ASIAN J. MATH. (© 2000 International Press
Vol. 4, No. 4, pp. 933-960, December 2000 012

SPIN® MANIFOLDS AND RIGIDITY THEOREMS IN K-THEORY*

KEFENG LIUT, XIAONAN MA¥, AND WEIPING ZHANG?$

Abstract. We extend our family rigidity and vanishing theorems in [LiuMaZ] to the Spin® case.
In particular, we prove a K-theory version of the main results of [H], [Liul, Theorem B] for a family
of almost complex manifolds.

0. Introduction. Let M, B be two compact smooth manifolds, and 7 : M — B
be a smooth fibration with compact fibre X. Let T X be the relative tangent bundle.
Assume that a compact Lie group G acts fiberwise on M, that is, the action preserves
each fiber of m. Let P be a family of G-equivariant elliptic operators along the fiber
X. Then the family index of P, Ind(P), is a well-defined element in K (B) (cf. [AS])
and is a virtual G-representation (cf. [LiuMal]). We denote by (Ind(P))¢ € K(B)
the G-invariant part of Ind(P).

A family of elliptic operator P is said to be rigid on the equivariant Chern
character level with respect to this G-action, if the equivariant Chern character
chy(Ind(P)) € H*(B) is independent of g € G. If chy,(Ind(P)) is identically zero
for any g, then we say P has vanishing property on the equivariant Chern character
level. More generally, we say that P is rigid on the equivariant K-theory level, if
Ind(P) = (Ind(P))C. If this index is identically zero in Kg(B), then we say that P
has vanishing property on the equivariant K-theory level. To study rigidity and van-
ishing, we only need to restrict to the case where G = S'. From now on we assume
G =25

As was remarked in [LiuMaZ], the rigidity and vanishing properties on the K-
theory level are more subtle than that on the Chern character level. The reason is
that the Chern character can kill the torsion elements involved in the index bundle.

In [LiuMaZ], we proved several rigidity and vanishing theorems on the equivariant
K-theory level for elliptic genera. In this paper, we apply the method in [LiuMaZ]
to prove rigidity and vanishing theorems on the equivariant K-theory level for Spin®
manifolds, as well as for almost complex manifolds. To prove the main results of this
paper, to be stated in Section 2.1, we will introduce some shift operators on certain
vector bundles over the fixed point set of the circle action, and compare the index
bundles after the shift operation. Then we get a recursive relation of these index
bundles which will in turn lead us to the final result (cf. [LiuMaZ]).

Let us state some of our main results in this paper more explicitly. As was
remarked in [LiuMaZ], our method is inspired by the ideas of Taubes [T] and Bott-
Taubes [BT].

For a complex (resp. real) vector bundle E over M, let

Sym,(E) =1+ tE + t*Sym®E + - - -,

(0.1) M(E) =1+ tE + 2A2E + - -.
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be the symmetric and exterior power operations of E (resp. E ®gr C) in K(M)][t]]
respectively.

We assume that TX has an S'-invariant almost complex structure J. Then we
can construct canonically the Spin® Dirac operator DX on A*(T(%D*X) along the
fiber X. Let W be an S'-equivariant complex vector bundle over M. We denote by
Ky = det W and Kx = det(T(? X) the determinant line bundles of W and 7% X
respectively. Let

(0.2) Q1(W) = @320 A—gn (W) @ Q21 Agn (W),

For N € N,N > 2, let y = e*™/N € C. Let G, be the multiplicative group generated
by y. Following Witten [W], we consider the fiberwise action G, on W and W by
sending y € Gy, to y on W and y~! on W. Then G, acts naturally on Q;(W). We
define Q1(T™Y X) and the action G, on it in the above way.

The following theorem generalizes the result in [H] to the family case.

THEOREM 0.1. Assume ¢ (T X) = 0 mod(N), the family of G, x S* equiv-
ariant Spin® Dirac operators DX @52, Sym .(TX ®r C) ® Q1 (T X)) is rigid on
the equivariant K-theory level, for the S* action.

The following family rigidity and vanishing theorem generalizes [Liul, Theorem
B] to the family case.

THEOREM 0.2. Assume wa(TX —W)g1 =0, 3p1(TX — W)g1 = em*u? (e € Z)
in H (M, Z), and c;(W) = 0 mod(N). Consider the family of Gy, x S* equivariant
Spin® Dirac operators

D¥ @ (Kw @ Kx')'? @22, Sym,.(TX ®r C) @ Q1(W).

i) If e = 0, then these operators are rigid on the equivariant K-theory level for the
S action.

ii) If e < 0, then the index bundles of these operators are zero in Kg, «s1(B). In
particular, these index bundles are zero in Kg, (B).

We refer to Section 2 for more details on the notation in Theorem 0.2. Actually,
our main result, Theorem 2.2, holds on a family of Spin®-manifolds with Theorem 0.2
being one of its special cases.

This paper is organized as follows. In Section 1, we recall a K-Theory version
of the equivariant family index theorem for the circle action case [LiuMaZ, Theorem
1.2]. As an immediate corollary, we get a K-theory version of the vanishing theorem of
Hattori for a family of almost complex manifolds. In Section 2, we prove the rigidity
and vanishing theorem for elliptic genera in the Spin¢ case, on the equivariant K-
theory level. The proof of the main results in Section 2 is based on two intermediate
results which will be proved in Sections 3 and 4 respectively.

ACKNOWLEDGEMENTS. Part of this work was done while the authors were visiting
the Morningside Center of Mathematics in Beijing during the summer of 1999. The
authors would like to thank the Morningside Center for hospitality. The second author
would also like to thank the Nankai Institute of Mathematics for hospitality.

1. A K-theory version of the equivariant family index theorem. In this
section, we recall a K-theory version of the equivariant family index theorem [LiuMaZ,
Theorem 1.2] for St-actions, which will play a crucial role in the following sections.
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This section is organized as follows: In Section 1.1, we recall the K-theory version
of the equivariant family index theorem for S!-actions on a family of Spin® manifolds.
In Section 1.2, as a simple application of Theorem 1.1, we obtain a K-theory version
of the vanishing theorem of Hattori [Ha] for the case of almost complex manifolds.

1.1. A K-theory version of the equivariant family index theorem. Let
M, B be two compact manifolds, let 7 : M — B be a fibration with compact fibre X
such that dim X = 2/ and that S' acts fiberwise on M. Let h7X be a metric on TX.
We assume that TX is oriented. Let (W, ") be a Hermitian complex vector bundle
over M.

Let V be a 2p dimensional oriented real vector bundle over M. Let L be a
complex line bundle over M with the property that the vector bundle U = TX ¢ V
obeys wa(U) = ¢1(L) mod (2). Then the vector bundle U has a Spin®-structure.
Let hY, h' be the corresponding metrics on V, L. Let S(U, L) be the fundamental
complex spinor bundle for (U, L) [LaM, Appendix D.9] which locally may be written
as

(1.1) S(U,L) = So(U) ® L'2,

where So(U) is the fundamental spinor bundle for the (possibly non-existent) spin
structure on U, and where L'/? is the (possibly non-existent) square root of L.

Assume that the S'-action on M lifts to V, L and W, and assume the metrics
RTX BV, bt bW are S'-invariant. Also assume that the S'-actions on TX, V, L
lift to S(U, L).

