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n-invariants and the Poincaré-Hopf index formula
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Abstract

We present an analytic proof of the Poincaré-Hopf index theorem. Our proof makes
use of an old idea of Atiyah and works for the case where the isolated zeros of the vector
field can be degenerate.
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0 Introduction

Let M be an even dimensional oriented smooth closed manifold. Let V € I'(TM) be a
smooth tangent vector field on M. We assume that the singularity set

B(V):={z e M :V{(z) =0}

consists of isolated points. Then for any x € B(V'} one can define an integer degy (x), which
we call the degree of V' at z, as follows: let U, be a sufficiently small open neighborhood of
z such that V' is nowhere zero on U, \ {z} and that the closure of U, is diffeomorphic to
the standard closed ball in the dim M dimensional Euclidean space, then V induces a map v
from 6U,, which is diffeomorphic to the standard sphere S¥™M-1(1) to S4™M-1(1) in the
following manner: for any y € 8U,, V(y) may be viewed as a unit vector in the Euclidean
space containing Uy, which determines the point v(y) on S9™-1(1). We define deg, () to
be the Brouwer degree of this induced map.

Let x(M) denocte the Euler characteristic of M.

The Poincaré-Hopf index formula (cf. [6] Theorem 11.25) can be stated as follows.

Theorem 1 The following identity holds: x(M) = ¥ ,cpev) degy (z).

In this paper, we present an analytic proof of this classical result by developing an old
idea of Atiyah [1] on manifolds with boundary. In doing so, we reduce the problem to a
calculation of variations of n-invariants on the spheres around the zeros of V. The main
point here is that we do not deform the vector field V to make its zeros nondegenerate.
Thus in particular, our proof works for the case where V has degenerate zeros. This is
different from the analytic proof proposed by Witten [10]. We hope that the ideas involved
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in this proof may be useful in other situations; in particular we hope this will yield a deeper
analytic understanding of some of the results in the paper of Atiyah-Dupont [2], where
further generalizations of the Poincaré-Hopf index formula have been studied extensively.

Here is a brief outline of the paper. In Sections 1 and 2, we reduce our proof to compu-
tations of spectral flows of Dirac type operators on spheres around zeros of V. In Section 3,
we compute these spectral flows via variations of »-invariants.

1 Splitting of the index

1.1 An analytic interpretation of x(M)

Let g be a Riemannian metric on M. Let A*(T*M} denote the exterior algebra bundle of
the cotangent bundle 7*M. Let d* be the formal adjoint of the exterior differential operator
d with respect to the standard L? inner product on the space of smooth differential forms:

QY (M) =TAYT*M)).
Let ) denote the de Rham-Hodge operator defined by
D=d+d: QM) Q(M).

Let Des, be the restriction of D to Qe*/°dd(Af) respectively. Then D, : Q¥*(M) —
°dd( M) is a first order elliptic differential operator whose formal adjoint is D, : Q°¥(M) —
§22ve2 (M ). Furthermore, by the Hodge decomposition theorem (cf. [9] Corollary 111.5.6), one
has

x(M) = ind D,. (1)
1.2 de Rham-Hodge operator on manifolds with boundary

We adopt the following notational conventions. We use the Riemannian metric g to identify
the tangent bundle TM with the cotangent bundle T*M; if e € TM is a tangent vector, let
e* € T*M be the corresponding dual cotangent vector. Let ext and int denote exterior and
interior multiplications respectively. Let c(e) and €(e} be the Clifford operators acting on
A*(T*M) given by

c(e) := ext(e”) — int(e*) and €(e) := ext(e*) + int(e").
Choose § > 0 be small enough so that the balls
Bs(z) ={ye M : d(z,y) < 6} for z € B(V)

are disjoint. We choose the Riemannian metric to be flat on these balls; these balls are then
isometric to the ball of radius ¢ in Euclidean space. To simplify subsequent notation, we let

B(x) := Byp(z).
Let M be the closure of the complement of Uycpv)B(z) in M:

M := Closure{M \ Uzepv)B(z)}.
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We now study the elliptic boundary problems of the type of Atiyah-Patodi-Singer [3] for
the de Rham-Hodge operator on M. The point here is that since we have assumed that the
Riemannian metric g is flat on Uzepv)B(z), one has to deal with the situation where the
metric near the boundary OM is not of product nature. For this, we will make use of the
more refined analysis developed in the paper of Gilkey [8].

