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A Remark on a Residue Formula of Bott
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A.hstract We present in this note a simple pr-:mf of the Bott residue theorem iz a slightly more .
general form.

§0. Introduction

Let M be an mdimensional compact complex manifold, V' a hulumﬂfphic
vector field on M. Inspired by a paper of Witten!®, Liu Kefeng'® introduced the:

operator

6,=8+si(V), s>0

and considered explicitly the complex

0 A" =A™ > 5 A% .. 54" 0, (0.1)

where

At = D A"1 0.2

g-p=k

- and the well-known fact for holomorphic vector field
diVY+i(V)o=0 - (0.3)

was used,

~ If M i5 a Riemannian manifold, the analogous operator is d+i(V), where V
is a Killing vectsr field. The associated complex especially the cohomology 18
called equivariant cohomology. Furthermore, fairly complete localization formulas
have been obtained by Duistermaat-Heckman !9 and Berline-Vergne !,

Our main purpose here is to prove a complex analogue of these localization
formulas for the d-cohomology. An idea of Bismut'? is used.

When 7 has only (nondegenerate) isolated zeros. this result was contained
implicitly in Liu [6] and reproved in {7],In this note we deal with the more general
case where the zero set of V is allowed to be complex submanifolds also with
some nnndegenerate conditions. In this version our result is a ganerallzatmn of the

Bott residue formula ¥, cf. §3.
The author would like to thank Mr, Liu Kefeng and Professor Yu Yanlin for.
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§1. The Residue Formula ,
‘Let V be a holomorphic vector field on the n-dimensional compact complex
manifold M. Then ¥ induces a bracket action on the holomorphic tangent bundle

TM: - .
g: Wr+— [V, W], Wel(TM). - (1.1)

Let X = {pe M : V{(p)=0} be the zero set of ¥. On any component N of X, it
is easy to see that @[, induces an endomorphism

Gl.ﬂ: TM'NF—""'TMiyi ' - (1.2)

where the linearity comes from the fact that ¥'|,=0.
In' this paper, we assume further that N satisfies the following two conditions :
(1.3) N is a complex submanifold ; |
(1.4) The homomorphism

@ly: TM /TN —TM /TN -

on the normal bundle of N in M induced by @1, is an isomorphism. Under these
conditions we call N a nondegenerate component of X,
Now we consider the operator

G,=0+i(V). | W)

It 1s well known tﬁat ' :
L= 0, (1.6)

so it induces the complex (ﬂ'.l) and the associated cohomology is defined by

'REI'EF!A"
Ima, (4%")

It is clear that for integral formulas, the interesting part is HY (M; C).
Notation. Denote 4= @ A»9(M ). For any ne M, we have a decomposition -
n =) 5?9, where % e A29. . | ;
Our main result in this note is
Theorem 1.8. Let V be a holomorphic vector field on the n-dimensional conr
pact complex manifold M. And the components N, of X = {peM : V{p) =0} are
nondegenerate. Then for any ne HY'(M; C) . we have .

i ' N F n |
.[ﬂ Z(ZHI) Idet(ﬂv—k;) :

M N;
where k. is the curvature matrix associated with certain complex connection on the

normal bund!e TM /TN, over N,, and r, is the codimension of N, in M.

The integral on the right hand side is well defined for if k"l is another curva-

ture matrix, then by Chern-Weil theory, I: k ] and
| | | det 9 + .
1 L . 8 xR i
dei (Bv 4 Zglzf k.’ ) :| represent the same cohomology class in H *(N _;_C ).

HY(M; C):= (1.7)
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$2. Proof of Theorem 1.8

First we recall an idea of Bismut!'?,

Proposition 2.1. Let ne A be a 8, closed form; i.e. (6+I(V))n—0 Then for
any we A and t>0

J‘ J'ﬁp{_a_m _ i(V;)w }'n

Proof. By (6+1(V})2"0 and (6+:(V)]n 0, we have

2 [emt-si@+i0m0) 1

M
2 _I(§+5(V))m-exp{—s(§+i(V))m}.' ]

M

——J.(f:?_-i-i(V))(m cexp{—s@+i(MNw}-n).

M
so (2.1) reduces to the following
Lemma 2.2. For any we A(M),

j§m=ﬁ.

. M :
Proof. It is sufficient to consider the followiing two. cases:

| (i) wed™ ", then dw=0,
(ii) weAd"™', then 6_;u=0;

Iﬁm=f(§+&_)m=jdm=0. ' ]

M .

SO

'Cnr_nllary 23 (L6l ). If V has no zeros on M, then for aﬁy n satis-
fying (6+i(V))n=0, | -
J.q=0'.