Let VI be the Levi-Civita connection on (TX,hTX) along the fibre X. Let
VvV, VE and VW be the S'-invariant and metric-compatible connections on (V,h"),
(L, %) and (W, k) respectively. Let V(L) be the Hermitian connection on S(U, L)
induced by VIX @ VV and VI (cf. [LaM, Appendix D], [LiuMaZ, §1.1]). Let
VSW.LEW % the tensor product connection on S(U, L) ® W induced by V(L)
and V",

(1.2) VIULOW — gL @1 +10 VW,

Let {e;}2L, (vesp. {f; }321) be an oriented orthonormal basis of (T'X, hTX) (resp.

(V,hY)). We denote by c(-) the Clifford action of TX &V on S(U, L). Let DX @ W
be the family Spin¢-Dirac operator on the fiber X defined by

21
(1.3) DX@W =) c(e,) VELLEW,
i=1

There are two canonical ways to consider S(U, L) as a Zs-graded vector bundle.
Let

(1.4) = flen) - clea),
Te =i "Pe(er) -~ clear)e(f1) - - c(fap)
be two involutions of S(U,L). Then 72 = 72 = 1. We decompose S(U,L) =
S*(U,L) ® S~(U, L) corresponding to 7y (resp. 7) such that 7|g+ ) = %1 (resp.
Te|Si(U,L) = :|:1)
For 7 = 7, or 7., by [LiuMal, Proposition 1.1], the index bundle Ind, (DX) over
B is well-defined in the equivariant K-group Kgi(B).
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Let F = {F,} be the fixed point set of the circle action on M. Then « : F, — B
(resp. 7 : F' — B)is a smooth fibration with fibre Y,, (resp. Y). Let 7 : N — F denote
the normal bundle to F in M. Then N = TX/TY. We identify N as the orthogonal
complement of TV in T'X|p. Let RTY | hN be the corresponding metrics on 7Y and
N induced by hTX. Then, we have the following S'-equivariant decomposition of T'X
over F,

TX|F:Nm1@"‘@le@TY,

where each N, is a complex vector bundle such that g € S! acts on it by g7. To
simplify the notation, we will write simply that

(15) TX‘F - @1);&01\7@ S T}/’

where N, is a complex vector bundle such that g € S! acts on it by ¢g” with v € Z*.
Clearly, N = ®y20N,. We will denote by N a complex vector bundle, and Ng the
underlying real vector bundle of N.

Similarly let

(1.6) Wir = @,W,

be the S'-equivariant decomposition of the restriction of W over F. Here W,, (v € Z)
is a complex vector bundle over F on which g € S! acts by gv.
We also have the following S'-equivariant decomposition of V restricted to F,

(1.7) ViF = @uzoVe © Vo

where V, is a complex vector bundle such that g acts on it by ¢V, and VR is the
real subbundle of V such that S! acts as identity. For v # 0, let Vi, r denote the
underlying real vector bundle of V. Denote by 2p’ = dim V! and 2/’ = dim Y.

Let us write

(1.8) Lp=L® (®deth®det vv)_l.

v#0 v#£0

Then TY @ V& has a Spin® structure as wo(TY @ VR) = ¢;(Lr) mod (2). Let
S(TY ®VR, Lr) be the fundamental spinor bundle for (TY @V}, L) [LaM, Appendix
D, pp. 397].

Let DY, DY~ be the families of Spin® Dirac operators acting on S(TY @ VR, L)
over F, F, as (1.3). If R is an Hermitian complex vector bundle equipped with an
Hermitian connection over F, let DY @ R, DY> @ R denote the twisted Spin® Dirac
operators on S(TY @ VR, Lr) ® R and on S(TY, ® VR, Lr) ® R respectively.

Recall that N, r and V,, r are canonically oriented by their complex structures.

The decompositions (1.5), (1.7) induce the orientations on 7Y and V& respectively.
Let {e:}?,, {f; }?il be the corresponding oriented orthonormal basis of (T'Y,hTY)
and (VOR,hVOR). There are two canonical ways to consider S(TY @ V® Lr) as a
Z-graded vector bundle. Let

7 =il c(er) - clear),
(1.9) 7o =i c(er) -+ elear)e(f1) - - e fap)
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be two involutions of S(TY @ V&, Lr). Then 72 = 72 = 1. We decompose S(TY @
VR Lr) = ST(TY © V&, Lr) @S~ (TY ® VR, Lr) corresponding to 7, (resp. 7.)
such that 7s|g+(ryeur L) = £1 (resp. Te|s+ (ryavr L) = £1).

Upon restriction to F', one has the following isomorphism of Zs-graded Clifford
modules over F,

(1.10) S(U,L) ~ S(TY & Vi, Lp)(QAN,QAV,.
v#0 v#£0

We denote by Ind,,, Ind,, the index bundles corresponding to the involutions 75, 7
respectively.

Let S' act on L by sending g € S* to g' (I. € Z) on F. Then I, is locally constant
on F. We define the following elements in K (F)[[¢'/?]],

Ry(q) = gdZeloldim Ny =3 vdim Vot jle g (Squv (Ny) ® det Nv>

1®U<Osqu_”1(NU).®U7éo fxiq“ (Vv) Qv qUWL: Zn Ri,nqnv
Rl (q) = g b>ldm N gm0, Sy, ()

®v<0 (Squv (Nv) ® det Nv) ®v7£0 Aiq“ (Vv) 2 quU = En R,imqn-

(1.11)

The following result was proved in [LiuMaZ, Theorem 1.2]:
THEOREM 1.1. Forn € Z, we have the following identity in K(B),

Ind,, (D¥ @ W,n) = 3, (~1)>0<v @™ NeInd, (DY @ Ry ;)
>, (~)Feo dmNond, (DYo @ RY, ),

Ind, (DX @ W,n) = 3, (=1)%< ™ NoInd,, (DY @ R_,)
> (~)Feco dmNeInd, (DYe @ RL ).

(1.12)

REMARK 1.1. If TX has an S'-equivariant Spin structure, by setting V =0, L =
C, we get [LiuMaZ, Theorem 1.1].

1.2. K-theory version of the vanishing theorem of Hattori. In this sub-
section, we assume that TX has an S'-equivariant almost complex structure J. Then
one has the canonical splitting

(1.13) TX @r C=TH0X ¢ TOVX,

where

TAOX = {2 € TX ®r C,Jz = v/—12},
TODX = {2 € TX ®r C,Jz = —/—12}.

Let Kx = det(T™9X) be the determinant line bundle of T X over M. Then
the complex spinor bundle S(TX,Kyx) for (TX,Kx) is A(T(®V*X). In this case,
the almost complex structure J on T'X induces an almost complex structure on TY.
Then we can rewrite (1.5) as,

(1.14) TOOX = @, 4N, ® THOY,

where N,, are complex vector subbundles of T(1% X on which g € S acts by multi-
plication by g".
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We suppose that c; (T X) = 0 mod(N) (N € Z,N > 2). Then the complex
line bundle K)l{/ N'is well defined over M. After replacing the S! action by its N-fold

action, we can always assume that S acts on K™, For s € Z, let DX @ K™ be

the twisted Dirac operator on A(T(OV*X) ® K‘;(/N defined as in (1.3).

The following result generalizes the main result of [Ha] to the family case.

THEOREM 1.2. We assume that M is connected and that the S' action is non-
trivial. If ¢y (T X) = 0 mod(N) (N € Z, N > 2), then for s € Z, —N < s <0,

(1.15) Ind(DX ® K/V) =0 in Kg:1(B).