Let Dy (resp. Daqe/o) be the restriction of D (resp. Deso) to M.

Let e1,...,edima be an oriented orthonormal basis for TM and let VA'T"M) be the
canonical Euclidean connection on A*(T*M) lifted from the Levi-Civita connection V™ of
g. Then one has that (cf. [8] (5.2))

dim M
Duy= Y ele)VETM Q" (M)|p = @ (M) pa- (2)
=1
Let i be the inward unit normal vector field on M and let fi,. .., f4im m—1 be an oriented

orthonormal basis of TOM. Let Ly = (VZ;_Mek,ﬁ'), 1 <j, k <dimM - 1, be the second
fundamental form of the isometric embedding OM — M.
Following [8] Lemma 2.2, we define the tangential operators acting on (1°Ve8/°dd(pf})|4,

by

dim M-1 A (T M) 1 dim M—-1
DBM,e/o = _C(n) Z c(fj)vfj + 5 Z L.'ff (3)
=1 =1

respectively. To be more precise, for any 1 < j < dim M — 1, set
&(f3) = —c(@)e(f;) : QFX (M) |op — QU (M) am (4)

and

— .t 1 dim M-1
A(TM -~ even/o even /o
Vi=V -5 X L) 07 Mo > @74 (M) ose. (6)

Then one verifies the following analogue of [8] Lemma 2.2(d):

dim M -1 o
Dopmefo =Y. &f5)Vs : Q7PN (M)|apg = Q7N (M) |ppa. (6)

ji=1

Let Pyas,>0.e (resp. Psa,>0,0, 1€SP. Paa>00) be the orthogonal projection from the L2-
completion space of Q7" (M)|ans (resp. §2°9(M)|aas, resp. Q°99(M)|pae) to its sub-Hilbert
space obtained from the orthogonal direct sum of nonnegative (resp. nonnegative, resp.
positive) eigenspaces of Daaqe (resp. Doy, T€SP. Dapg).

Let (Dap,e/or Pom,>0,0/0) (resp. (Dape, Porm,>00)) be the realizations of the operators
Dateso (resp. Dapyo) with respect to the the Atiyah-Patodi-Singer type boundary conditions
given by Poas>0.e/0 (Tesp. Paar>0,0) respectively (cf. [3] and in particular [8]). These bound-
ary value problems are all elliptic. Moreover, (Daa,0, Post,>0,0) is adjoint to (Dars,e, Par,>0.0)
(8] Theorem 2.3(a)). -

The above strategy can also be developed for each B(x), z € B(V), with similar notation.
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1.3 A splitting formula for x(M)

We state the main result of this section as follows.
Proposition 2 We have that x(M) = ind (D e, Par,>0.)-
Proof. By (3), one sees that on each dB(x), x € B(V), one has

Dypme = —Dppz)e

We can then apply [8] Theorem 6.4(g), which generalizes the Atiyah-Patodi-Singer index
theorem [3] to the case where the metric near the boundary is not of product nature, to M,
M and B(z), z € B(V), to get

ind D, = ind (DM,e: PaM,ZO,e) -+ Z ind (DB(:c),e’ PBB(w),ZO,e) + Z dim(ker DBB(m),e)- (7)
z€B(V) zeB(V)

Now since each ball B(z), z € B(V), is a standard ball in an Euclidean space, one sees
that the operators Dpg(s)ejo are the standard Dirac operators twisted by a trivial vector
bundle on B(z). In view of (6) and [8] Lemma 4.1, one then sees that the induced operators
Dsp(z),e/0 on the boundary are the standard Dirac operators twisted by trivial vector bundles
with trivial twisted connections.® If dim M > 4, then the scalar curvature on each 9B(x)
is positive and one uses the Lichnerowicz formula to see that there are no harmonic spinors
on 0B(z}. If dim M = 2, one computes directly that the ‘bounding’ spin structure is the
Mébius spin structure and hence there are no harmonic spinors on the boundary. Thus the
kernels of the boundary operators are trivial, ie., for any x € B(V),

dim(ker DBB(:r),e/o) = 0. (8)

