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GENERALIZED WITTEN GENUS AND VANISHING
THEOREMS

QINGTAO CHEN, FEI HAN & WEIPING ZHANG

Abstract

We construct a generalized Witten genus for spin® manifolds,
which takes values in level 1 modular forms with integral Fourier
expansion on a class of spin® manifolds called string® manifolds.
We also construct a mod 2 analogue of the Witten genus for 8k + 2
dimensional spin manifolds. The Landweber-Stong type vanishing
theorems are proven for the generalized Witten genus and the mod
2 Witten genus on string® and string (generalized) complete inter-
sections in (product of) complex projective spaces respectively.

1. Introduction

Let M be a 4k dimensional closed oriented smooth manifold. Let
{£27/—12j,1 < j < 2k} denote the formal Chern roots of TcM, the
complexification of the tangent vector bundle TM of M. Then the
famous Witten genus of M can be written as (cf. [22])

2% oo
[oges ,[M]> e Qlg)l

j=1

(1.1) W (M) = <

with 7 € H, the upper half-plane, and ¢ = ™/~
The above genus was first introduced in [26] and can be viewed as the
loop space analogue of the E—genus. It can be expressed as a g-deformed
A-genus as
W (M) = (ATM)eh (O (TeM)),[M]),
where

+00 ——— ———
O(TcM) = & Spn(ToM), with ToM =ToM — cH,

is the Witten bundle defined in [26].
The manifold M is called spin, if wy(TM) = 0, we(T M) = 0, where
w1 (TW), we(T'M) are the first and the second Stiefel-Whitney classes
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of T'M respectively. According to the Atiyah-Singer index theorem [3],
if M is spin, then W(M) = ind(D ® © (TcM)) € Z][[g]], where D is the
Atiyah-Singer-Dirac operator on M (cf. [15]).

Moreover, M is called string if one further topological restriction is
put on M, i.e. %pl(TM) = 0, where p1(T'M) is the first Pontrjagin

class of TM. (The class w is a degree 4 cohomology class, twice of
which equals to pi (T'M).) It is well-known that if M is string, or even
weaker, if M is spin and the first rational Pontryagin class of M vanishes,
then W (M) is a modular form of weight 2k over SL(2,Z) with integral
Fourier expansion ([27]). The homotopy theoretical refinement of the
Witten genus on string manifolds leads to the theory of tmf (topological
modular form) developed by Hopkins and Miller [17].

The Witten operator D ® © (TcM) was proved to be rigid by Liu
in [21]. Liu showed that if M admits an S'-action and p;(M)g =
n - w*u?, where p;(M)g1 is the equivariant first Pontrjagin class, 7 :
M xg1 ES' — BS! is the projection, u € H?>(BS',Z) is the generator
and n is an integer, then the index of the Witten operator is zero. In
[21], the modularity of the Lefschetz numbers of certain twisted elliptic
operators was applied to prove the rigidity of the Witten operator as well
as many other operators. Dessai observed that the anomaly condition on
the equivariant first Pontrjagin class is fulfilled if the S! action extends
to a semi-simple Lie group action [9].

The Witten genus has a well-known vanishing result due to Landwe-
ber and Stong stating that W (X) = 0 if X is a string complete intersec-
tion in a complex projective space (cf. [15, pp. 87-88]). This vanishing
result is an evidence for the famous Hohn-Stolz conjecture [25] (see the
following for details). In [7], Chen and Han generalize the result of
Landweber and Stong by proving that the Witten genus of a string gen-
eralized complete intersection in a product of complex projective spaces
vanishes. (Recall that a generalized complete intersection in a compact
oriented even-dimensional manifold M is the transversal intersection of
codimension two oriented submanifolds in M)

In this paper, we extend the classical Witten genus in two directions.

In one direction, we construct a Witten type genus for even dimen-
sional spin® manifolds, which takes values in level 1 modular forms over
SL(2,Z) with integral Fourier expansions when the spin® manifolds are
put more topological condition to become string® manifolds, just like
the classical Witten genus takes values in level 1 modular forms over
SL(2,Z) with integral Fourier expansions on string manifolds. Similar
to the classical Witten genus, which is the index of the Witten operator,
this generalized Witten genus for spin® manifolds is the index of a Witten
type operator, a twisted spin® Dirac operator. This Witten type opera-
tor can be shown to be rigid under relevant anomaly cancellation condi-
tion by applying Liu’s method in [21]. We prove Landweber-Stong type
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vanishing theorems for this generalized Witten genus on string® (gener-
alized) complete intersections in (product of) complex projective spaces,
extending the vanishing theorems of Landweber-Stong and Chen-Han
[7] on the classical Witten genus. It would be interesting to study the
homotopy theoretical refinements of this generalized Witten genus for
string® manifolds similar to the theory of topological modular forms.

In the other direction, for 8k+2-dimensional spin manifolds, we define
a mod 2 analogue of the classical Witten genus. It is the mod 2 index of
the Witten operator on 8k + 2-dimensional spin manifolds. We also ob-
tain mod 2 analogues of the Landweber-Stong vanishing theorem of the
classcial Witten genus on string complete intersections by proving van-
ishing theorems for this mod 2 Witten genus on 8k+2-dimensional string
(generalized) complete intersections in (product of) complex projective
spaces. Note that string complete intersections must admit a metric
of positive Ricci curvature [25]. Then the Landweber-Stong vanishing
of the classical Witten genus on string complete intersections are used
as an evidence for the Hohn-Stolz conjecture stating that if a 4k di-
mensional closed string manifold M admits a Riemannian metric with
positive Ricci curvature, then the Witten genus of M vanishes [25].
Our vanishing result for the mod 2 Witten genus on 8k + 2 dimensional
string complete intersections should be an evidence of a potential mod
2 version of the Hohn-Stolz conjecture.

The rest of the paper is organized as follows. In Section 2, we recall
some knowledge of the Jacobi theta functions, modular forms as well as
the definitions of characteristic forms to be discussed. In Section 3, we
construct and discuss the generalized Witten genus for spin® manifolds
as well as the mod 2 Witten genus for 8k 4 2-dimensional spin mani-
folds. We then present and prove the Landweber-Stong type vanishing
theorems for string® and string (generalized) complete intersections in
(product of) complex projective spaces in Section 4.

Acknowledgement. We are indebted to Kefeng Liu for very helpful
discussions.

2. Preliminaries

2.1. Modular forms and Jacobi theta functions. In this subsec-
tion, we recall some necessary knowledge on theta-functions and mod-
ular forms.

The four Jacobi theta-functions are defined as follows (cf. [5]),

(2.1)

o
0(z,7) = 2¢'/* sin(mz H [ (1-¢¥)(1 - 627“/__1Zq2j)(1 - 6_2”\/__12q2j) ,
7j=1
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(2.2)

01(z,7) = 2ql/4 cos(wz)H [(1 — q2j)(1 + 62“\/__12q2j)(1 + 6_2”\/__12q2j)},
j=1

(2.3)

02(z,7) = [T [(1— )1 = T2 (1 - e 20 T
j=1

(2.4)
03(2,7) = [T [(1 = ) (1 + €2V 1Y) (14 =20V Log2i 1]
j=1

where ¢ = e“\/__”, 7 € H, the upper half plane.

They are all holomorphic functions for (z,7) € C x H, where C is
the complex plane.

Let 6'(0,7) = %9(2,7’)\220, then one has the following Jacobi iden-
tity.

Proposition 2.1 (Jacobi identity, [5]). The following identity holds,
(2.5) 0'(0,7) = 701(0,7)02(0,7)85(0, 7).
Let

SL(2,Z) := {< Z; Zi >
0-1

be the modular group. Let S = (1 0 ) , T = ({1)be the two generators
of SL(2,Z). Their actions on H are given by

ai,a2,a3,a4 € 4, arag — azaz = 1}

1
S:t———, T:7—714+1.
T

If we act theta-functions by S and T, the following transformation
formulas hold (cf. [5]),

0(z,7+1) =™ 0(z,7),
PO iy = \/%—1 < \/T__1>1/2 VI (2 7)
Ou(2,7 + 1) = e T 01 (,7),
=0 0y (2,—1/r) = < \/T__1>1/2 eV, (12,7
Oa(z,7 + 1) = O5(2,7),
(2.8)

1/2
b1 = () e )
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03(Z7T + 1) = 02(277-)7

2.9 r O\ V2 2
(29) O3 (z,—1/7) = <\/—__1> eV 1Tz Os(Tz,7) .