. M
Proof. Choose any Hermitian metric on 7M and let @ be the 1- form dual to
V via this metric, Clearly i (F)w=|V|?, and since V has no zeros, there‘exists a
d>0 such that [V'[* > § on M, so by (2.1),

‘_[ ‘ ’jﬂﬂp{ afm II;IE} n“"{uC'Ed&ﬁ(f""__*.r"n+l+”.+l)

for some mnstant C>0. Taking ¢ =0, we get the result. ' [
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Now we suppose that X={peM : V(p })=0} has components N,, s N,
each of which is nondegenerate. - s

On TM we choose a Hermitian metric such that on each component %, we
have an orthogonal decomposition

TM=TN ®Im#@|, .

Now we take a sufficiently small ¢ > 0 so that ¥, (Ea)m'N (2e)=0 when i#/
where N, (E) {xe M: d(x, N,) < ¢ }is the ¢-neighborhood uf N, under the chns

en metric.
Now let 4 be the endomorphism of TM defined by

As=0(V )s~V,5., SEF(TM) (2.4)

where V 1is the umque connection of bidegree (1, 0) assomated wu:h the gwen
Hermitian metric { - 1., - s - '
Let w, be a (1 0) form on M such that

—(VV. AV), on U.Ni.(Z'EL);
m1= / {2;5]
0. on M\U N.(3e), |
and o (V' }=0 DIIHM. Let 2, be a one form on M such that
(=0, on M:
i(V)am, =" I, on M\QN;(ZE); (2.6
.0, on QN:(E)-

The existence of such forms is clear. Now set w=w,+ w,.
Corollary 2.7. For the case considered,

[rmtim [ (- 20 o D00, @

M N (e}

Prdof. We have on UN:-(ZE) ,

i(V)w=—(V, V., AV)=4V|*. (2.8)

Since N,’s are nondegenerate and ¢ is small enough we can find a o > 0 such
that | AV |* = & on U N(Za)\U N.(g). So combining it with (2.6) we see that

on M\UN(E]: I(V)m min (5, 1) > 0. Now, just as in the proof of {2.3),

we gel

lim j exp{*a—m—f(V)m.}-q=U.

= .f !

ML ate)
]
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So
J." #J'EKP{— f?‘;:u 1(’1*;)1:0 }
M M
. .[ EKP{_ dw _ :'(V)m}
4 4
MU e
¥ J exp{_&_m B :(V)m}
H !
U it |
- _ Efﬂ] _ I(V)ﬂ]]
—El_l}l}zf J exp{ . ; }-n ;
Nile) ;
since @, |y, =0- ' ]

To mlnplete the proof of Theorem 1.8, we need to calculate each

i - Eﬂ]] - I(V)ml "
e Jﬂxp{ r t } i

Nilg)

‘For simplicity, we deal with one of the components and denote it just by N.
Since N is a holomorphic variety, we can find a coordinate patch U centered
at pe N, with holomorphic coordinates {z,,--+, z,}, n=dim M,such that

NnU={gelU: zl(q)=---=z,(q)=0}-

where r 1s the codimension of N in M (See Bott[3] ). Because V is nondegenerate
near N, nne can further choose these coordinates such that on U/, the Taylor ex-
pansion of } takes the form :

~X zva gy +OUZ) BECX)

with @, b ranging over the mtegers from 1 to r and (wﬂ,),,,=r is a nnnsmgular ma -
trix. By (2 4) and (2. 9] we clearly have

e ;-Pﬂb azb 4 (2-10)

0z

Al

a

whence. finally dl (@a=1, .-, r) are in ihe image of 6|, while the remaining

0z,

- are restrlcted to the elements in the kernel of 61,

0
0z,

J
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J { de, E(V]ﬁul}
RN g t 1

U NG

. J' { J(VV, AV) _ 14V }
e EXP ; : 4]

N

Now

[ { (kV. AV) (YW, VAV) _ |AV!? } =
= exp B ]

r r r
UnNk) !
J [ (VV,VAV) _ ((A=k) V. 4V) }
N i . ! - ¢ J
L Nig) . |
_ J J exp{_ (V. VAV) _ A=K}V AV)}_”, 5 41
UnN Wl |

where % is the curvature (1, 1) form matrix for V and Wp(s) denntes the

¢-neighborhood of p in the normal space Im@|T.M(=T,M /T,N). Changing the
variables z, =,/ » we have by (2. 11) and (2.9),

J exp{— ——6? i i(p;)ml }'ﬂ

NiInl!