On the other hand, by using Green’s formula (cf. [8] (2.28)) as well as the fact that the
metric on B(z) is flat, one deduces easily that for any s € Q°*/°4(M)|g(,y, z € B(V), one
has

dim M -1

/;(I)<De/05¢De/os>de(z) = /68(1) (5) DBB ),efoS dvaB(w LB(@' J;l Lﬂs>dv33(m)

dim M - e
+ Z /( )(VA (T*M) g Vé\‘ (T M)s>d’l)3(m), (9)
B
where ey, ..., e4im p is an orthonormal basis of TB(z), and dup(s) (resp. dvap(s)) is the volume

form on B(x) (resp. dB(z)) induced by the Riemannian metric g.
Now since the mean curvature — ¥-925 ™" L;; of the isometric embedding 0B(z} — B(z)
is positive, one verifies directly from (9) that

ind (DB(:c),en Paﬁ(z),zo,e) = U, for any r € B(V) (10)

The proposition now follows from equations (1), (7), (8) and (10). O

1See Section 3.2 for a more detailed explanation.
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Remark 3 It is important to note that the reason that Dap(z)e/o are not equivalent to the
de Rham-Hodge operators on 0B(z) is due to the fact that here we are dealing with the
Atiyah- Patodi-Singer type boundary problems in situations where one does not assume that
the metric near the boundary is of product structure.

Remark 4 One can also prove the splitting formula (7) alternatively without using the index
theorem ([8] Theorem 6.4(g)) for manifolds with boundary. To this order, one deforms the
Riemannian metric g near the hypersurface OM in M so that the meiric near OM is of
product nature. One also deforms the de Rham-Hodge operator on M to a Dirac type operator
such that near OM, it is of product nature with the induced tangential operators on OM given
by Dapejo. One then applies the splitling formula for this deformed Dirac type operator,
which can be proved by using the Bojarski theorem (cf. [5] Theorem 24.1), to get (7). We
leave the details to the interested reader.

2 Euler characteristic and the spectral flow

2.1 Review of the definition of the spectral flow

The concept of the spectral flow was introduced by Atiyah-Patodi-Singer in [4] for a curve
of self-adjoint elliptic differential operators.

Let D(u), 0 < u < 1, be a smooth curve of self-adjoint first order elliptic differential
operators on a compact smooth manifold, then the spectral flow of the family {D(u) }o<u<i,
denoted by sf{D(u),0 < u < 1}, counts the net number of eigenvalues of D(u) which change
sign when u varies from 0 to 1.

We now assume that all D(u), 0 < » < 1, have the same principal symbol.

Let Py>o (resp. Pi>o) be the orthogonal projection from the L*-completion space of the
domain of D(0) (resp. D(1}) to its sub-Hilbert space obtained from the orthogonal direct
sum of nonnegative eigenspaces of D(0) (resp. D(1)). Then the operator

T(PO»ZD’ PLZQ) = P0,20P1,20 . Im(PLZg) — Im(Pg,Zo) (11)
is a Fredholm operator. Furthermore, by a result of Dai and Zhang [7] Theorem 1.4, one has
Sf{D(U),O <u S 1} = inT(Pg’zo, Pl’zg). (12)

2.2 Euler characteristic and the spectral flow

We normalize V to assume that

Vlg=1 on M.
Set N
Doe = 8(V)Dopof(V) : Q7 (M)|ops — Q7 (M)[op. (13)
From equations (3)-(6) and (13), one deduces that
. dim M—1
Dome = Dome +EV) D Ef)EVEV). (14)

=
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We use this equation to see that the boundary problem (Do, €(V) Pap,»006(V)) is elliptic.
Moreover, as was already observed in [1] (2.2), the following operator is a 0** order operator:

A(V) = Daso + &V)Dpel(V) : Q74(M) — Q°9M).
One uses equation (8) and [8] Theorem 2.3(a) to see that:

ind (D pt,e, E(V') Popt,20,06(V)) = ind (E(V) Dago€(V), Pops,0,0)
= ind (=D + A(V), Poamt,>0,0) = ind (Dago — A(V), Pap,00)
= ind (Dp,0, Pom,>0,0) = —ind (Dage, Poas,>0)- (15)