There are also the following formulas,
(2.10) 0(z+1,7)=—-0(z,71), 0(z+7,7) = —36_2””0(,2,7'),
(211) Oz +1,7) = —03(2.7), O1(z +7,7) = ée—mel(m),
(2.12) O2(z 4+ 1,7) = 02(2,7), Oo2(z2+7,7) = —36_2“”02(,2,7'),
(2.13) Os(z+1,7) =05(2,7), O3(2+7,7) = 36_27”'293(2,7').

Therefore it’s not hard to deduce how the theta functions vary along
the lattice I' = {a + b7|a,b € Z}. In fact, we have

(2.14) 0(z +a,7) = (—1)%0(z, 7)
and
0(z +br,T)
_ }e_2m(z+(b—1)T)9(Z +(b—1)77)
q

_ L oG- <_}> e 2miGH -2, 1 (b — 2)7,7)
(2.15) o 4

_ (_1)b¥e—2m[z+(b—1)T)+(z+(b—2)'r)+~~+z]9(27T)

_ (_1)b%e—%ibz—m’b(b—l)'re(zj7_)

_ (_1)be—2m'bz—m'b27-9(z77_)'
Similarly,

(2.16) O1(z+a,7) = (—1)%01(2,7), O01(2+0b7,7) = 6_2”ib2_”ib2701(z,7);
(2.17) O2(z+a,T) = 02(z,7), O2(24b7,7) = (—1)be_2mb2_“b2792(z,7');

(2.18)  O3(z+a,7) =03(2,7), O3(z+br,7) = e_Q’Tibz_“szH;),(z, 7).

Definition 2.1. Let I" be a subgroup of SL(2,Z). A modular form
over I' is a holomorphic function f(7) on H such that for any

_ [ a1 a2
g_<a3 a4>€P7
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the following property holds,

ﬂm%zf(

where x : I' — C* is a character of I' and k is called the weight of f.

a7 + as
asT + a4

):x@x%7+mﬁﬂﬂ,

2.2. Chern-Weil forms of some characteristic classes. Let M be a
smooth Riemannian manifold. Let V™ be the associated Levi-Civita
connection on TM and R™ = (VTM)2 he the curvature of VM,
Then V™™ extends canonically to a Hermitian connection VIe™ on
TcM =TM ® C. R

Let A(TM,VTM) be the Hirzebruch A-form defined by (cf. [30])

% RTM
sinh (% RTM )

Let E, F' be two Hermitian vector bundles over M carrying Hermitian
connections V¥, V¥ respectively. Let RE = (VF)?2 (resp. RF = (VF)?)
be the curvature of V¥ (resp. V!). If we set the formal difference
G = E — F, then G carries an induced Hermitian connection V¢ in an
obvious sense. We define the associated Chern character form as (cf.
30])

(2.19) A(TM, V™) = det!/?

(2.20)  ch(G,VY) =tr [exp <‘/2—__13E>] —tr [exp (gRFﬂ .

™

For any complex number ¢, let
Si(E) =C|y+tE+t2S*(E)+---, Ay(E) = C|y+tE+t*A*(E)+---

denote respectively the total symmetric and exterior powers of E, which

lie in K(M)[[t]]. The following relations between these two operations
hold (cf. [2]),

1 A(E)
. M(E-F)= .
m MET SR
The connections V¥ and V¥ naturally induce connections on S;(E) and
A (E) etc. Moreover, if {w;}, {w;'} are formal Chern roots for Hermitian
vector bundles E, F respectively, then [14]

(2.21) Sy(E) =

(2.22) ch (At(E), VAt(E)> = [ + e

(2
Therefore, we have the following formulas for Chern character forms,

1 1
(223) ch (S(E), V) = = (A_(E), VA1) ~ TI(1—e=t) °

)
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(2.24)

ch <A (E—F) VAt(E—F)> _¢ch (A(B), VA(E)) _ fil(l +evit)
t ) ch (At(F), VAt(F)) i 7D

J

If V is a real Euclidean vector bundle over M carrying a Euclidean
connection VY, then its complexification Vg = V ® C is a complex
vector bundle over M carrying a canonically induced Hermitian metric
from that of V, as well as a Hermitian connection V"¢ induced from V.
If E is a complex vector bundle over M, set E = E — C™&(E) ¢ K(M).

If Eu) is a differential form on M, denote the degree ¢ component of w
by w'¥.

Let ©(TcM) be the Witten bundle over M defined by ©(TcM) :=

. =
®1Sq27n (TcM). The connection V'™ induces a connection V©(TcM)
m=

on O(TcM). Then the Witten form
1 ak
W(M, VM) = {A(TM, VTM)ch (9 (TeM) ,VG(TCM)) }< )

can be expressed in terms of the theta function via curvature as

(4k)
det? RT™™ ¢(0,7)
472 H(RTM )
s T

472

(cf. [6]).
If M is oriented, then

TM !
(2.25) W(M) = / W(M, V) = / det? Zz e,ff;f)
M M 0 ( e ’T>

By using the Chern root algorithm, the Witten genus can be expressed
as in (1.1).

3. Generalized Witten genera

In this section, we discuss two extensions of the Witten genus. One
concerns spin® manifolds and the other one is a mod 2 extension for
8k + 2 spin manifolds.

Let M be an even dimensional closed oriented spin®-manifold and L
be the complex line bundle associated to the given spin¢ structure on
M (cf. [19, Appendix]). Denote by ¢ = ¢1(L) the first Chern class of L.
Also, we use Lg for the notation of L, when it is viewed as an oriented
real plane bundle.
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Let O(TcM,Lr ® C), O*(TcM,Lr ® C) be the virtual complex
vector bundles over M defined by

m=

O(TcM,Lr ® C) := < %Slsqzm(TcM)> ® ( §Aq2n(L§E§C)>

X < §1A_q2u1(L;50)> X < §1Aq2v1(L;§C)> ,

v=

and

@*(TcM, Lr®C):= < S@ilsqzm(TcM)> & < glf\_qm(LEéTC)) .

n—=

Let g”M be a Riemannian metric on M. Let VI'M be the Levi-Civita
connection associated to ¢”™. Let g’c¢™ and V7cM be the induced
Hermitian metric and Hermitian connection on TcM. Let hL be a
Hermitian metric on L and V¥ be a Hermitian connection. Let hli®
and VLR be the induced Euclidean metric and connection on Lg. Then
VIM and VL induce connections VOISMLr®C) 44 vO*(TcM Lr®C)
on O(TcM,Lr ® C) and ©*(TcM, Lr ® C) respectively. Let ¢ be the
first Chern form of (L, VF).