Proof. Consider Ry (q), R/ (q) of (1.11) with V' =0,W = K;/N. We know

(1.16) Rin=0if n<ay =info(3 >, [v|dim N, + (3 + £) >, vdim N,),
’ R, ,=0ifn>ay= supo(—3 >, [v|dim N, + (3 + £) >, vdim N,).
As —N < s <0, by (1.16), we know that a; > 0, as <0, with a; or as equal to zero
iff >, Jv[dim N, = 0 for all o, which means that the S* action does not have fixed
points.
From Theorem 1.1 (cf. [Z, Theorem A.1]) and the above discussion, we get The-
orem 1.2. 0

REMARK 1.2. From the proof of Theorem 1.2, one also deduces that DX ®
Ky, DX are rigid on the equivariant K-theory level (cf. [Z, (2.17)]).

2. Rigidity and vanishing theorems in K-Theory. The purpose of this sec-
tion is to establish the main results of this paper: the rigidity and vanishing theorems
on the equivariant K-theory level for a family of Spin® manifolds. The results in this
section refine some of the results in [LiuMa2] to the K-theory level.

This section is organized as follows: In Section 2.1, we state our main results,
the rigidity and vanishing theorems on the equivariant K-theory level for a family of
Spin¢ manifolds. In Section 2.2, we state two intermediate results which will be used
to prove our main results stated in Section 2.1. In Section 2.3, we prove the family
rigidity and vanishing theorems.

Throughout this section, we keep the notations of Section 1.1.

2.1. Family rigidity and vanishing Theorem. Let 7 : M — B be a fibration
of compact manifolds with fiber X and dim X = 2I. We assume that S' acts fiberwise
on M, and TX has an S'-invariant Spin® structure. Let V be an even dimensional
real vector bundle over M. We assume that V has an S'-invariant spin structure. Let
W be an S'-equivariant complex vector bundle of rank r over M. Let Ky = det(W)
be the determinant line bundle of W.

Let Kx be the S'-equivariant complex line bundle over M which is induced by
the Sl-invariant Spin® structure of TX. Its equivariant first Chern class ¢;(Kx)g1
may also be written as ¢1(TX)g1.

Let S(TX, Kx) be the complex spinor bundle of (T X, Kx) as in Section 1.1. Let
S(V)=St(V)® S~ (V) be the spinor bundle of V.
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We define the following elements in K (M)[[¢"/?]]:

W)—® ( ) © ® A g (W),
= (S*(V ) S7(V) @nZy Agn(V),
( ( ) S~V ))®%°1A—qn( );

R3 /2

Ry (

V),
)-

For N € N,N > 2, let y = ¢*™/N ¢ C. Let G, be the multiplicative group generated

by y. Following Witten [W], we consider the fiberwise action G, on W and W by

sending y € G, to y on W and y~! on W. Then G, acts naturally on Q;(W).
Recall that the equivariant cohomology group HY, (M, Z) of M is defined by

Qi (
By (
(2.1) Ry
(
(

gn—1/2

(2.2) H%(M,Z) = H*(M xg1 ES*,Z),

where ES?! is the usual universal S!-principal bundle over the classifying space BS!
of S*. So H% (M, Z) is a module over H*(BS*,Z) induced by the projection 7 :
M x g1 EST — BS*. Let p1(V)s1, p1(TX)s: € Hji (M, Z) be the S*-equivariant first
Pontrjagin classes of V and T X respectively. As V x g1 ES! is spin over M x g1 ES?,
one knows that 1p;(V)g: is well-defined in H}, (M, Z) (cf. [T, pp. 456-457]). Also
recall that

(2.3) H*(BS',Z) = Z|[u]]

with u a generator of degree 2.

In the following, we denote by DX ® R the family of Dirac operators acting
fiberwise on S(TX, Kx) ® R as was defined in Section 1.1.

We can now state the main results of this paper as follows.

THEOREM 2.1. IfWQ(W)Sl = wQ(TX)Sl, %pl(V“FW*TX)Sl = e T u? (TL S Z)
in Hi (M,Z), and ci(W) = 0 mod(N). For i = 1,2,3,4, consider the family of
G, x S'-equivariant elliptic operators

DX @ (Kw @ Kx")'? @52, Sym, . (TX) ® Q1(W) @ Ri(V).

1) If e = 0, then these operators are rigid on the equivariant K-theory level for the
St action.

i) If e < 0, then the index bundles of these operators are zero in Kg xs1(B). In
particular, these index bundles are zero in Kg, (B).

REMARK 2.1. Aswy(W)g1 = wa(TX)s1, sp1(W—-TX)g1 € H% (M, Z) is well de-
fined. The condition we(W)g1 = wa(TX)g1 also means ¢; (Kw @ Ky')g1 = 0 mod(2),
by [HaY, Corollary 1.2], the S'-action on M can be lifted to (Kw ® Ky')/? and is
compatible with the S action on Ky ® K .

REMARK 2.2. If we assume ¢;(W)gs1 = Cl(TX)Sl in H,(M,Z) instead of

wa(W)g1 = wa(TX)gr in Theorem 2.1, then Ky ® Ky is a trivial line bundle over

M and S! acts trivially on it. In this case, Theorem 2 1 gives the family version of
the results of [De].

REMARK 2.3. The interested reader can apply our method to get various rigidity
and vanishing theorems, for example, to get a generalization of Theorem1.2 for the
elements [W, (65)].
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Actually, as in [LiuMaZ], our proof of these theorems works under the following
slightly weaker hypothesis. Let us first explain some notations.

For each n > 1, consider Z,, C S!, the cyclic subgroup of order n. We have the Z,,
equivariant cohomology of M defined by Hy, (M,Z) = H*(M xz, ES*,Z), and there
is a natural “forgetful” map «(S*,Z,) : M xz, ES' — M xg ES! which induces
a pullback «(S',Zy)* : Hj (M,Z) — Hy (M,Z). The arrow which forgets the S*
action altogether we denote by «(S*,1). Thus «(S*,1)* : H% (M, Z) — H*(M,Z) is
induced by the inclusion of M into M x g1 ES' as a fiber over BS*.

Finally, note that if Z,, acts trivially on a space Y, then there is a new arrow
t*: H*(Y,Z) — Hy, (Y,Z) induced by the projection Y xz, ES' =Y x BZ, Ly.

We let Zo, = St. For each 1 < n < +o0, let i : M(n) — M be the inclusion of the
fixed point set of Z,, C S' in M and so i induces ig1 : M(n) xg1 ES' — M x g1 ES?.

In the rest of this paper, we suppose that there exists some integer e € Z such
that for 1 < n < 400,

(2.4) (S, Zy,) ok (%pl(V +W -TX)g1 —e -ﬁ*u2>

1
=t oa(sh 1) 0k (3pu(V + W = TX)1).

REMARK 2.4. The relation (2.4) clearly follows from the hypothesises of Theorem
2.1 by pulling back and forgetting. Thus it is weaker.

We can now state a slightly more general version of Theorem 2.1.

THEOREM 2.2. Under the hypothesis (2.4), we have

1) If e = 0, then the index bundles of the elliptic operators in Theorem 2.1 are
rigid on the equivariant K-theory level for the S-action.

ii) If e < 0, then the index bundles of the elliptic operators in Theorem 2.1 are zero
as elements in Kg, xs1(B). In particular, these inder bundles are zero in Kg,(B).