Clearly, }SQM,ZDVE = &(V)Papm,»006(V) is the orthogonal projection mapping from the
L?-completion space of the domain of Dspe to its sub-Hilbert space obtained from the
orthogonal direct sum of nonnegative eigenspaces of Dyae. Thus, from (15) and (11) one
has

. 1. _ R
ind (Dag,e, Poam,>0,) = 5(111(1 (Date: Por,»0.6) ~ ind (Dpge, Por,>0,))

1, =
= —2-1nd T(Por,0,e) Parm,>0.), (16)

where the last equality follows from the variation formula for Dirac type operators with
global elliptic boundary condition (cf. [5] Proposition 2.14).2
Now for any u € [0,1], set

DaM,e(u) = (1 — U)DaM,e + uﬁaM’e. (17)

Then {Dap (%) Jo<u<i is a smooth curve of first order self-adjoint elliptic differential oper-
ators all having the same principal symbol.
From Proposition 2, equations (12) and (16), one finds

1
X(M) = ESf{DBM,e(U) 0fu < 1}
For 0 < u < 1, let Dap(s)e(u) be the restrictions of —Dgaqo(u) to each boundary sphere
around z € B(V). As OM = — U,¢p 0B(x), where one also takes account the orientations,
one gets the following formula, which is the main result of this section,

1
X(M) = -*5 E Sf{DaB(z),e(U) 0<y < 1}. (18)
zeB(V)

Remark 5 The deduction (15) has been inspired by an idea of Atsyah [1] which was used to
show that the Euler characteristic of a closed manifold edmitting a nowhere zero vector field
15 zero.

2The book [5] only deals with the situation of product nature near the boundary. However, one can use
deformations as was indicated in Remark 4 to reduce our problem to the case of product nature near the
boundary.
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3 A computation of the spectral flow

In this section, we compute the spectral flows appearing in the right hand side of (18) through
variations of n-invariants.

3.1 n-invariants and spectral flow

For any u € [0, 1], following [3], let 7(Das(z)e(u), s) be the n-function of Dap(s)e(u) defined
for s € C with Re(s) > dim M + 1,

sgn A
ﬂ(DaB(w),e(u)as) = Z BB :
A€Spec{Dapa),e(u))\ {0}

It can be extended to a meromorphic function on C which is holomorphic at s = 0 (cf.
[4]). The value of n{Dap(z)e(u), s) at s = 0, denoted by 7{Dagz)e(u)), is the n-invariant of
Dapiz),e{u) in the sense of Atiyah, Patodi and Singer [3]. Let 7(Dasp(z),e(u)) be the reduced
n-invariant of Dap(z)e(u), which was also defined in [3]:

dim(ker DBB(z),e(u)) + 77(Dt53l‘2(:.c),e (U))
5 .

T Dopz)e{tt)) =

By (14) and (17), one sees that for any u € [0,1], £ Dgp(s)e(u) is a bounded operator.
By standard results for heat kernel asymptotics, one has the following asymptotic expansion
ast — 0T,

5} c_ c-
Tr[%DaB(x),e(u) exP(—t(DBB(:c),e(u)')2)] = tk’;/; +eoet tl?f + O(tl/g)v

where k = dim M — 1 and c_g/5,...,c_1/2 are smooth functions of u € [0, 1].
The following well-known result (cf. [11] Proposition 3.6) illustrates the relations between
spectral flow and variations of reduced n-invariants.

Proposition 6 For any s € [0,1], one has

S ¢_
sf{ Dop(),e{u),0 <u < s} = /0 \/17—/: du + T(Dap(a)e(5)} — T(Dasa),(0))-

Now, from (3), (13) and (17), one verifies that
Dogiz)e(1) = 8(V)Dop,o8(V) = —c(B)E(V) Do (0)2(V ) ().