Define the generalized Witten forms

W(M) =
R k
{A(TM, VTM) exp (%) ch (@(TcM, Lr ® C), V@(TcM,LR®C))}(4 )

if dimM = 4k and

We(M) :=
A . (4k+2)
{A(TM, VM) exp (§) ¢h (0*(TcM, Ly ® C), V® (TCM,LR®C))}

if dimM = 4k + 2.
One can express the generalized Witten forms in terms of theta func-
tions via curvatures by

WC(M4k) —

(R g0 0 () 0 () o ()

detz
472 9<%’T> 01(0,7)  62(0,7)  63(0,7)
and
WC(M4k+2):
. (4k+2)
e | ()

472 0 <RTM 7—) 91 (07 T)62(07 7—)63(07 T) ’

4r2

where RTM = (VTM)2 and RF = (V1)? are the curvatures.
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We can also express the generalized Witten forms by using the Chern-
root algorithm. Let {+27+/—1%;} be the formal Chern roots for (TcM,

VTeM) and set u = —gc. In terms of the theta-functions, we get

through direct computations that

2%k (4k)
Ay .y '0,7) \ 61(u,7)02(u, 7)03(u,T)
(B.1) We(MT) = 3131 ]9(2],7') 01(0,7)62(0,7)05(0,7) ’
and
(3.2)
(4k+2)
waarez — ([ 200 V=10(u,7)

59657 ) 0100,7)0200,7)05(0,7)

Define the generalized Witten genus

(3.3) W (M) = W, (M),
M4k
and
(3.4) We(M¥*+2) .= / W (MA*+2),
M4k+2

Let So(TM) = S+ (TM)@S.,—(T'M) denote the bundle of spinors as-
sociated to the spin® structure, (T'M, g"™) and (L, h*). Then S.(TM)
carries induced Hermitian metric and connection preserving the above
Zy-grading. Let D,y : I'(Se+(TM)) — I'(Se+(TM)) denote the in-
duced spin® Dirac operators (cf. [19]). Consider the (virtual) complex
vector bundles

(3.5) O(TcM,Lr ® C) ® L' ® ©(TcM, Lg ® C),

(3.6) O*(TcM,Lr ® C) & L™ ® ©*(TcM, Lgr ® C).

They carry induced Hermitian metrics and connections. By the Atiyah-
Singer index theorem for spin® manifolds, it’s not hard to see that

W,.(M*) =
3ind(D. 4 ® (O(TcM, Lr ® C) & L™ @ O(TcM, Lr ® C))) € Z[[q]]
and
W, (M*%+2) =
Lind(De+ ® (0*(TcM,Lr ® C)© L™ ® ©%(TcM, Lr ® C))) € Z[[q]].
We call the operators
Dey ® (O(TcM,Lr ® C) & L™' @ ©(TcM, L ® C))
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and
D.y ®(0*(TcM,Lr ® C)© L' ® ©*(TcM, Lr ® C))

the generalized Witten operators.

Clearly, when the spin® manifold M is actually spin with ¢ = 0,
W.(M) is exactly the Witten genus of M.

Since M is spin®, TM @ Ly is spin. By a result of McLaughlin ([23],
Lemma 2.2), there is a class \. € H*(M,Z) associated to the spin®
structure such that 2\, = p;(TM @ Lgr). However,

p1(TM @ Lr)
= —((TM®Lgr)®C)

3.7 — _
(3.7) = —CQ(TcM)—CQ(LEBL)—Cl(TcM)Cl(L@L)
= pl(TM) + C2.
So 2). = p1(TM) + 2.
We have

Theorem 3.1 (Chen-Han-Zhang [8]). (i) If dim M = 4k and A\, —
2c¢? = 0 (it is enough to assume that p1(TM) —3c? = 0 rationally), then
We(M) is an integral modular form of weight 2k over SL(2,7Z);

(i3) If dim M = 4k + 2 and A\ — ¢ = 0 (it is enough to assume that
p1(TM) — ¢ = 0 rationally), then W.(M) is an integral modular form
of weight 2k over SL(2,7Z).

Simply denote the class A\.—2c? by 7%)_362 and \.—c? by 7%)_62.

Inspired by Theorem 3.1, we made in [8] the following definition:

Definition 3.1 (Chen-Han-Zhang [8]). If M is an even dimensional
closed oriented spin® manifold and L denotes the complex line bun-
dle associated to a given spin® structure on M with ¢ = ¢;(L) de-
notes the first Chern class of L. Then M is called a string® manifold if

M-+ T2
{ = 0.

With this terminology, Theorem 3.1 can then be stated simply as fol-
lows: the genus W, (M) defined in (3.3) and (3.4) is an integral modular
form on a string® manifold.

As a special example, when M is 4 dimensional,

2’19/(0, T) 2’29/(0, T) 91 (u, T)92 (u, T)@g(u, T)

3.8 W.(M) = )
( ) ( ) M 9(21,7') 9(2’2,7’) 91(0,7’)92(0,7’)93(0,7’)
Up to the terms of degree higher than 2, we have
(3.9)
Zj 1 1, o 4r2q? )
_ 1 2 _ - 1 2
6(.7) *‘<6” 2;<1—qmv G|

2/ T [(1 — g%
=1
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j=1,2, and
01(u, 7)02(u, 7)03(u, T)
(3.10) a 1 127242
=20 L0 =) |1+ | =57+ D= ) v*) -
=1 i=1

Thus up to some constant, we have
1 e 47T2q2i
WM = _2_27' 21,2 _ 3,2
c( ) /1\4 <67T o (1 _ q2z)2 (zl + z9 U )

1 L An2g* 1
= <6”2 “2 - q2i>2) 2 (1 =3¢

(3.11)

i=1
Therefore one can see that if M is a 4-dimensional string® manifold,
then W(M) = 0.
The homotopy theoretical refinement of the classical Witten genus
leads to the theory of topological modular forms developed by Hopkins
and Miller [17]. In [1], it is shown that the Witten genus

M String — MF,
is the value on homotopy group of a map of E.,-spectra
M String — tmf.

It would be interesting to study the homotopy theoretical refinements
of the generalized Witten genus for string® manifolds.

Similar to the Witten operator, the generalized Witten operators are
also rigid. For any integer n > 0, let R,,(Tc M, Lr ® C), Q,(TcM, Lr®
C) be the (virtual) complex vector bundles defined by

O(TcM,Lr @ C)® L' @ ©(TcM, Lr ® C)
(3.12) =
=> Ru(TcM,Lr ® C)¢",

n=0

O*(TcM,Lr ® C)© L™t @ ©*(TcM, Lgr ® C)

(3.13) =
= Qu(TcM,Lr ® C)g™
n=0
respectively. Clearly, each of the R, (Tc M, Lr®C)’s and Q,,(Tc M, LR®
C)’s carries induced Hermitian metric and connection.

Now we assume that M admits an S'-action which lifts to an action
on L. Moreover, we assume that this action preserves the given spin®-
structure associated to (M, L), as well as the metrics and connections
involved.
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For any integer n > 0, let DR"(TCMLR®C) ['(Se+(TM)® R, (Tc M,
Lr®C)) = I'(S.=(TM)® R, (TCM, Ly ® C)) denote the correspond-
ing twisted spin® Dirac operators. Let DQ”(TCM’LR®C) be defined sim-
ilarly. Then each of the DRn(TCMLR@C) and Dgi(TCM’LR(gC)’S is an
St -equivariant operator.

Let ES! be the universal S! principal bundle over the classifying

space BS! of S'. Let H*(BS',Z) = Z][[u]], with u a generator of degree
2. Let m: M x g ES' — BS! be the projection.

Theorem 3.2. (i) Let M be a spin® manifold of dimension 4k whose
first equivariant Pontryajin class verifies 361([/)%1 —p1(TM)g1 = lm*u?
where [ is an integer and c1(L)g1 is the first equivariant Chern class of
L. One has

a) if | =0, then for any integer n > 0, D,
sense of Witten [26, Section 4];

b) if 1 <0, then for any integer n > 0, ind
(i1) Let M be a spin® manifold of dzmenszon 4/<: + 2 whose ﬁrst equi-
variant Pontryajin class verifies c¢q (L) —p1(TM)g = Im*u?, where |
is an integer and c1(L)g1 is the first equivariant Chern class of L. One
has
a) if | =0, then for any integer n > 0,
sense of Witten [26, Section 4];
b) if 1 <0, then for any integer n > 0, ind(Dgi

Rn(TcM Lr®C) rigid in the

( Rn(TcM LR®C)) 0.

DO TeMEIREO) o rigid in, the

(TcM,LR®C)) _ 0

Proof. If ¢ € H?>(M,Z) is even, then M is spin and the corresponding
twisted Dirac operators have been constructed in [21, Page 356, Exam-
ple f], [21, Page 353, Example b] and [26, (34)] respectively, and one
can apply [21, Theorem 1] to obtain the required rigidity.