The rest of this section is devoted to a proof of Theorem 2.2.

2.2. Two intermediate results. Let F' = {F, } be the fixed point set of the
circle action. Then 7 : F — B is a fibration with compact fibre denoted by Y = {Y,, }.
As in [LiuMaZ, §2], we may and we will assume that

(2.5) TXjp =TY & @oe, Mo, _
TXp@rC=TY @r CPy ,(No D N,),

where N, is the complex vector bundle on which S! acts by sending g to g” (Here N,

can be zero). We also assume that

(2.6) Vir =V5* & @oey Vor
W|F = @&y Wo,
where V,,, W, are complex vector bundles on which S* acts by sending g to g7, and
VR is a real vector bundle on which St acts as identity.

By (2.5), as in (1.10), there is a natural isomorphism between the Z-graded
C (T X)-Clifford modules over F,

(2.7) S(TY, Kx ®o<y (det Ny) ) ®o<y AN, = S(TX, Kx)|p-



SPIN¢ MANIFOLDS AND RIGIDITY THEOREMS IN K-THEORY 941

For R a complex vector bundle over F, let DY ® R, DY~ ® R be the twisted Spin®
Dirac operator on S(TY, Kx ®o<, (det N,,)~1) ® R on F, F,, respectively.
On F, we write

e(N) =2 o<y v? dim N, d'(N) =3 e, vdim N,
(2.8) e(V) =3y, v*dimV,, d' (V) =3 g, vdim Vi,
(W) =S dm W, d(W) = 5o v dim W,.

Then e(N), e(V), e(W), d'(N), d (V) and d'(W) are locally constant functions on
F.
By [H, §8], we have the following property,

LEMMA 2.1. If ¢;(W) = 0mod(N), then d' (W) mod(N) is constant on each
connected component of M.

Proof. As c;(W) = 0 mod(N), (Kw)'"N is well defined. Consider the N-fold
covering S' — S', with p — X\ = pV, then p acts on M and Ky through A. This
action can be lift to (Ky )N, On F, p acts on (K )'/N by multiplication by p4 (W),
However, if 4 = ¢ = €2™/N  then it operates trivially on M. So the action of ¢ in each
fibre of L is by multiplication by ¢, and ¢ mod(N) is constant on each connected
component of M.

The proof of Lemma 2.1 is complete. O

Let us write

L(N) ®o< (det N, ) L(V) = ®0<v(det Vv)va
(2.9) LW) = ¢o(detW ),
L=LIN)'@LV)® L(W)

We denote the Chern roots of N, by {#7} (resp. V, by w} and W, by wi), and
the Chern roots of TY ®gr C by {+y,} (resp. Vo = Vf ®@r C by {£u}}). Then if we
take Zoo = St in (2.4), we get

L2, () +ovu)?+ %, J(wj—&—vu) ()% — By () + vu)?) — eu?
(100 2408, S u)? + S () — 202 — Buy(ad)?).

y (2.3), (2.10), we get

c1(L) =B, joud, + X, jowd — B, juxd =0,
(2.11) e(V)+e(W) —e(N)
=, 02 dimV, + > v*dim W, — >, v*dim N, = 2e,

which does not depends on the connected components of F'. This means L is a trivial
complex line bundle over each component F,, of F, and S' acts on L by sending g to
g%¢, and Gy acts on L by sending y to yd/(W). By Lemma 2.1, we can extend L to a
trivial complex line bundle over M, and we extend the S'-action on it by sending g
on the canonical section 1 of L to ¢2¢ -1, and Gy acts on L by sending y to yd/(W).

The line bundles in (2.9) will play important roles in the next two sections which
consist of the proof of Theorems 2.3, 2.4 to be stated below.

In what follows, if R(q) = 3,1z Rmq™ € Kg1(M)[[¢"/?]], we will also denote
Ind(DX ® R, h) by Ind(DX ® R(q), m,h). For k =1,2,3,4, set

(2.12) Ry, = (Kw ® Kx")'? @ Qu(W) @ Rp(V).
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We first state a result which expresses the global equivariant family index via the
family indices on the fixed point set.

PROPOSITION 2.1. Form € %Z, heZ,1 <k <4, we have the following identity
in Ka,(B),

Ind(D¥X @, Sy_m 2 (TX)® Ryg, m, h)
(218) =S (1) V(DY G, Sym,. (TX) © Ry
®Sym(€90<q;N@) ®o<v det Ny, m, h)

Proof. This follows directly from Theorem 1.1 and (2.7). O
For p € N, we define the following elements in Kg1 (F)[[g]]: *

fp(X) = ®O<v ( Qp=1 Squn (Ny) n>pv Squ" (Nv)) ®p=1 Squn (1Y),

! —
) FoX) = ® gy (Symyn (V) @ det N,)

FP(X) =Fp(X) @ F(X).
Then, from (2.5), over F, we have
(2.15) FOUX) = @521 Symn (TX) @ Sym(Bo<vNy) ®o<y det N,

We now state two intermediate results on the relations between the family indices
on the fixed point set. They will be used in the next subsection to prove Theorem
2.2.

THEOREM 2.3. For 1 <k<4,h, peZ,p>0,me %Z, we have the following
identity in Kg,(B),
Yo (=D)Fose dm N Ind(DYe @ FO(X) ® R, m, h)
= (1 B dim N (DY © FP(X) © Rur,
m + zp’e(N) + 5pd' (N), h).

(2.16)

THEOREM 2.4. For each a, 1 <k <4, h, peZ,p>0,me %Z, we have the
following identity in Kg, (B),

Ind(DYe ® F~P(X) ® Ry, m + 3p?e(N) + $pd'(N), )

(2.17) = (=1)PYMnd(DY> @ FO(X) @ Ry, ® L7, m + ph + p2e, h).

Theorem 2.3 is a direct consequence of Theorem 2.5 to be stated below, which
will be proved in Section 4, while Theorem 2.4 will be proved in Section 3.

To state Theorem 2.5, let J = {v € N| There exists a such that N, # 0 on F,}
and

(2.18) ® = {8 €]0,1]|There exists v € J such that Jv € Z}.

1Here by Kg1(F) we also mean the direct sum of the form @,czFE, with each E, a finite
dimensional vector bundle over F' of weight n under the S!-action.
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We order the elements in ® so that ® = {3;|1 <i < Jy,JJo € N and 3; < B;1+1}. Then
for any integer 1 < i < Jy, there exist p;, n; € N, 0 < p; < ny, with (p;,n;) = 1 such
that

(2.19) Bi = pi/ni.
Clearly, 8, = 1. We also set po =0 and Gy = 0.
For 1 <5 < Jy, p € N*, we write
Il = ¢, the empty set,

;= — < n_ . _ pj
(2.20) IZ7={(v,n)lve J(p—1v<n< P, =p 1+ -,

I ={(v,n)lve J(p—1v <n < po, %>p—1+z]}
J

For 0 <5 < Jp, set

(2.21)
Fpi(X)=Fp(X) ® F_1(X) ® (Squ, (Ny ®detN> ® Sym . (No)
(v, ’I’L)GU1 lIf) (v, n)EIf
Then
— -+l
(2.22) Fpo(X) = F 7 (X),

Fp.1o(X) = FP(X).