J J. exp { —(VV, ?AV)—((A—k)V,AV)}'-ﬂ

UI'_"iN wF{EH'\I‘T ]

|

J J exp{*(AFdz,Af,dz)—((Ap—k"')V,AFV)}'!HN

J J. expi—(4,V, 4 V)} o (t, 2)° ( . ) dz,dz, - dﬁrtﬁw

Urm N H"FP{_E..-""MT ]

where k* is the curvature matrix of the normal bundle TM /TN over N induced
by V and lima(¢,z)=0. So when we let 7+ =0, we get

F—0

g -
lim J. exp{——am‘ - iV oy }‘!}‘
£—0 H ¢

Nie)

= lim I J. expt{—(4,dz, Aldz) ((A -k )V, 4, V)} 1l

{ =0
N H'rp{ﬁ.-""\."'.t



312 | Zhang Weiping -

fj exp {— (A, dz. A2dz)~ ((A,~ k), A,V)} -l

N Wy

= J.fexp{—(dz',Apdz)}-Eip{(—(Ap—k”)z,Apz)}'ﬂfw

NH"F

I}

'[-[ exp{(—(Ap—k")'z,_ A,z)} detAd,-(—1)" dz,dz,---dz,dz, - n

I

JJ.(Zi)’eip{—(AF“k")A;'z,z)}- detlA (%) dz,dZ,-dz,dz, nly
; .

N Wp

Qri) ‘ T m
det ((4,—k")A,;')  detAd,

fi

N

yt "
=(2
Y .[ det (4,— k')
N
Note that here A4 ,|;, 7y is just 8”, so our proof of Theorem 1.8 is complete. []

$3. Some Applications

In this section, we consider some applications of Theorem 1.8.
First suppose V' has only nondegenerate isclated zeros. In this case let pe X
={geM: V(g)=0}; then near p, we have

i 0
=Py

V=vy. R
i
oz,

/ 52}

and det(v;) #0. The theorem becomes | y
Corollary 3.1 ([6).[7]). When V has only nondegenerate zeros { p,} and

neHSO (M, C), then
¥ : e " (p;)
(21: ) J." ; det(v, ), '

M

Proof. Just note that §}=—(v,),. | | i
| The corresponding formula for meromorphic vector fields must also be true,
¢f. Chern[4].

Coroflary 3.2 (Bott residue formula[3]). Let A: T(E) 2 T(E) be a
holomorphic action of the holomorphic vector field V on the holomorphic bundle E
over the n- dimensional compact holomorphic manifold M. Also, let ¢(z, .-, z,),
g=dim . E be a homogeneous symmetric polynomial of degree=n, and let N, range
over the components of the zero set of V. If each N is nondegenerate, then
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J“F' (I_l e X, )= z J. iy Agtx,)

det (u,+y» - pu,+y,)
M ' Ni
where x>+, x are the Chern roots for E over M : Yis sy, are the Chern roots
Jor TM /TN over N ; A; and u, are the eigenvalues of Aly and 0|14 on respectively.
Proof. Choosing a Hermitian metric as in §2 and taking a Hermitian met-
ric {+, ') for E, let R denote the curvature for E. Then the Bott theorem 15, via
Chern-Weil theory, equivalent to

O P S

M Ni det (ﬁ Yy 2—‘;: k)

Let V be the (1,0)-connection associated with ¢ -, - g» and R be fhe_assaci-
ated curvature. Then

L:s=As-V, s, sel (E) | (3.4)
is an endomorphism of £ and Al,=L|,. Furthermore, it is easy to check that |
| @+i(V))(@(L-R)=0.
So by (1.8),

det {0"— k)
M L
This is just (3.3), for we have

.[@(—L+R)=Z .[(211'!?)’: ¢(—A+R)

M M
=Z (2m i) - hh{_ . '@(_A'*'R)
i 2 dﬂt(ﬂv_k)
Ny
N L Ry
‘Z.. 7 det (— 0"+ k)
N




4 | | : Zhang Weiping

(A-‘EI—R) | (A-i_?n_R)
Zj(—l)"’f =Z j
' det (ﬂ”— — k) N,

2m _

Next we prove the complex analogue of a formula of Duistermaat-
Heckman'? . For the case where ¥V has only nondegencrate isolated ze-
ros. this has been proved in [6].

"~ Corollary 3.5. Let V have nondegenerate zero mnwanents iN}. If o is a
0 v closed (1,1) form and there is an fe C* (M) such that i{V) w=20f. then for
e

any >0,
: cop W e
ff 2{211::) '[ det(s8'—k,) ’

M N,
where k, is a (1, 1) curvature form of TM/TN; .
Proof. Just note that under the given conditions,

(0+si(V))e =0,

so by (1,8},

—.5'. w" e WS — ) e Em_jf
je 4 nl “'I e = Z,.(zm) J det{s6"'—k,) ~ [l

M M Ny

Remark 1. The origina]l method of Bott seems to work here also. But our
proof is technically simpler.

Remark 2. If we take degp <n in (3. 2) we may get some interesting van-
ishing formulas. .
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