In the general case where ¢ needs not be even, we find that the argu-
ments in [21] can be applied here to obtain the required rigidity.

q.e.d.

Remark 3.1. In view of the modularity and the rigidity as-
sociated to the formal Dirac operators >0 Df_’;(TCM’LR(gC)q" and

oo DQi(TCM’LR®C)q2" on string® manifolds, one would expect that,

just like in the string manifolds case considered in [26], in general these
operators should be viewed as a kind of Dirac operators on loop spaces
of spin® manifolds.

Another extension of the classical Witten genus concerns 8k + 2-
dimensional spin manifolds. Let B be an 8k 4 2 dimensional compact
spin manifold. Define

¢(B) := indz(6(TB)) € Zaq]],
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with ©(TB) = §1Sq2m (T\é) being the Witten bundle constructed in

[24, (17)], or rather its real form.
It’s not hard to see that ¢ defines a ring homomorphism

(3.14) ¢ QPN — KO~ G2 (pt.)|[q]).

We call it the mod 2 Witten genus. It would be very interesting to know
if (B) is a level 1 modular form over the ring KO~®*+2)(pt.) when
B is string (in some sense, ¢ might be thought of as an analogue of
Ochanine’s (3 invariant defined in [24], which is a level 2 modular form
over the ring KO~(®¥*2)(pt.) on any compact spin manifold). We will
study this question in further article.

Remark 3.2. The construction of W (M) is actually inspired by the
mod 2 Witten genus ¢(B) considered here, as well as the considerations
in [13] where the mod 2 elliptic genera are studied in the framework of
Rokhlin congruences.

4. Vanishing theorems on generalized complete intersections

In this section, we give the Landweber-Stong type vanishing theo-
rems on the generalized Witten genus and the mod 2 Witten genus
constructed in Section 3.

4.1. Vanishing theorems. We first recall the result of Chen-Han in
[7] for completeness. Let Vida 5) be a nonsingular 4k dimensional gener-
alized complete intersection in the product of complex projective spaces
CP™ x CP™ x --- x CP", such that [V{g_ )] € Hix(CP™ x CP™ X
t s
o+ x CP™,Z) is dual to [[ (Y. dapzs) € H*(CP™ x CP™ X -+ X
a=1 =1

CP",Z), where each z5 € H(CP"#,Z), 1 < 3 < s, is the generator
of H*(CP"#,Z) and dypp, 1 < a <t, 1 < <s, are integers.

Let P3 : CP™" x CP" x---x CP" — CP"#, 1 < 8 < s, be the pro-
jection on the S-th factor. Then V(y_,) is the transversal intersection of

zero loci of smooth global sections of line bundles Bé P3(O0p(dag)), 1 <
=1

a < t, where Og(d,p) denotes the dyg-th power of the canonical line
bundle O(1) over CP"4. (In [10], Gorbounov and Ochanine calculated
the complex elliptic genus for such generalized complete intersections
and showed that it equals to the elliptic genus of the Landau-Ginzburg
model, which are the mirror partners of these generalized complete in-
tersections according to Hori and Vafa [18].)

Putting some relevant conditions on the data ng, 1 < 8 < s, and
dop, 1 < a < t, 1 < B < s, the generalized complete intersection
Vld,5) can be made string. This systematically provides us with a lot of
interesting examples of string manifolds.
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Set
dir diz -+ dis
e
di dig -0 dys

Let mg be the number of nonzero elements in the S-th column of D.

The main result in [7] says if mg +2 <ng, 1 <3 <s, and Vidog) 18
string, then the Witten genus W(V(daﬁ)) vanishes.

Putting s = 1, one obtains the Landweber-Stong vanishing theorem:
the Witten genus vanishes on string complete intersections in a complex
projective space.

It is natural to ask if there are Landweber-Stong type vanishing the-
orems for the generalized Witten genus and the mod 2 Witten genus
constructed in Section 3. We provide the following answers to this nat-
ural question.

Theorem 4.1. Ifmg+2<mng, 1 < <s, and Vig,,) is string® with
L = 2“/(d » for some line bundle £ on CP™ x CP™ x ... x CP"s,

then the genus We(Vq,,)) vanishes.

Specializing to the case s = 1, i.e., we only consider the complete
intersection V'(dy,ds, - - - ,d,) in CP**" (the conditions that d; > 0, 0 <
i < r are also put). In this case, the conditions in Theorem 4.1 can be
simplified thanks to the well known Lefschetz hyperplane theorem on
nonsingular complex projective algebraic varieties (cf. Chapter 1 in
[11]). In fact, the Lefschetz hyperplane theorem asserts that

i* . H(CPM7" Z) — H/(V(dy,da,- - ,d,),Z)

is an isomorphism when j < k. Therefore from Theorem 4.1, one sees
that (taking j = 2) the genus W, vanishes on string® complete intersec-
tions of complex dimension > 3 in a complex projective space.

On the other hand, we have already shown that W, vanishes on string®
manifolds of real dimension 4 in Section 3. Therefore we obtain the fol-
lowing generalization of the vanishing result of Landweber-Stong men-
tioned before.

Corollary 4.1. The genus W, vanishes on string® complete intersec-
tions of complex dimension k (k > 2) in a complex projective space.

In the mod 2 case, we have the following vanishing theorem:

Theorem 4.2. If mg+2 < ng,1 < 3 < s, dimRV(daﬁ) = 8k + 2,
Vid,s) 15 string and one of the generalized hypersurfaces that generate
Vid.s) 15 of even degree (i.e. one of the rows of D consists of only even
numbers), then the mod 2 Witten genus ¢(V{q,,)) vanishes.
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Putting s = 1, we obtain the following corollary (see the deduction
of Corollary 4.2 from Theorem 4.2 at the end of Section 4.5), which is
the mod 2 analogue of the Landweber-Stong vanishing result.

Corollary 4.2. If V(dy, -+ ,d,) € CP**47 js g string complete
intersection of complex dimension 4k+1 (k > 1) in a complex projective
space, then the mod 2 Witten genus ¢(V (dy,--- ,d;)) vanishes.

Remark 4.1. The above Landweber-Stong type vanishing theorems
and their corollaries indicate that the genera we introduced in Section
3 are in some sense the “right” extensions of the classical Witten genus.

There is a famous conjecture relating the existence of a Riemannian
metric with positive Ricci curvature to the vanishing of the Witten
genus.

Conjecture 4.1 (Hohn-Stolz, [25]). Let M be a smooth closed string
manifold of dimension 4k. If M admits a Riemannian metric with pos-
itive Ricci curvature, then the Witten genus W (M) vanishes.

The Hohn-Stolz conjecture is the loop space analogue of the Lich-
nerowicz theorem saying that a positive scalar curvature metric on a 4k
dimensional closed spin manifold M implies the vanishing of A(TM)
or ind(Djys) [20]. The conjecture is given a heuristic proof in [25] by
viewing it as the Lichnerowicz type theorem on the free loop space LM.
It’s shown in [25] that any string complete intersection in complex pro-
jective spaces admits Riemannian metric with positive Ricci curvature
and therefore 4k dimensional string complete intersections in complex
projective spaces are evidence of the Hohn-Stolz conjecture according
to the Landweber-Stong vanishing theorem.

The mod 2 extension of the Lichnerowicz theorem is a theorem of
Hitchin [16] saying that on an 8k + 2 dimensional closed spin manifold
M, a positive scalar curvature metric implies the vanishing of inda (D).
Our vanishing result Corollary 4.2 should be an evidence for a potential
mod 2 version of the Héhn-Stolz conjecture.