For s € R, let [s] denote the greatest integer which is less than or equal to the
given number s. For 0 < j < Jy, denote by

e(p, B, N) = § Sy (dim No) (0 = Do+ [222]) (0 — Do + [22] + 1),
d'(p, B, N) = S, (dim N)([Z2] + (p = 1)o).

Then e(p, 8;, N) and d’(p, 5, N) are locally constant functions on F. And
e(p, Bo, N) = 5(p —1)%e(N) + 5(p — 1)d'(N),

(224) e(pv ﬂJo’N) = %p26(N) + %pd/(N)v
d'(p, By, N) =d'(p+ 1,580, N) = pd'(N).

(2.23)

THEOREM 2.5. For 1 <k<4,1<73< Jy,peN*", heZ, me %Z, we have the
following identity in Kg, (B),

Za(_l)d’(pﬁj—hNHE()@ dim No[nd(DYe @ F,j_1(X) ® R,
(225) , ) m—|—e(p,ﬁj_1,N),h)
= Ea(_l)d (P05, N)+Z0<v dim NoTp(DYe @ Fpi(X) ® Ry,
m+e(p,3j,N),h).

Proof. The proof is delayed to Section 4. O
Proof of Theorem 2.3. From (2.22), (2.24), and Theorem 2.5, for 1 < k < 4,
heZ,pe N*and m e %Z, we have the following identity in K¢, (B):

Za(_1>d’(p7ﬁJ07N)+Zo<v dim NoJpd(DYe @ FP(X) @ Ry,

m+ 3p*e(N) + 3pd'(N), h)
= 3, (= 1)@ @FoN)+ o<y dim NoTp(DYe @ F~PH1(X) @ Ryy,

m+ 3(p—1)%e(N) + 35(p — 1)d'(N), h).
From (2.24), (2.26), we get Theorem 2.3. O

(2.26)
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2.3. Proof of Theorem 2.2. As 1pi(TX —W)g1 € H (M, Z) is well defined,
by (2.8), and (2.10),

(2.27) d'(N) +d' (W) = 0 mod(2).

From Proposition 2.1, Theorems 2.3, 2.4, (2.23), (2.27), for 1 < k <4, h,p € Z,
p>0,me %Z, we get the following identity in K¢, (B),

Ind(DX @72, Sym . (T'X) @ Rk, m, h)

(2.28) _ Ind(DX ®° Squn (TX) ® Ri, @ L7P,m/, h)7
with
(2.29) m' = mt pht pe.

Note that from (2.1), (2.12), if m < 0, or m’ < 0, then two side of (2.28) are zero
in Kg,(B). Also recall that y € G, acts on the trivial line bundle L by sending y to
yd "),

i) Assume that e = 0. Let h € Z, mg € %Z, h # 0 be fixed. If h > 0, we take
m’ = myg, then for p big enough, we get m < 0 in (2.29). If h < 0, we take m = my,
then for p big enough, we get m’ < 0 in (2.29).

Soforh;éO,moe%Z,lgkgél,weget

(2.30) Ind(D¥ @52, Sym,.(TX) ® Rig,mo,h) =0 in K¢, (B).

ii) Assume that e < 0. For h € Z, mg € %Z, we take m = my, then for p big
enough, we get m’ < 0 in (2.29), which again gives us (2.30).

The proof of Theorem 2.2 is complete. O

REMARK 2.5. Under the condition of Theorem 2.2 i), if d’(W) # 0 mod(N), we
can’t deduce these index bundles are zero in K¢, (B). If in addition, M is connected,
by (2.28), for 1 <k <4, in Kg, (B), we get

Ind(DX @32, Sym . (TX) ® Ry)

2.31 n=1

(2.31) — Ind(DX ®22, Sym,. (TX) ® Rux) @ [d'(W)).

Here we denote by [d'(WW)] the one dimensional complex vector space on which y € G,
acts by multiplication by yd/(W). In particular, if B is a point, by (2.31), we get the
vanishing theorem analogue to the result of [H, §10].

REMARK 2.6. If we replace ¢;(W) = 0 mod(N),y = e*™/N by ¢;(W) = 0,y =
e?™ with ¢ € R\ Q in Theorem 2.2, then by Lemma 2.1, d'(W) is constant on
each connected component of M. In this case, we still have Theorem 2.2. In fact, we
only use ¢1(W) = 0 mod(N) to insure the action G, on L is well defined. So we also
generalize the main result of [K] to family case.

3. Proof of Theorem 2.4. This section is organized as follows: In Section 3.1,
we introduce some notations. In Section 3.2, we prove Theorem 2.4 by introducing
some shift operators as in [LiuMaZ, §3].

Throughout this section, we keep the notations of Section 2.
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3.1. Reformulation of Theorem 2.4. To simplify the notations, we introduce
some new notations in this subsection. For nyg € N*, we define a number operator
P on KSI(M)[[Q%H in the following way: if R(q) = GBnE%anRn € Ks (M)[[q%]],
then P acts on R(g) by multiplication by n on R,,. From now on, we simply denote
Sym . (T'X), Agn (V') by Sym(T'X,,), A(V,,) respectively. In this way, P acts on T'X,,,
V., by multiplication by n, and the action P on Sym(TX,,), A(V,) is naturally induced
by the corresponding action of P on T'X,,, V,,. So the eigenspace of P = n is just given
by the coefficient of g™ of the corresponding element R(q). For R(q) = GBne%Z(]an €

KS1(M)[[q%]], we will also denote
(3.1) Ind(DX ® R(q),m,h) = Ind(D¥ @ R, h).

Let H be the canonical basis of Lie(S') = R, i.e., exp(tH) = exp(2rit) for t € R.
If E is an S'-equivariant vector bundle over M, on the fixed point set F, let Jy be
the representation of Lie(S') on E|r. Then the weight of St action on I'(F, E|r) is
given by the action

-1
(3.2) Jy=—+v—-1Jy.
2

Recall that the Zy grading on S(TX, Kx) ®52; Sym(TX,,) (resp. S(TY,Kx ®
®o<v(det N,)™1) ® F~P(X)) is induced by the Zs-grading on S(TX,Kx) (resp.
S(TY,Kx ® ®o<p(det N,)71)). Let

By =S(V) &, AVa),
(33) F2 = ®nEN+%A(E)7

QW) = @pZoA(Wn) @52, AWn).

There are two natural Zs gradings on F,, FZ (resp. Q(W)). The first grad-
ing is induced by the Zs-grading of S(V') and the forms of homogeneous degree in
R A(Vn), Oneny 1 A(Vn) (resp. Q(W)). We define Topit = 1 (resp. TQw)E =
+1) to be the involution defined by this Zs-grading. The second grading is the one
for which F}, (i = 1, 2) are purely even, i.e., F‘Zf = F{,. We denote by 7, = Id the
involution defined by this Z; grading. Then the coefficient of ¢" (n € 3Z) in (2.1)
of R1(V) or Ry(V) (resp. R3(V), R4(V), or Q1(W)) is exactly the Zy-graded vector
subbundle of (F{, 75) or (F, 7.) (vesp. (F&,7.), (Fg,7s) or (Q(W), 1)), on which P
acts by multiplication by n.

