the last subsection, we get a new proof of
Bismut-Lott formula (1.2).

It remains to prove (1.4).

By the same argument as in (2.46), we have, when mod Q,

$(M/B, u, F,0) =/L(TB)ch(M)/e(TZ)Re (CCS (F, VF)). (3.97)
Z

B

Thus from Theorem 3.9, (2.46), (3.97), and the argument as in the proof of (3.92), we
getin H*Y(B, R/Q),

/e(TZ)Re (CCS (F VF))

V4

= Zn:(—l)iRe (ccs (Hi(z, Fly). vHi(Z’Flz)))
i=0

_ $ Ty i H(Z,Clz)
rk(F)g(‘;( 1 Re(ccs(H (Z,Clz), vV )) (3.98)

Let F* be the antidual bundle o F.Let( ): F* x F — C denote the pairing
induced from the duality between F'* and F'; it is linear in the first factor and antilinear

in the second factor. Let V™ be the connection on F* induced by V.
By Poincaré duality, one has for any nonnegative integer i,

H(Z, (F@o(TZ)I2) = (H"(Z. FI2) . (3.99)

Thus, if (F, VF) ~ (F*, V"), then H! (Z, F*|z) ~ Hi(Z, F|;) and one has

Zn:(—l)iRe (ces (H"(Z, (F ® o(TZ))|2). VHi(Zv<F®0<TZ>)‘Z>))
i=0

= Zn:(—l)"—"Re (ces((H'ez. F*|Z))* o))

i=0
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_ S n—i i Y G(H(Z,FI)*

= EO( 1)"'Re (CCS ((H (Z, F|Z)) ,V ))

— n i i H(Z,F|z) ) )
(-1 EO( 1)'Re (CCS (H (Z,F|z),V )) (3.100)

If n = dim Z is odd, then by setting F = C ® o(T Z) in (3.98) and by (3.100), one
gets

ZZH:(—I)iRe (CCS (H"(z, Cly), vHi(Z»Clz))) —0 in H°Y(B,R/Q),
= (3.101)

from which (1.6) follows.

On the other hand, if n is even, then (1.6) follows from the second part of [9,
Theorem 3.12].

Thus (1.6) holds in its full generality.

From (1.6) and (3.98), one gets (1.4).

The proof of Theorem 1.1 is completed.

3.9 A refinement in K l;/IZ(B): Proof of Theorem 1.2

Recall that 7 : M — B is a fibration of compact smooth manifolds with compact
fiber Z, and gTZ isametricon T Z. Let (F, vF ) be a complex flat vector bundle and
h¥ is a Hermitian metric on F. Recall also that V¢ is the Hermitian connection on
F induced by V¥ and 1 as in (2.7).

Suppose that Z is even dimensional and spin®. Let S(TZ) = ST(TZ) ® S (T Z)
be the spinor bundle of T Z.

In [25, Sect. 4], Lott defined a topological index Indop, and an analytic index Ind,p,
mapping from Kl;/lZ(M) to Kl;/lZ(B) (cf. Sect. 2.6).

Especially, for any £ € Kﬁ/lZ(M ) [25, 37)],

chr/qQ (Indop(&)) = / AT Z)e ' ED2¢chg 1o(E) € H*(B,R/Q),  (3.102)
Z
- TZ

(TZ,VT%) is the A-hat class Z(TZ) of TZ, while c{(Lyz) is the first Chern class
of the complex line bundle Lz which defines the spin® structure of 7 Z.
The main result of Lott [25, Corollaries 1 and 3] is that for any £ € Ky /lz M),

) and the cohomology class of A

Indiop(€) = Indan (). (3.103)

@ Springer



Eta-invariants, torsion forms and flat vector bundles 615

We denote by C the trivial complex line bundle carrymg the trivial metric and
connection. Then F = [(F, hf', V¢ 0) — tk(F)C] € Kg /Z(M), thus (ST(T'2)* —
ST(TZ2)HQF e Kﬁ/Z(M).

Recall that I (F) was defined in (1.7).

Let 7(VF, h) € ©°44(B)/Im(d) be the eta form of Bismut—Cheeger [10, Defini-
tion 4.33] defined by

n(vF ) 27'[\/_ /goTrS [— exp(—C )} (3.104)
0

We may view it as an element in KI;/IZ(B) represented by (0, 0, 0, 7(VF, hf)).