4.2. Numerical characterizations of string® complete intersec-
tions. Let
i Vidas) = CP" x CP™ x -..x CP™

denote the inclusion embedding. It’s not hard to see that
i"Tr(CP™ x CP™ x --- x CP")

% 14 i *
o~ TV(dag) D1 <a€:91 <B§1Pﬁ(oﬁ(daﬁ))>>y

where we forget the complex structure of the line bundles
Bé P3(0p(dap)), 1 < a < t. Therefore for the total Stiefel-Whitney
=1

(4.1)



16 Q. CHEN, F. HAN & W. ZHANG

class, we have
*w(Tr (CP™ x CP" x --- x CP™))

(4.2) TV(d H <® PB (05(d aﬁ)))

or more precisely,

i (ﬁu —1—3:5)”5“)

(4.3) =

p=1

t s
= w(TVi4,,)) H i* (1 + Z dagzng) mod 2,
a=1

where each z3 € H*(CP"%,Z) is the generator of H*(CP",Z).
By (4.3), we see that

(4.4) wl(Tv(daB)) = O,

s t
(4.5) w2 (TV(a,,) = Z <n5 +1-— Z da5> i*rg  mod2.

p=1 a=1
As for the total rational Pontryagin class, we have

i"p(Tgr(CP™ x CP™ x --- x CP"))

(4.6)
=p(TVid, ) cHlZ p <B® Pg(%(%ﬁ)))
-1
(4.7) p(V(daﬁ)) = H(l—l—(z :EB) n5+1 H (1 + ( QBZ :EB) )
B=1 f=1

Hence we have

P1(Vdnp)) = Z(nw 1)(i*zp) Z (Z apl 336)

B=1 a=1 \p=1

@ E(enfe)es
-2 (dedaa(z‘*ww(z’*wa))-
p=1

1<7,6<s,77#6
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Let ¢ € H*(CP™ x CP™ x --- x CP",Z) such that ¢ = Y csz
B=1
with cg € Z.
If p1(Vig, ) = 3(i*¢)?, then

0 =i (pl(v(dag)) - 3(2'*(;)2)

t
= iyi* ES: (ng +1- Zdiﬁ> 3

p=1 a=1

t
- Z <Z ary a5w'yw5> -3 Zcﬁxﬁ ’

1<v,0<s,v#6 B=1

v

t s t
H dapp . Z (ng +1-— Z diﬁ> 3:26
a=1 \pg=1 B=1 a=1

2

— Z (Z dayda(;wyacg) -3 Z%xg =0

1<~,0<s,v#6
in H2t+4(CPn1 x CP™ x ... x CP”s)Z% where
H*(V(daﬁ),z) — H*Jrzt(CPm x CP" x ... x CP",Z)

is the cohomology push forward.

Recall that mg is the number of nonzero elements in the S-th column
of the matrix D defined in Section 1, i.e., it is the number of nonzero
elements in {dig,...,ds}.

Recall also that for any 1 < 8 < s, 1, g, w%,...,xgﬁ are linearly
independent in H*(CP"?,Z).

If mg 4+ 2 < ng holds for any 1 < 8 < s, then the left hand side
of the above equality should be a zero polynomial of the xg’s with
1 < B < s. Moreover, at least one of its factors should be zero. But

t S
I <z dagwg) is nonzero, which implies

a=1

s

t t
S (wr1-t)de ¥ (Stons)
B=1 a=1 1<7,6<sy#6 \a=1

2

S
Z grp
p=1
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and consequently the following identities hold,

¢
(4.9) ng—l—l—ZdiB:3052, 1<B<s;
a=1
t
(4.10) — Z darydas = 3cycs, 1 < 7,0 < s, v # 6.
a=1

In a summary, we have the following propositions.

Proposition 4.1. Let Vig, ) be a 4k dimensional generalized com-
plete intersection. Let c € H?>(CP™ x CP™ x --- x CP",Z) such that

S
c= Y cgxp with cg € Z and x5 € H*(CP"s,Z) being the generator. If
5=1
Vidog) 18 string® with ci(L) =i*c and mg+2 < ng for any 1 < < 's,
then the following identities hold,

t
ng+1— Y d2s=3cs? 1<B<s,
(4.11) a=1

t
=2 daydas = 3¢yC5, 1<7, 6<s, v#6;
a=1
or equivalently
(4.12) DTD = Diag(ny +1,--- ,ns +1) — 3CTC,
where C' is the s X 1 matrix C =[c1 ca -+ ¢g.

Similarly, we have

Proposition 4.2. Let V(daﬁ) be a 4k+2 dimensional generalized com-
plete intersection. Let ¢ € H*(CP™ x CP" x --- x CP"*,Z) such that
S
c= Y cprg with cg € Z and x5 € H*(CP™,Z) being the generator. If
B=1
Viday) 8 string® with c1(L) = i*c and mp + 2 < ng for any 1 < 8 < s,
then the following identities hold,

¢

ng+1— 3 dog=cg®, 1<B<s,

(4.13) . a=1

- Zldoc’ydaé = C4Cs, 1< Vs d <s, 7 7& 6;
a=

or equivalently DT D = Diag(ny +1,--- ,n, +1) — CTC.



GENERALIZED WITTEN GENUS AND VANISHING THEOREMS 19

4.3. A theorem on residues of meromorphic differential forms.
In this subsection, we review a residue theorem in complex geometry
that we will apply in the proof of our main theorems. See [11, Chapter
5] for details.

Let U be the ball {z € C* : ||z| < }.

Let fi,---,fs € O(U) be functions holomorphic in an open neigh-
borhood of the closure U of U. We assume that the f;’s have the origin
as the isolated common zero.

Set

D; = (f;) = divisor of f;, D= D;+-- -+ Ds.

Let
g(z)dzy N\ -+ Ndzs
fi(z) - f5(2)

be a meromorphic s-form with polar divisor D.
The residue of w at the origin is defined as follows,

1 s
RGS(07,,,70)(OJ) = <27‘(7\/—_1> /Fw,

where I' is the real s-cycle defined by I' = {z : |fi(2)| = ¢,1 < i < s}
and is oriented by d(argf;) A --- Ad(argfs) > 0.

Let M be a compact complex manifold of dimension s.

Suppose that Dq,---, D, are effective divisors, the intersection of
which is a finite set of points.

Let D =D +---+ Dq.

Let w be a meromorphic s-form on M with polar divisor D.

For each point P € D1N---ND,, we may restrict w to a neighborhood
Up of P and define the residue Resp(w) as above.

One has (cf. [11, Chapter 5))

w =

Lemma 4.1 (Residue Theorem).

P6D1§...ﬁDsResp(w) =0

4.4. Proof of Theorem 4.1. With the above preparations, we are
now ready to prove the vanishing theorems.

4.4.1. Proof of Theorem 4.1, 4k dimensional case. Let [V{g,,)]
be the fundamental class of V(g ) in Hik(V(4,,),Z). Then according
to (3.1) and the multiplicative property of the Witten genus, up to a

2k
1
constant scalar (27r \/__1> ,
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(4.14)

Wc(‘/(dag))

(((m

|

Q

. CHEN, F. HAN & W. ZHANG

-1
. ng+1 . Y- dapi*zs
1T B=1
0(i*xg,T) H s
9/(0?7') ] ) a=1 9<ﬁz_:1daﬁi*xﬁ77>
0’(0,7)
01 (’i*C, ’7') 0 (i*C, '7_) 93(i*c7 T) [V ]
6100.7) 62(0,7) 05(0,7) )7 (o)
-1
n[j»—i-l ¢
0(xg,7) H s
ef(g,r) ] ) a=1 9( Y daﬁwﬁﬂ'>
0’(0,7)

= ReS(07... ’0)

91 (Cv 7-) 02 (Cv 7-) 03(67 T)
pns
91(07 T) 92(07 T) 93(07 7-) ’ ;_[:1 ©
= coeflicient of 7! ---z]* in
s " t 9<6Zizldagxﬁ,r>
61;11%”6 all 07
01(67 T) 02 (Cv 7-) 03(67 T)
5 0(za,7) np+l 01 (0, 7’) 92(0, T) 93(0, T)
6131 |:9’(0,7') :|
t 9( ZS: dagxg,T
=1 01(c,7) O2(c,7) O3(c,T
041;[1 0’(0,7) GiEO,T% BEEO,T% ngO,Tg d‘rl ARRRRA dl’s
S [6(ap,r) ]t
Bl;ll |: 0’(0,7) ]
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where we have used the Poincaré duality to deduce the second equality.