Thus, one finds that
T Dos(z),e(1)) = N(Dob(z),¢(0))- (19)

From Proposition 6 and equation (19), one gets

1
st{ Danay o(u),0 <u < 1} = /0 %j_fdu. (20)



3.2 Evaluation of the spectral flow

We compute in this subsection the right hand side of (20).
As we have noted in the proof of Proposition 2, the operator Dygs), is the standard
Dirac operator twisted by a trivial vector bundle. We first make this more precise. Let
S(TB(x)) := S, (TB(z)) ® S_.(TB(z))
be the Z,-graded bundle of spinors over B(z) associated to glp(; (which is the standard
Euclidean metric). We have
AT B(z)) = S4(TB(z)) ® S4(TB(x)) ® S_(TB(zx)) @ S_(TB(x)),
A%(T*B(z)) = S.(TB(x)) ® S_(TB(z)) ® S_(TB(z)) ® S+ (TB(z)).
In order to avoid confusion, we will use the symbol ’ to indicate the twisted spinor bundles
(That is, the second factors in the tensor products in the right hand sides of the above
equations). Then one sees directly that S.(TB(z)) are trivial vector bundles on which V™

lifts to the trivial flat connections.
Let T denote the Z,-grading operator of the splitting

S'(TB(z)) = S{(TB(z)) & S_L(TB(x)),
that is, Tlg;(Tg(z)) = +Id. Then one has

dim M

T = (%) ’ 6(81) . "E(edimM)- (21)

From equation (6) and [8] Lemma 2.2, one gets the identification of differential operators

—c() Dap(z) (1) = TDyp(s),0 as maps from
T(S4(TB(x)) ® S_L(TB(z)))|onw) to T(S1(TB(z)) ® SL(TB(x)))esy  (22)

Now denote the canonical Dirac operator on 0B(z) with twisted coefficient the trivial
vector bundle S'(TB(z))|ap) by
Dos(a) : T(S+{TB(x)) ® S'(TB(x)))lasr) = T(S+(TB(z)) ® S(TB(x)))los()-
Set for any 0 < u < 1 that
533(:,; (U) = (]. - u)ﬁag (z) + UE(V)ﬁaB (z) E(V) (23)

From equations (6), {13), (17), (22), (23) and by proceeding as in [8] Sect. 3, one sees that
the two families { Dag(o)e(t) Jocu<1 and {7 Dap)(u) bocu<i are unitary equivalent. Thus, one
has

st{Dop(z)e(1) : 0 < u <1} =sf{7Daprr)(u) : 0 < u < 1} (24)
Furthermore, one can apply (7] (4.41) to our special case, with g = &V} acting on the trivial
vector bundle S'(TB(z)), to get that (with n = dim M)

AToB(a) Y- cr b Tl (5 eV TRV

(25)

Fey du =

Coypg o1 /
o VT (2m/=1)%2 Jopw)
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where Tr, is the notation of the supertrace of operators on S'(TB(x)) with respect to the
Z,-grading operator 7.
Now by (21), one verifies that

n—1

Tr[(Y eVIEVTMV)L) ) =0 if k# 21, (26)
=1
while et 2n/2( )
-~ ~ - n—1) *
Tr’[(g eVYVEMV) I = '(:Wfl AN fas
/ SV A (VEMVY A A (TR VY (27)

where [P V* A (VIMV)* A --- A(VIM V)" is the function on 8B(z) such that

B

VEAVIMVY A A(VIX V) =ff/\---/\f*_1/\(—ﬁ)'/ VEA(VIMV) A A (VEM V)

(28)

Let v : 0B(z) — S™ (1) denote the canonical map induced by V|sp(), let w be the
volume form on S™ !(1). Then by (28) one verifies directly that

B
A AT, [ VA VIMVY A A (VEM V) = v'w, (20)
From (20), (24)-(27) and (29), one deduces that
SH{ Doy, 0 Su <} == [ (21w, (30)

On the other hand, since the volume of S"~*(1) equals to 27™/2/(%—1)!, from the standard
differential geometric interpretation of the Brouwer degree, one has

(3 - 1) f v'w = degy (z)
212 JaB(a) VAt

which, together with (30), gives that

Sf{DaB(z),e(u))O fu<g 1} = —2 degV(I)' (31)

The Poincaré-Hopf index formula then follows from (18) and {31). O
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