Theorem 3.14

Indip ((ST(TZ)* — ST(TZ2)*) ® F)
— I(F) — ﬁ(vF, hF) — tk(F) (I(C) - ﬁ(vc, hc)) . (3.105)

Proof In [25], Lott used spin® Dirac operator to define Ind,,, especially, the spin®
Dirac operator (twisted by (ST (T 2)* — S™(T2)*) ® F) D% is

. 1 ~
DHE =3 clep) VI = DP 4 23 e (F, hF) €).  (3.106)
]

J

The operator D?:¢ does not have fiberwise constant dimensional kernels, thus we
need to choose smooth finite dimensional sub-bundles Fy of EL (Ef = E®*" E_ =
E°44) and complementary subbundles G + such that D?° are diagonal with respect to
the decompositions E+ = Fy+ @ G+ and DZ:< restricted to G 4 is invertible (cf. [25,
Definition 141]).

It seems that it is hard to compare directly the right hand side of (3.105) to
Ind,, ((ST(TZ)* — S~ (T Z)*) ® F) in [25, Definition 14]. But by the arguments in
[25, Proposition 6 and Corollary 1], we will get (3.105) if we can prove the following
identity for any odd dimensional compact spin“ manifold B,

u (772" = s~ 2)") @ F) =7 (10F) =77 (VF."))  inRyzZ,
(3.107)

where 7 is the reduced eta invariant of the spin® Dirac operator twisted by the corres-
ponding bundles as in [25, Definition 11], i.e., for the tuples (G, hg, Vg, p)on B as
in Sect. 2.6, let DY be the spin‘ Dirac operator on B twisted by the bundle G* and
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its reduced eta invariant ﬁ(Dgi) as in (2.24), then

175G 19, V9, p) = 7(DI") —7(DI ") — / ATB, VB D2, inRyZ,
B
(3.108)

with ¢1 (VEB) is the first Chern form of the complex line bundle L 3 which defines the
spin structure of T B, and AT is the Levi-Civita connection on (T B, g’ B).

Let VS('B) be the connection on the spinor bundle S(7 B) induced by V7 # and the
connection on the line bundle defining the spin® structure. Let V¢ be the connection
on A(T*Z) ® n*(S(T B)) ® F induced by VAT"2) ym*(S(TB)) yF.e

Set

.1
pH _ §c(fa) (vfa + Ek(fa)) . (3.109)

By proceeding as in [10, (4.26)], we get the spin® Dirac operator DM (twisted by
(S™(TZ)*— S (TZ)*) ® F), on M is

e(?)

DM’C = DH —+ DZ’C —
4

(3.110)

and 77, ((ST(TZ)* — S™(TZ)*) ® F) is the reduced eta invariant of the operator
DM,
Let

0

p'M =pH 4 pZ — ;

@3.111)

Then D'M = DM¢ — L3 Clep)w(F, h)(e;) and 3 3" C(ej)w(F, h*)(e;) anti-
commutes with ¢(X), X € TM.

Using the variation formula for eta invariants (cf. [3] and [11, Proposition 2.8]) and
the local index techniques as in [10, Theorem 2.7], we know (cf. [9, Proposition 3.5]
and [30, (3.5)])

IM((STT2) =S~ (T2)) @ F) =7(D") =7(D™)  mod Z.  (3.112)

From (3.112), we can use the adiabatic limit argument as in [25, Proposition 6] to
get (3.107). O

By [9, Theorem 3.7] and [30, Proposition 2.3] (cf. also Lemma 3.13),
ﬁ(vF,hF) —0. (3.113)
Thus from (3.104) and (3.105), we get (1.8). Thus the proof of Theorem 1.2 is complete.
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When we apply (3.102) to (1.8), we get again (3.98). Thus (1.8) represents a refi-
nement of (3.98) in KI;}Z(B).

We leave the interested reader to extend this to the case where no spin® assumption
on T Z is required.

3.10 The 7 and torsion forms
In the rest of this section, the supertrace Tr on E is defined by the Z-grading induced

from (—1)Vz.
Recall n = dim Z. Let

d(H(Z,F)) = Z(—n"i dim H'(Z, F). (3.114)
i=0

From (3.84), we denote

a —(—1)n(n;l)7f_;fk(F)//Bliei/\;ex _Lprz (3.115)
-1 = ) — P B . .
) ~

Then a_; is a function on B and is O if n is even.

For any u > 0, let ¥, : A(T*B) — A(T*B) be defined by that for y € A(T*B),
Yuy =u"%er/2y,

By (3.14), one finds

Tr, [NZ exp ((1 n r2) D},)] — ¥, Tr, [NZ exp ((1 n r2) qu)] . (3.116)

By standard results on heat kernels (cf. [5, Theorem 2.30]), we know that Trs[Nz
exp((14+7r2)u D12)] has an asymptotic expansion in u as u — 0, which only contains
integral powers of u if n = dim Z is even, and only contains half-integral powers of u
if n is odd. Since Trg[Nz exp((1 + r2)DL2‘)] is an even form on B, by (3.116) we see
that the same happens to it.