Set
; <Zdaﬁwﬁ7 >
g(:Elv H )
91 <i05w5,7> 92 <§:cﬁw5, ) 9 <§:cﬁx5,7>
f=1 A=1 =1
 6(0,7) 6>(0, 7) 03(0,7)
0 ng+1
and

g(x1, -+ ,xs)dry A+ ANdxs

fl(xl) T fs(xS)

Then up to a constant scalar,

(4.15) We(Vidos)) = Res(,.- 0)(w)-

By (2.14) and (2.16)-(2.18),

(4.16)
9(331 + 17:1:27 U 71'5)

(Z daﬁxﬁ + da1, >
"(0,7)

= |11

a=1

f= =1 =1

01 <Zcﬁw5+cl,r> 0 <Zc5x5+cl,7'> 03 <Zc5x5+cl,7'>
1
' 61(0,7) 62(0,7) 03(0,7)
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: <Zdaﬁwﬁa )
_ (_1)d11+‘“+dt1+01 H )

61 <265l’5,7’> 0 <2053:5,7'> 03 (Zcmwm)
B=1 B=1 B=1

91(0,7’) 92(0,7’) 93(0,7’)

and

0(z1 + 1,7)}”1“ _ Lyt [e(ml,f)}”lﬂ'

filer 1) = [ 7(0,7) 7(0,7)
Thus

gl +1,--- ,x5) _ (_1)(d11+"'+dt1+01)_(n1+1) UCIURRED) .
fl(l'l‘i’l)"'fs(xs) fl(xl)"'fs(xs)
Note that by (4.11),

(dyi+--Adp+er)—(n+1) = (d3 +- - -+d% +3¢}) —(n1+1) = 0 mod 2.
Thus one obtains that
g(ﬂi‘1—|—1,"',£L’s) _ g(ﬂfl,"',ﬂfs)
fl(:El + 1) e 'fs(xs) B fl(xl) tet fs(xs)‘

Similarly, we have

(4.17) gy, rpt o 2s) gl %) 1<B<s.

filwn) - folog +1) - folzs)  frlar) - fs(zs) =0~
On the other hand, by (2.15) and (2.16)-(2.18),

(4.18)
g(wl + TyX2y - 7x8)
< Z dagwg 4+ do1 T, T)
01;[1 "(0,7)

S S S
01 ( Y. cgxg + i, T) 0 < Y. cpxg+ o, 7‘) 03 < Y cgxg+ T, T)

B=1 B=1 B=1
01(077—) 92(077) 03(077)




GENERALIZED WITTEN GENUS AND VANISHING THEOREMS

S
> dapZp,
B=1

)

a=1

p=1

(=) exp | —6micy Z%xg — 3miciT
8=1
61| Docprp, 7| O | Docpxp, T | 03| D cpap, T
B=1 B=1 B=1

0 <
t s
H (=1)%1 exp (2m'da1 (Zda5x5> — ﬂidilT)

01(0,7) 02(0,7) 05(0,7)

_ (_1)d11+'“+dt1+01

- exp <2m;da1 (Zdaﬁmﬁ) — it <Zd )

—bmicy (205955) - 3711'0%7')
B=1

, <Z dapp, T )
| U—%a5

91 (ZC&%ﬁ,T) 92 (ZCBI'B,T> 93 (ZCBI'B,T>
p=1 =1 B=1

01(0,7) 02(0,7) 05(0,7)

_ (_1)d11+'“+dt1+01

t s t
- exp (2772'Zda1 (Zdaﬁ‘rﬁ) — T <Zdil>
a=1 B=1 a=1

S
—6micy (2651’5) — 3m’c%7’)
B=1

'g(xla‘%?a"' 7‘%.8)

6'(0, )

23
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and
(4.19)
f1 (961 + T)
- [0(3:1 + 7, 7')} m1+1
N 0'(0,7)
. X 9(%1, T) mtl
= [— exp (—2mizy — miT) 7(0.7) ]
zy, 7)™

— (_1)n1+1 exp (—27Ti(n1 + 1)%1 — 772'7'(711 + 1)) |:96(’(01:T)):|

= (—1)"*exp (=2mi(ny + 1)z — mit(ng + 1)) f1(z1).
Therefore
(4.20)

glxy + 7, xs)
fil@r +7) - fo(xs)

— (_1)d11+"'+dt1+01—”1—1
t s t
exp (200> s S dass | — mir (ng)
—1 B=1 a=1

S
—67icy 205:175 — 3miciT + 2mi(ny 4 1)ay + mit(ny + 1)
B=1
g(‘rla Tt 71'8)

‘ fi(wy) - fo(ws)

However, we have seen that

(dyy 4 +dater)—(ny+1) = (di +- - -+dA +3c}) —(n1+1) = 0 mod 2.

Also, one verifies that
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(4.21)
t s t s
— 2mi Z dal Z daﬁxﬁ — miT <Z d?xl) - 6m’cl Zngﬁ
a=1 =1 a=1 p=1
— 3miciT + 2m’(nl + a1 + wit(ng + 1)

(n1+1)— Zd —30%1331

= miT + 271

(n1+1) - Zd — 3¢

— 2me zs: (Z do1dag + 36165> g

=2 \a=1
= 0,

where the last equality follows from (4.11).
Consequently, by (4.20), we obtain that

gl tr e glay, o m)
flar+7) folws)  fi(@n) - fo(as)

Similarly, one also obtains that

(4.22)

9(3317'”7556-1-7'7’”,335) _ g(lﬂl,"‘,ﬂ?s)
fil@r) - faleg+ 1) fs(ms)  fi(za) - fs(ws)’

From (4.17) and (4.23), we see that w can be viewed as a meromor-
phic s-form defined on the s-tori, (C/T")*, which is a compact complex
manifold.

Recall that 6(z,7) has the lattice points a + b7, a,b € Z as it’s simple
zero points (cf. [5]).

Thus w has pole divisors {0} x (C/T')*~ !, (C/I)x{0}x (C/T) 2, ... |
(C/T)" ™" x {0},

It is clear that (0,0,---,0) is the unique intersection point of these
polar divisors.

Therefore by the residue theorem on compact complex manifolds, we
directly deduces that

(4.23)

1<B8<s.

RGS(0’07... ’0) (w) = 0.
By (4.15), we obtain that
We(Vid,s) = Res(,,... o) (w) = 0.

4.4.2. Proof of Theorem 4.1, 4k+2 dimensional case. According
to (3.2) and the multiplicative property of the Witten genus, up to a

1 2k+1
2w/ —1 >

constant scalar ( -1,
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(4.24)
Wc(‘/(dag))
s —1
T ¢ leda/ﬂ g
_ B =
B < ( 0(i*xg,7) H s
B=1 67(0,7) a=1 1|6 2_: dogi*xg,T

O(i*e,T)
. 91(07 T)92(07 T)93(07 7_)> ) [V(da[a‘)]>

-1

ﬁ Ccpms
B=1

;

. O(c,T)
61(0,7)02(0,7)05(0,7) )’

) ¢ 0( gldagmgﬁ
[[zgmo" 1 5
B=1 a=1 0.7)
O(c, )
ﬁ {M] nptl 91(077)92(077—)93(077)
e 0’(0,7)
t 0( i da5m5,7—>
B=1 0(c,m)
al;ll 7(0,7) 710118200185 0.7 41 A -+ A ds

= ReS(Q... ,0)

Bljl {eagsgg’,:))] np+1 ;
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where we have used the Poincaré duality to deduce the second equality.