We denote by 7. (resp. by 75) the Zs-grading on S(T'X, Kx)®%; Sym(TX,,)® F&
(k =1, 2) induced by the above Zs-gradings. We will denote by 7.1 (resp. by 7s1)
the Zs-gradings on S(TX, Kx) ® 32, Sym(TX,,) ® F¥ @ Q(W) defined by

(3.4) Tel =Te®1+1® 1, Tl =Ts Q1+ 1® 7.

Let hY> be the metric on V, induced by the metric hY on V. In the following,
we identify AV, with AV by using the Hermitian metric Y> on V,. By (2.6), as
in (1.10), there is a natural isomorphism between Zs-graded C(V')-Clifford modules

over F,

(3.5) S(Vg¥, ®oco(det V) @o<oAV, = S(V) 5.
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By using the above notations, we rewrite (2.14), on the fixed point set F', for
peN,

Fp(X) = ®0<v <®Zo:1 Sym(Ny,n) ®;{§1;7,J Sym(ﬁv,n)> ®ZO:1 Sym(TYy),
(36)  F/(X) = Qocrnen. (Sym(Nu_n) ® det N)
0<n<pv

SNsp

FP(X) = Fp(X) @ F)(X).
Let Vo = VR @r C. From (2.5), (3.5), we get

FOX) = @y Sym( Gocy (Non © Non) ) @5y Sym(TY,)
& Sym(Bo<yNo,0) ® det(Bo<oNoy),
(3.7) Fy =@,y M®o<o (Vo ©Vin) @ Vo)
®S(VYORa ®0<v(det V;J)_l> ®O<v A(VU,O)y
Fy = ®0<neZ+1/2 A@o<o(Von @ Viun) ® Vo),
Q(W) = ®$ch0 A(@vwv,n> ®Zo:1 A(@UWUM).

Now we can reformulate Theorem 2.4 as follows.

THEOREM 3.1. For each a, h, p€ Z, p >0, m € %Z, fori=1, 2, 71 =17, or
Ts1, we have the following identity in Kg,(B),

Ind, (DY> @ (Kw ® Ky")/? @ F7P(X) @ Fj, ® Q(W),
, m + 5p%e(N) + 3pd’ (N), h) ‘
= (=1)P"Mnd, (DY~ @ (Kw @ Kx)'? @ FO(X) ® F},
®@Q(W) ® L™P,m + ph + p2e, h).

(3.8)

Proof. The rest of this section is devoted to a proof of Theorem 3.1. O

3.2. Proof of Theorem 3.1. Inspired by [T, §7], as in [LiuMaZ, §3], for p € N*,
we define the shift operators,

Tyt Nv,n — Ny ntpv, Ty ]&,n - ]\infpva
(39) Tyt Wv,n - v,n+pvs T ;Wv,n ij,nfp'ua
Tyt Vv,n e ‘/U,n—&-pm Tyt Vv,n - Vv,n—pv~

Recall that L(N), L(W), L(V) are the complex line bundles over F defined by
(2.9). Recall also that L = L(N)™! @ L(W) ® L(V) is a trivial complex line bundle
over F, and g € S' acts on it by multiplication by ¢2°.

PRrROPOSITION 3.1. Forp e Z, p >0, ¢t =1, 2, there are natural isomorphisms
of vector bundles over F,

r(FP(X)) = FO(X) ® L(N)P,

(3.10) re(FY) ~ Fj, @ L(V)7P.

For any p € Z, p > 0, there is a natural G, x S*-equivariant isomorphism of vector
bundles over F,

(3.11) r(QW)) ~ QW) @ L(W)~".
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Proof. The equation (3.10) was proved in [LiuMaZ, Prop. 3.1]. To prove (3.11),
we only need to consider the shift operator on the following elements,

(3'12) Qw = ®Zo:0 A(@v;éOWmn) ®ZO:1 A(@v#)va)-
We compute easily that
(313) T*QW == ®ZO:0 A(@u;&OWU,n—pv) ®Zo:1 A(@U#OWUW‘FP’U)'

Let K" be a Hermitian metric on W. Let A"* be the metric on W, induced by A" .
As in [LiuMaZ, §3], the hermitian metric h"> on W, induces a natural isomorphism
of complex vector bundles over F,

(3.14) AW, ~ A We=iy @ det W,

elfv>0forneN, 0<n<pv 0<i<dimW,, (3.14) induces a natural
G, x S'-equivariant isomorphism of complex vector bundles

(3.15) AWy = AR Woipy o, @ det Wy

elfv<0,forneN, 0<n<—pv,0<i<dimW,, (3.14) induces a natural
Gy xS L_equivariant isomorphism of complex vector bundles

(3.16) AWy ~ AIWe—iT7 @ (det TW,,) L.

From (2.9), (3.15) and (3.16), we have

® Ai"WU,n—pv ® Ail"Wv,nﬂw

neN,v>0, neN,v<0,
(3 17) 0<n<pv 0<n<—pv
: ~ Adim W,in”W Adim vai'nW L(W)™P
— v,—Nn+pv v,—n—pv & ( ) .
neN,v>0, neN,v<0,
0<n<pv 0<n<—pv

From (3.13), (3.17), we get (3.11).
The proof of Proposition 3.1 is complete. O

PROPOSITION 3.2. Forp € Z, p > 0, i = 1, 2, the Gy-equivariant bundle
isomorphism induced by (3.10) and (3.11),

7.1 S(TY, Kx ®o<y (det N,) ™) @ (Kw @ Ky')'/?
QF P(X)® Fi, @ QW)
— S(TY, Kx @<y (det N,)) ™) @ (K @ Ky')1/?
QFUX)® Fl, @ QW) ® L™P,

(3.18)

verifies the following identities

-1
Ty 'JH'T*:JH7

(3.19) ryt-P.r,=P+pJg +p’e— $p*e(N) — Bd'(N).

For the Zs-gradings, we have

-1 — -1 —
Ty Telsx = Te, Ty TsTx = Tg,

(3.20) rolmr, = (—1)P7 Wry
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Proof. We divide the argument into several steps.
1) The first equation of (3.19) is obvious.
2) a) From [LiuMaZ, (3.23)] and (2.8), for i = 1,2, on F{,, we have

1
(3.21) i, 'Pr. =P+ pJy + §p2€(V).
b) Note that on ®o<y,0<n<ps det Ny, Jg acts as pe(N) +d'(N). On S(TY,Kx ®

det(®o<oNy) 1) @ (Kw @ Kx')Y/2, Iy acts as —1d'(N) + 3d'(W). From (2.8), (3.6),
on S(TY, Kx ® det(®o<,N,) ™) @ (Kw @ K" )/? @ F~P(X),

1
(3.22) ri'Pr, = P+ pJg —p?e(N) — 5]o(d’(N) +d'(W)).
¢) From (2.8), (3.17), on @nen,vz0, AWy & nen, oo, Atn Wy.n, one has
0<n<pv 0<n<—pv
(3.23)
rPr, = Z (dim Wy, — i) (—n + pv) + Z (dim W, —i),)(—n — pv)
neN,v>0, neN,v<0,
0<n<pv 0<n<—pv
=P+pJy+ Z (dim Wy,)(—n + pv) + Z (dim W) (—n — pv)
nEN,v>0, neN,v<0,
0<n<pv 0<n<—pv
1 1
=P+pJg+ §p2€(W) + ipd/(W).