On the other hand, as in [13, (11.1)], we have

n

Ny = %Zc(e,-)?(e,-) n % (3.117)

i=1

By the proof of [12, Theorem 3.15], (3.14) and (3.117), as in [12, Theorem 3.21]
and [13, Theorem 7.10], we have for» € R, as u — 01,

%X(z)rk(F)+ O(u) if niseven,
Try | Nz exp 14+r2)D?)| = (.118)
s [ (( ) ”)] _ a1 + O (Vu) if nis odd.
(1+r?)u
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While as u — 400,

Tr, [Nzexp ((1 +r )D )] — d(H(Z, F)) + 0( ! ) (3.119)

N

From (3.79) and (3.118), we know that as u — 0%,

1 [(2 (e s v7irn) oo (- (60 v=irn))|

V_lrda-y +0( ! )

V11l ﬁ

The following definition is closely related to [12, Definition 3.22].

(3.120)

Definition 3.15 For any r € R, put

400
2a_
I = —rg / (Trs [Nze—(Cu+J?1rD;¢)2:| —d(H(Z,F|y)) — l

(" _ —(14rtua) du
(5x@rk(F) —d(HZ. Flz)) e ) (3.121)

Let 77, be the n-form of Bismut—Cheeger [10, Definition 4.33] defined by

- (rvT) / ([ (Z (o +v=im,))

2 \/—_lrda_l
X exp (— (Cu + «/—_er”) )] - m} du.  (3.122)

Remark 3.16 The extra term involving da_1 in the right hand side of (3.122) shows
that this 7, form is slightly different from what in [10].

Theorem 3.17 Forany r € R, the n form 7, is exact and is 0 at r = 0. Moreover; the
following transgression formula holds,

= ——dl,. (3.123)
2

Proof Theorem 3.17 is a direct consequence of Lemma 3.13, (3.118) and (3.119). O

Let Tf(TH M, gTZ  hE ) be the torsion form constructed in the spirit of [12, Defi-
nition 3.21] associated to the odd holomorphic function f(z) such that f'(z) = ezz,
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that is
—+00
7y (1M, 877, 0" ) =—<o/ (Tr, [NzeP | = d(H(Z, Flz)
0
2a_ n du
—— —(=x(Z)k(F)—d(H(Z,F —u/4
T~ (Gr k) —aw @, Fizy) e )2u
(3.124)
Theorem 3.18 The following identity holds,
81’ H TZ i F
| =T (1M, g"% 7). 3.125
|, 7 (7M. 7%, 0" ) (3.125)
In particular,
n | _ _Lar, (THM, g%, hF) . (3.126)
ar r=0 27'[

Proof Formula (3.125) follows from (3.121), (3.124). Formula (3.126) follows from
(3.123) and (3.125). O

Theorem 3.19 For any r € R, the following identity holds,

T o0 (1—|—r Z( i (H(Z Fl)hH(ZFIZ))
= 2w SR+ 2t g
X (1+r
LS e (), wim
T jZOJ.( Jj+1D
In particular,
a7, 11

n
= > = > (“Diey (H(Z, Flo) 2 F12)
Iy B ( Jj+
r—g 27 = JICj+ 1D P

or

1+oo

_Ezm/ TZ v’ )c2 - (F h ) (3.128)

Proof In fact, by Lemma 3.13 for r = 0 and (3.122), we have

da_q ]d
————'du
V14 r2y3/2

(3.129)

=T o 71) o e [ (1) )]
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From (3.14) and (3.129), one deduces that

7 Ty i (3.130)
Ny = ——— . .
r /—1 n (14r2)~1 3 -0

By (3.130), we need only to prove (3.128).

Lemma 3.20 The following identity holds,

1
aD 2 da_ ad 2 5
Try |: auu €Xp (D”)] - W = 8_/ Ig D exp Du)]ds. (3.131)
0

Proof By (3.14), (3.79) and (3.118), one has

Jim Tr, | 22 D) | = lim dy, Tr, [N D2 da-1
Airng T Wsexp(s ) sl)I%)l‘*' Y2 rs[ Zexp( )] R

(3.132)
Thus

(@3]
xl‘”

1
/Trs [D, exp 2Dﬁ)]ds
0
1 oD / oD
:/Trs —uexp (szD,%) ds+/Trs D, szDu,—” exp (szDﬁ) ds
ou ou
0 0
oD
:/Trs|: au" (l +2s2D5) exp (szD,%)]ds
0
oD d 2.0 aD 5 da_y
= Tr, Buu/a (s exp (s D”)) ds =Trs|: 8uu exp (Du):| e