Set

. 0 Zdagwgﬂ' 0 ZCQI‘B,T
(21, ,@4) = H = "
9(x1,- -, xs) = 1l 60, 7) 61(0,7)02(0,7)03(0,7)’

H(Z'ﬁ,T) ng+1
= 1<pg<
fB(:EB) |:9/(0’7-):| ’ B<s
and
g(xy, - xg)dry A+ Adas

w =

fl(xl) T fs(xS)

Then up to a constant scalar,
(4.25) We(Vidas)) = Res,... 0)(w)-
By (2.14),

(4.26)
9(531 + 17$27 e ,II)‘S)

(Zdagajg—l—dal, ) 0 <205x5+01,7'>
B=1
0 T) 91(077 92(077)93(077)

II

a=1

. (Zdaﬁwﬁa ) 0 <ZCB$/N>
— (_1)d11+‘“+dt1+01 H p=1

and
ni+1 ni+1
- S e
Thus

g(ﬂj‘l + 17 7:ES)
fi(zr +1) - fs(s)

— (_1)(d11+"'+dt1+61)—(n1+1) g(ﬂjh T 7333)

fi(@a) - fo(zs)
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Note that by (4.13),
(dii+--Adptc)—(n+1) = (d +- - +di +¢3)—(n1+1) = 0 mod 2.
Thus one obtains that

g(x1_|_17...7w8) _ g(x1,~',xs)
flar+ 1) f(xs)  f(wn) - folas)

Similarly, we have

g(x:l’...’wﬁ_’_l,...’xs) . g(ml’...’l's) 1<ﬁ<s

2 R st D R R fw) SPE

On the other hand, by (2.15),

(4.28)
g(xl +T7.Z'27’ o 7‘%.8)
0<Zda5xﬁ+da17,7') 9(265%54-017’,7’)
. H B=1 B=1
- a=1 9/(077) 91(077)02(077)03(077)

t s 0 ( > dapp, T)
(_1)da1 exp (—Qwidal (Zdaﬁﬂfﬁ) — m’diﬂ') B=1

/
Z 7(0,7)

S
(—=1)% exp | —2micy ZCBQEB — AT
B=1
S
0 Z CaTp, T
B=1

91 (0, 7’)92(0, T)93(0, 7’)

a=1
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_ (_1)d11+“'+dt1+01

t s t
- exp (QWiZdal (Zdaﬁl’ﬁ) — miT (Zdil)
=1 B=1 a=1

S
—2micy (Zngﬁ) — WiC%T)
B=1

t s t
- exp (QWiZdod (Zdaﬁ$ﬁ) — TiT (ngd)
=1 s=1 a=1

S
—2micy (ZCBl’g) TiC%T)
B=1

_ (_1)d11+"'+dt1+01

. g(w17x27 . 7xs)
and
(4.29)
f1 (xl + T)
0@ +7,7) m1+1
-[*Sar

e(xl,f)]m“

= [— exp (—2miz, — miT) 7(0.7)

(_1)n1+1 exp (—27Ti(n1 + 1)%’1 - WiT(nl + 1)) |:

(=)™ exp (=2mi(ny + 1)z — mit(ng + 1)) fi(zy).

29
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Therefore
(4.30)

g(ﬂfl + Ty 7338)
fixr +7) - fs(zs)

_ (_1)d11+~~-+dt1+61—n1—1

t s t
- exp < - 27?@'Zda1 Zdagzng — miT <Zdil>
a=1 B=1 a=1

S
— 2micy 2053:5 — mictT + 2mi(ny + 1)xy + miT(ng + 1))
B=1
. g(l'l,“‘ 7‘T8)
fl(xl) e fs(xs) '

However, we have seen that
(d11+' ctdy —|—C1)—(’I’L1—|—1) = (d 1t +dt1+61) (n1—|—1) = 0 mod 2.
Moreover, one deduces that

(4.31)

t
— 27 Z do1 Z dopTg | — mIT <Z a1> — 27icy 205:175
a= =1

ps=1
— mWicAT + 2m(nl + Dy + wit(n

’I’Ll + 1 Zd
— 2me Zs: <Z do1dag + C1CB> g

B=2 \a=1

= mT + 23

(n1+1)— Zdal—q]

=0,

where the last equality follows from (4.13).
Consequently, by (4.30), we obtain that

9(331“‘7',“‘,5173) _ g($17"',xs)
filwr +71) - fs(xs)  fil@n) - fo(ws)

Similarly, one also obtains that

(4.32)

g($1,---,l‘6+7,"',$5) _ g(;pl,---,ﬂj‘s) 1<B<S

(4.33) fl(xl) "'fﬁ(xﬁ _|_7-)...f8(x5) - fl(xl) ...fg($8)7 >
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From (4.27) and (4.33), we see that w can be viewed as a meromor-
phic s-form defined on the s-tori, (C/T")°, which is a compact complex
manifold.

Recall that 0(z,7) has the lattice points a + br,a,b € Z as it’s
simple zero points [5]. We see then that w has pole divisors {0} x
(C/T)* (C/T)x {0} x (C/T)*"2,-.. ,(C/T)* "t x {0}. Thus (0,0, -
,0) is the unique intersection point of these polar divisors.

By the residue theorem on compact complex manifolds, we directly
deduce that

RGS(0’07... ,0) (w) =0.
By (4.25), we obtain the desired result that

We(Vid,s) = Res(,0,.. 0)(w) = 0.

4.5. Proof of Theorem 4.2 and Corollary 4.2. To prove Theorem
4.2, we will need the analytic Rokhlin congruence established in [28, 31].

Let M be an 8k + 4 dimensional spin® manifold. Let B C M be an
8k + 2 dimensional closed oriented submanifold of M such that [B] €
Hgj12(M, Z2) is dual to the Stiefel-Whitney class wo(T'M). In such a
situation B is called a characteristic submanifold of M. The existence
of B is clear. Moreover, M \ B is spin. We fix a spin structure on M \ B.
Then B carries a canonically induced spin structure. Furthermore, the
spin cobordism class of the induced spin structure does not depend on
the spin structure chosen on M \ B.

Let ip : B < M denote the canonical embedding of B into M.

Let e € H?(M,Z) be the dual of [B] C Hgjy2(M,Z).

Let E be a real vector bundle over M. Then iz E is a real vector
bundle over the spin manifold B. Let inds(ij;E) be the mod 2 index
in the sense of Atiyah-Singer [4] associated to ¢;E. Then we have the
following analytic Rokhlin congruence.

Theorem 4.3 (Zhang , [28], [31]). The following identity holds,
(4.34) <2(TM)ch(E ® C) exp (g) ,[M]> = indy(i5E) mod 2.

With the above preparation, we now prove Theorem 4.2 in the fol-
lowing.

The fact that V(g 5) Is string implies

(4.35) 1 (Via, ) = 0.

By proceeding similarly as in Propositions 4.1 and 4.2, one easily gets
the following identities:

t
ng+1— Zdiﬁzo, 1<8<s,

(4.36) . a=1

Zldmdm; =0, 1<7y,6<s, v#09.
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Since in D there is a row consisting of only even numbers, without
loss of generality, assume dyg,1 < 8 < s, are even numbers.
Let V; be the generalized complete intersection determined by

B(EiiﬁlPE(Og(dag)), 1 <a <t—1, which is an 8k + 4 dimensional gener-
alized complete intersection.

Denote B(%lPE(OB(dw)) by ¢.