From (2.11), (3.21), (3.22) and (3.23), we get the second equality of (3.19).
3) The first two identities of (3.20) were proved in [LiuMaZ, Proposition 3.2].
For the Zs-grading 71, it changes only on @.en,vs0, AWy & nen,v<o, Ain W
0<n<pv 0<n<—pv
From (2.8), (3.17), we get the last equality of (3.20).
The proof of Proposition 3.2 is complete. O
Proof of Theorem 3.1. From (2.11), (3.4) and Propositions 3.2, we easily obtain
Theorem 3.1. O

4. Proof of Theorem 2.5. In this section, we prove Theorem 2.5. As in [Li-
uMaZ, §4], we will construct a family twisted Dirac operator on M(n;), the fixed
point set of the induced Z,; action on M. By applying our K-theory version of the
equivariant family index theorem to this operator, we prove Theorem 2.5.

This section is organized as follows: In Section 4.1, we construct a family Dirac
operator on M (n;). In Section 4.2, by introducing a shift operator, we will relate both
sides of equation (2.25) to the index bundle of the family Dirac operator on M (n;).
In Section 4.3, we prove Theorem 2.5.

In this section, we make the same assumptions and use the same notations as in
Sections 2, 3.

4.1. The Spin® Dirac operator on M(n;). Let 7 : M — B be a fibration of
compact manifolds with fiber X and dimg X = 2I. We assume that S! acts fiberwise
on M, and TX has an S'-invariant Spin® structure. Let F' = {F,} be the fixed point
set of the S'-action on M. Then 7 : F — B is a fibration with compact fiber Y. For
n €N, n>0,let Z, C S' denote the cyclic subgroup of order n.

Let V be a real even dimensional vector bundle over M with an S'-invariant spin
structure. Let W be an S'-equivariant complex vector bundle over M.
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For n; € N, n; > 0, let M(n;) be the fixed point set of the induced Zj;-
action on M. Then 7 : M(n;) — B is a fibration with compact fiber X (n;). Let
N(nj) — M(n;) be the normal bundle to M(n;) in M. As in [LiuMaZ, §4.1], we see
that N(n;) and V can be decomposed, as real vector bundles over M(n;), to

Nnj)~ @ Nnjwe Nmn)h

(41) O<U<nj/2
Viim) =Vn)e @ Ve V(”j)%

0<v<n;/2

respectively. In (4.1), the last term is understood to be zero when n; is odd. We also
denote by V(n;)o, V(n;)n;, N(nj)»; the corresponding complexification of the real
2 2

vector bundles V (n;)&, V(n;)®, and N(n;)%, on M(n;). Then N(n;),, V(n;),’s are

2 2
complex vector bundles over M (n;) with g € Z,,; acting by g” on it.
Similarly, we also have the following Z, -equivariant decomposition of W on
M (n;),

(4.2) W = @0§v<an(nj)v.

Here W (n;), is a complex vector bundle over M (n;) with g € Z,,; acting by ¢g* on it.

It is essential for us to know that the vector bundles 7X (n;) and V(n;)& are
orientable. For this we have the following lemma which generalizes [BT, Lemmas 9.4,
10.1] (See also [O]).

LEMMA 4.1. Let R be a real, even dimensional orientable vector bundle over a
manifold M. Let G be a compact Lie group. We assume that G acts on M, and lifts
to R. We assume that R has a G-invariant Spin® structure. For g € G, let M9 be
the fized point set of g on M. Let Ry be the subbundle of R over M9 on which g acts
trivially. Then Ry is even dimensional and orientable.

Proof. Let h® be the metric on R which is induced from the Spin® structure on
R. As g preserves the Spin® structure of R, ¢ is an isometry on R and preserves the
orientation of R. On MY, we have the following decomposition of real vector bundles,

R=Ry® R;.

Since the only possible real eigenvalue of g on Ry is —1, and det(g|g,) = 1 on MY, we
know that dimg R; = dimg R — dimg Ry must be even. So dimg Ry is even.

Let K be the G-equivariant complex line bundle over M which is induced by the
Spin® structure of R. Then £ = R & Kp has an G-invariant spin structure. On MY,
we have the decomposition of vector bundles E = E; ® Ey, here Ejy is the subbundle of
E on which g acts trivially. Now the action of g on the fiber of the spinor bundle S(E)
at © € MY gives an element g € Spin(E,) C C(E,), here C(E,) is the Clifford algebra
of E,. Let p: Spin(FE,) — SO(E,) be the standard representation of Spin(E,), then
p(9) = g. So ge(a) = ¢(ga)g for a € E,. Here we denote by ¢(-) the Clifford action.
This means that g commutes ¢(a) for a € Ey,, so g € Spin(E1,).

Let eq,---,eqr be an orthonormal basis of Ey,, then e; e 1<ip <+ <
i; < 2k) is an orthonormal basis of the vector space C'(E1,). We define ¢ : C(E1,) —
det(Elz) by

) ) _ 61/\"'/\62k if ]:2k:dlmRE1,
ofei - ei,) = { 0 otherwise.
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By [BGV, Lemma 3.22],

(4.3) lo(9)] = det'*((1 = g11,)/2).

So o(g) is a nonvanishing section of det(F;), det(E;) is a trivial line bundle on M9.
But FE; is equal Ry or Ry @ Kg, this means Ry is orientable. So Ry is orientable.
This completes the proof of Lemma 4.1. O
By Lemma 4.1, TX(n;) and V(n;)& are even dimensional and orientable over
M (n;). Thus N(n;) is orientable over M (n;). By (4.1), N(n;)%, and V(n;)®, are also
2

i

2
even dimensional and orientable over M (n;). In the following, we fix the orientations

of N(n;)® and V(n;)® over M(n;). We also fix the orientations of TX(n;) and
V(n;)® which are induced by (4.1) and the orientations on TX,V, N(n;)%, and
V(n)%,. ’
Let

1 .
(4.4) r(ny) = 51+ (=1)").

LEMMA 4.2. Assume that (2.4) holds. Let

L(13) = ®ocoen 2 (det(N(n5)0) © det(V(ng),)

4.5 r(ng v
- ©det(W(ny),) ®det(W(nj)nj_v))( e

be the complex line bundle over M(n;). Then we have
i) L(n;) has an n;-h root over M(n;).
1) Let
Ly = Kx @gcypen,z ((det(N(n5),) @ det(V(ng),))
(4.6) @det(W(n)n,/2) ® L(nj)r(nj)/nj’
Lz = Kx Qocyen, /2 (AN (m)0)) & det(W (n;)n, /2) & L(ng) /.
Let Uy = TX (n;) ® V(n;)§ and Uy = TX (n;) &V (n;)%, . Then Uy (resp. Us) has a
2
Spin® structure defined by L1 (resp. Lo).
Proof. Both statements follow from the proof of [BT, Lemmas 11.3 and 11.4]. O
Lemma 4.2 allows us, as we are going to see, to apply the constructions and results
in Section 1.1 to the fibration M(n;) — B, which is the main concern of this section.
For p; € N, p; < nj, (pj,n;) =1, B; = %j, let us write
f(ﬂj) = ®O<n€ZSym(TX(nJ)n) ®O<1}<nj/2 Sym( ®O<nez+pjv/nj N(nj)v,n

Do<nez—p,o/m, N(nj)v,n) Qo<nez+1 Sym(N(nj)%,n),

F\l/ (ﬂ]) = A( SDo<nez V(nj)o,n ®O<v<nj/2 (®0<n€Z+I)jv/nj V(nj)vyn
®0<n€Z—pjv/nj V(nj)vm EBO<n€Z+% V(nj)%,n ’

F\%(ﬁj) = A( Do<nez V(nj)%yn @O<v<n]~/2 (@O<n€Z+pjv/nj+% V(nj)v,n

®0<nez—pjv/nj+% V(nj)v,n) EB0<YL€Z-|-% V(nj)o,n s
QW(ﬂJ) = A(®O§U<nj (®O<nez+pjv/nj W(nj)vvn GBOSnEZ—pjv/nj W(nj)v,n))'

(4.7)
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We denote by DX(%) the S'-equivariant Spin®-Dirac operator on S(U, L;) or
S(Us, Lo) along the fiber X (n;) defined as in Section 1.1. We denote by DX(")
F(B) @ Fi(B;) ® Qw (B3) (i =1, 2) the corresponding twisted Spin® Dirac operator
on S(U;, L;) ® F(B;) ® Fi,(8;) ® Qw (53;) along the fiber X (n;).