0
(3.133)
which is exactly (3.131). O
Now by (3.14) again, one has
1
Tr [Du exp (SZD,%)] = —y2Trg [Dszu exp (Dszzu)] . (3.134)
s
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From [12, Theorem 3.16] and (3.83), we know that

(Zn«/—_l)%tpTrs [Du exp (Dﬁ)]

/e(TZ VTZ)Z—CQJH (F h )~|—O(\/D asu — 0,

j= 0

Z Z( Dicaj (H (Z, F|z), k' Z. F'Z>) +0 (\}ﬁ) as u — +oo.

—0 i=0
(3.135)

Since Try [Dy exp(s?’D2)] is an odd form on B, by (3.135), one sees that
|%ws*2TrS[Ds2u exp(szu)]| has a fixed uniform upper bound for s € (0, 1], u €
(0, 4o0].

Thus, from (3.129), (3.131), (3.134), (3.135) and the dominated convergence pro-
perty, we get

1
911r 1/2 : 1 2
2 or |y = Qrv=1)"¢p ullrJrrloo/ El//szrs [Dszu exp (Dszu)] ds
/ 1
— ulir{)h/ ;wsszrx [Dﬂu exp (Dszzu)] ds
0
oo 1 L n .
-3 / s Y (~Vierjr (H(Z. Flz) n" @F12)
j=0 ‘] i=0
1
/e(TZ vTZ)Z—cz,H F ht /szjds, (3.136)
z o/ 0
which is equivalent to (3.128). O

Combining (3.126) and (3.128), one gets the following transgression formula of
Bismut-Lott type.

Corollary 3.21 The following identity holds,

aty (1% M. 872, 0"

+0oo

Z— TZ v”) i (F hF)
| / 3 j+1 3
— J'2j+ 1D

+00 1

—Z+Z(—1)i02j+1 H(Z, Flz), i @F2)) - (3.137)
s J'2j+ D= ( )
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Remark 3.22 Formula (3.137) is equivalent to (1.3) via the following more precise
relation between Tf(TH M, gTZ ,hT) and the Bismut—Lott torsion form 7 (T7 M,
g7%, hF) defined in [12, Definition 3.22].

Theorem 3.23 The following identity holds in Q*(B),
T (THM, ¢Z, hF) = (1+ Np) Ty (THM, o7, hF) . (3.138)

Proof Recall that the Bismut—Lott torsion form 7° (TH M, gTZ, Kt ) is defined by

T (THM, ¢7 hF) I +/00(Trs [Nz (1 + 2D5) eDﬁ] —d(H(Z, Fly))
0
~ (S —aw @, Flzp) (1 5) ) £ (3.139)

A direct computation shows that the 0-form component of Tp (T M, gT%, hF) is
exactly the half of the Ray—Singer analytic torsion defined in [28] and [13]. Thus, the
0-form component of (3.138) is a consequence of [12, Theorem 3.29].

On the other hand, for i > 0, we denote by a superscript [i] the i-form component
of the corresponding forms. Then by (3.14), one has

{Trs [NZDL% exp (Dﬁ)]}m ——— {Trs [NZqu exp (MD%)]}U] . (3.140)

Thus, one deduces that

Trs NZD2 exp( )]}[i] d_u

u

Il
0\8 0\8 0\8

i [i]
u?2 {Trs [NZDf exp (uD%)]} " du

u- ; % {Trx [Nz exp (uDz)]}[-]du

iu~? {Trv [NZ exp (w%)]}m du (3.141)
’ 2u

where in the last equality we have used the facts that

,- 0] i
lim x5 {Trs [NZ exp (uDlz)]} = lim {Trs [Nz exp (Dg)]} =0,
u—07t u—0t

(3.142)
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and
i [i] [i]
. —i 2 o 2 _
i o o vz u00) )| = [ [ ()] =0
(3.143)
which are consequences of (3.118) and (3.119).
From (3.141), we get (3.138). O

Remark 3.24 From (3.79), as in (2.74), (2.75), we get

< oo 0]

—iTrs [Du exp (— (Cu + \/—_eru)z)]

u
-1 ’ 2

= 5dTr, | 2N D} exp —(Cu—f—«/—eru) . (3.144)
u

Especially, when we restrict ourselves to r = 0, from (3.144), we get

%Trs [Du exp (-cj)] - %dTrS [NZ (1 + 203) exp (—cg)] . (3.145)

This is exactly [12, Theorem 3.20]. It seems interesting that here we obtain it purely
through the consideration of 1 forms.
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