Let ¢ : V; — CP™ x ... x CP™ and ’L'V(daﬁ

notations of embeddings.
Clearly, [V(a,,)] € Hsk+2(V2, Z2) is dual to ¢1(i*¢) mod 2. However,

: Vids) < Vi be the

) aB)

a(i*¢) = Z dipi*xg = deﬁi*xg mod 2
8=1 8=1
and by (4.36),

s

s t—1
D diitzg = <n5 +1- Zd35> i*xg
B=1 a=1

B=1

s t—1
= Z <n5 +1 - Zda5> i*rg = wa(TV;) mod?2.
B=1 a=1

So [Vid.s)| € Hsk+2(Vi, Z2) is dual to the second Stiefel-Whitney class
of Vi, ie., Vg, ;) Is a characteristic submanifold of V;.
One can then apply the analytic Rokhlin congruence to get

(4.37)
¢(Vd,5)) = ind2(0(TV(g,,)))

S
> dipi*ag

E<E(TV}) cosh 5

ch(0(TcV, —i*(r ® C)), M]>
mod 2Z[[¢]],
where we have used i}‘/(d )(TV} —i*(r) = TVid,s)-
ap
To continue our calculation, we need the following lemma:

Lemma 4.2. The following identity holds,

(4.38)
O(TcV: —i"(r ® C)

=0(et) @ ( E A m0)) mod 2iGn®C)- K]
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Proof. By using a trick as in [13, (3.10)], one deduces that
O(TcVi —i"(r ® C)

= (35067 - G5 0)

m=1

00 1
- 3 ( I )
m=1 A_qu (TCW - Z*CR & C)

?8? <A_q2m (Z*C/l{_\% C))
A_q2m (TCW)

> <Aq2m (z’*gi@/ C)>
A_q2m (TC‘/;)

m=1

m=1
= O(TcV;) ® <§1qun (Z'*C;E;C)>
mod 2(i*Cr ® C) - Z[Tc Vi, i*Cr ® C)lq]]-

q.e.d.

Then from (4.37) and (4.38), mod 2Z[[q]], we have

(4.39)

¢(Vdap))

S
> digizg

= <E(Tvt)cosh | < ?§1Aq2n(z’*<§§c>>

-ch (6(TcVr)), [Vt]>

S
> digitxg
=1

01 <2mT)
= <E(TW)Ch(9(TcV%)) ’ : [Vt]>

61(0,7)
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S
2 dapp
. =1
ng+1 2mif | 2 5> T

s t—1
_ < 25
N [4 LB.,T 0 0,7
B=1 |97 5/2(7627—)> a=1 ( )
ﬁildtﬁfﬁﬁ
91 _27rz' T s
: | [[ cpP >
01(077) B=1 :|
idaﬁmﬁ
— 2mi0 ﬁ:12m T
_ Res ml-2en [
OO | 13 | 2mib(52, 7) 11 6'(0,7)
Zsldtﬁrﬁ
91 6:127r2 i
dry Ndxg A ... Ndxg
91(07 ) X1 X9 X

Set
Zil daprg Zi: diprg
- 2mi0 ﬁ_127ri T 01 6_12m T
g(x17 st) = ot 9/(0’7_) 91(0’7_) bl
r ng+1
2#19(%,7’) g
fo(zp) = 9,(027 3 , 1<B<s,
and )
g(x1, - ,xs)dry A+ ANdxs

fl(xl) ce fs(xs)

Then we have,
(4.40) ?(Md.z)) = Resop,.. 0)(w) mod2.
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By (2.14) and (2.16)-(2.18),

(4.41)
g(wl + 27Ti,l'2, e 7‘%.8)
ZS: dapzp ZS: digTp
2mif | 5 + dat, T 0 | =5 +du,T
t—1
= 0'(0,7) ' 01(0,7)
[Ji:ldagmg Bi:ldtﬁmg
- 21l | —5—> 7 | —7—>7
— (—1)%1t+du
( ) (};Il 0/(07 T) 91(07 T)
and

) 2mif (5% + 1,7) ml " 2mif (2L T) mtl
fi(z + 2mi) = |: 9/2(0 7) :| =(-1) i |: :| .
Thus

g(l‘l + 27, - - - ,ws) _ (_1)(d11+"'+dt1)_(n1+1) g(xh T 71'8)

fi(@y +2m0) - fo(xs) fil@y) - folxs)
Note that by (4.36),

(d11+"'+dt1)—(n1+1) = (d%l —l-’”-i-d?l) —(n1+1) = (0 mod 2.
Thus one obtains that

g(x1 +2miy -+ xs) _ g(xy,- -, xy)
fi(zy +2mi) - fo(ws)  fr(an) - fo(as)

Similarly, we have
(4.42)
9(33'1,"',33'B+27Ti,"',$3) _ g(:L'l,"',ﬂj‘s)
Fulen) - Falws +2m) - fulw)  Rala)-falws) S0 S

On the other hand, by (2.15) and (2.16)-(2.18),
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(4.43)
g(x1 + 2miT, w2, - -, 1)
Bildaara /éldwxﬁ
- 2mif | —— + dea 7, T O | =g T duT, 7T
= /
i 0 (0,7’) 91(077—)
ﬁisildaﬁxﬁ
21l | —=
" s U 271 T
da id?
= H(—l) texp |—da1 Zdaﬁﬂfﬁ —Tidgy T 0'(0,7)
a=1 B=1
Xiildtﬁwﬁ
01 ﬁizm' T

s
- exp _dtlzdtﬁwﬁ — ﬂidt217'
B=1

_ (_1)d11+‘“+d(t71)1

t—1 S S
- exp —Zdal (Zdaﬁlﬂﬁ — dﬂzdwmg
=1 B=1 B=1

t—1
—Ti (ngd) T — ﬂid?ﬂ')
a=1

ﬁzldaﬁx,ﬁ‘ BZ dig

. = =1

- 2716 5 T 01 5 T
a=1 0/(077) 91(077)
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— (_1)d11+"'+d(t71)1

t
- exp Zdal Zdaﬁxﬁ — i (Zd%d) T
a=1 a=1

- g(w1, 2, - ,:L"s)
and
(4.44)
fi(xy + 2miT)
_[2mib(5% 47, 7) mi+l
S
(L 7)1t
= [— exp (—x1 — miT) 72 ;/((02,”;_; )]

1 ni+1
= (1) lexp (—(ny 4+ 1)zy — wi(ny 4+ 1)7) [%]
= (—1)"1Jrl exp (—(ny + 1)y — wi(ny + 1)7) f1(z1).

Therefore
(4.45)

g(x1 + 2miT, -+, xg)

fi(xy +2miT) - - fo(xs)
— (_1)d11+---+d(t71)1—n1—1

t s t
- exp ( — Zdal Zdaﬁxg — e <Zdil> T
a=1 =1 a=1

+ (n1 + Dy + mi(ng + 1)7’)

gl )
fi(wr) - fo(ws)

Now by (4.36) and the assumption that dig,1 < § < s, are even
numbers, one has

(din+ - +dg1y) = (m+1) = (df + - +djy) — (m +1) = 0 mod 2
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and
(4.46)

t
— Z Aot Z dopxg | — (Z > T+ (n1+ 1)z + mi(ng + 1)1
a=1 =1

t

=7 |(ng +1) — Zd (n1+1) — Zal 1
— Z (Z daldaﬁ) g
p=2 \a=1
= 0.
Consequently, by (4.45), we obtain that
g(xy + 2mit, -+ ws)  glay,- - 1)

(4.47) filzy +2mir) - fo(zs)  fi(@r) - fo(ws)

Similarly, one also obtains that

(4.48)
g($1,"',$6+2ﬂ"£’7’,"',3§‘s) _ g(:Elv"')xS)

fi(@a) - folzg + 2mir) - fo(zs)  falzn) - fo(ms)’
From (4.42) and (4.48), we see that w can be viewed as a meromor-
phic s-form defined on the s-tori, (C/T")*, which is a compact complex
manifold. Here I = {(a + b7)2m7i}.

We know (0,0,---,0) is its only pole. Therefore by the residue the-
orem on compact complex manifolds, we directly deduce that

Res(p,...,0)(w) = 0.
By (4.40), we obtain the desired result that
¢(V(d,5)) = Reso,..,0)(w) =0 mod2.

At last, to prove Corollary 4.2, observe that if V(dy,---,d,) C
CP¥*+147 i5 a string complete intersection of complex dimension 4k + 1
(k > 1) in a complex projective space, then we have (by 4.36)

1<B<s.

T
Ak+1+r+1-) di=0

a=1
or
r

(4.49) > (d2—1) =4k +2.

a=1
If each dy, 1 < a < r is an odd number, then the left-hand side of (4.49)
is divisible by 8, which results in a contradiction. So at least one of
do’s, 1 < a < r has to be even. Then Corollary 4.2 follows easily from
Theorem 4.2.
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