REMARK 4.1. In fact, to define an S* (resp. G, )-action on L(n;)"(")/™i  one
must replace the S'-action by its n;-fold action (resp. the G,-action by G ,1/n;-action).
Here by abusing notation, we still say an S (resp. G, )-action without causing any

confusion.

In the rest of this subsection, we will reinterpret all of the above objects when we
restrict ourselves to F, the fixed point set of the S action. We will use the notation
of Sections 1.1 and 2.

Let Np/ar(n,) be the normal bundle to F'in M (n;). Then by (2.5),

(48) NF/M("J) = 690<v:vEan Nva o
TX(n;) ®r C =TY ®r C Go<v,ven;z (Ny & Ny).

By (2.5), (2.6) and (4.1), the restriction to F' of N(n;),, V(n;), (1 < v < n;/2)is
given by

N(nj)u = @ Nv/ @ NU/?

(49) 0<v’:v'=v mod(n;) o<v’:v'=—v mod(njL
V(nj)’U = @ V'u’ @ VU/.
0<v’:w’=v mod(n;) 0<v’:w'=—v mod(nj)
And
(4.10) V(nj)o=VRer C $b (Vo & Vo).

0<v,v=0 mod(n;)

By (4.8)-(4.10), we have the following identifications of real vector bundles over F,

N(nj)l}% = @O<v,1}:% mod(n; ) Ny,

TX(nJ) =TY @0<v,v:0 mod(n;) NU’
R _ /R

V(nj)O =W ®O<'U,U=O mod(n;) Vo,

R _
V(nj)%J = $0<1)71):% mod(n;) V.

(4.11)

By (2.6) and (4.2), the restriction to F' of W(n;), (0 <wv < n;) is given by
(412) W(nj)v = @y/=v mod (nj)W'U’-

We denote by Vy = VR ®@r C the complexification of V! over F. As (pj,n;) =1,
we know that for v € Z, pjv/n; € Ziffv/n; € Z. Also, pjv/n; € Z+% iffv/n; € Z+3.
From (4.8)-(4.12), we then get
(4.13)

f(ﬂj) = ®O<n€ZSym(TYn) ®O<v,v:0,ﬁ mod(n;) ®0<nez+m Sym(Nv,n S5 Nv,n)
’",J

2

®0<v’<nj/2 Sym( D=0’ mod(n; ) ( ®()<n€Z+I%v Nv,n EBO<n€Z7€L£ N'U,TL)
i i

Dy=—v mod(n;) ( @0<nez+an; Nv,n @O<nEZ—pr—.vv Nv;n));
J J
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F\l/(ﬁj):/\{@oomez va”®0<v,v:0,% mod(nj)<@0<nez+% ”vn@0<nez_%“vv,n)
Bocor <2 ( Bumvr s moatn) ( Bocnezsss Vo Sucnez-ziz Vo) )
F§(8;) = A[@0<nez+% Vo.nP0cv,0-0,74 mod(n;)
<@0<nez+’%7’+% v,n G90<nez ”J Yl Vv n)
®o<v'<nj/2 Dv=v/,—v’ mod(n;) @o<nez+%”+% Von @O<n€zi%+% VWL))],

Qw(B;) = A(@v (@o<nez+pju/nj Wo.n @ognezfpju/nj an))

Now, we want to compare the spinor bundles over F'. From (4.5), (4.6), (4.9) and
(4.12), we get that over F we have the identities

r(ny)

L)) ™ = Qpcran, 2 (@U o/ mod(n, (det Ny ® det V,, @ det ,)2”
®u——vv mod(n,)(det Ny ® det V,, @ det T,) 2 ) rmfn
(4.14) Ly = Kx ® L(nj)"")/™ @ ., r<ny /2 (®v:v’ mod(n;) (et Ny ® det Vo)
SR mod(n; y(det N, @ det 71))71> ®U:% mod(n;) det Wy,
Ly = Kx ® L(ny)" ")/ ®q_yv o 1o ( ®urr mod(n,) det Ny
@ =1’ mod(n,)(det No)~ )®v:% mod(n;) 46 Wo.
From (4.11), we have, over F,

4.15 TX(”]) ® V(nJ)O =TY @ VO 69O<v v=0 mod(n; ) (Nv S Vv)»
( ’ ) TX(nj) D V(n])” =TY EB0<v v=0 mod(n;) N S

0<v,v= nTJ mod(n;)

Recall that the Spin¢ vector bundles Uy, Us have been defined in Lemma 4.2. Denote
by

(4.16)
S, L) =S(TY eV L @ (deth®detV)’1) ® AV,
v=0 (;gd(n]) =0 mod(n])
S, La) = S(TYV, L Q) (detN,)™ Q) (det V- N QA
o<w, o<w, 0<w,
v=0 mod(n;) v:% mod(n; ) v= —mod(n])

Then from (1.10) and (4.16), for ¢ = 1, 2, we have the following isomorphism of
Clifford modules over F,

(417) S(Uiu L’L) =~ S(UzaLz)/ ® A(®O<v,v:0 mod(nj)Nv)'

We define the Zy gradings on S(U;, L;)’ (i = 1, 2) induced by the Zs-gradings on
S(Ui, Li) (i =1, 2) and on A(©0<v,u=0 mod(n,)Nw) such that the isomorphism (4.17)
preserves the Zs-grading.

We introduce formally the following complex line bundles over F,

1/2
L=[rte n,  (det Ny @ det Vo) Socy (det Ny @ det V1)~ @ Kx| "
v=0 mod(n;
1/2
Ly=[15'® aco  detNy® oo detV, oc, (det N,) @ Kx|

v=0 mod(n;) v=n;/2 mod(n;)
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From (1.10), Lemma 4.2 and the assumption that V is spin, one verifies easily that
¢1(L}%) = 0 mod(2) for i = 1, 2. Thus L}, L} are well defined complex line bundles
over F. For the later use, we also write down the following expressions of L} (i = 1, 2)
which can be deduced from (4.14):

[N

Ly = [L(nj)*r(nj)/nj ®v:% mod(n;) (det N, ® det V, @ det W)

det N,,)~ 1 det V)71,

<

(418) ®0<v§% mod(nj)( ®%<v<nj mod(n;) (
L, = [L(nj)*T(nj)/nj ®,_ni mod(n;) (det N, @ det V,, ® detWU)}

" (det N,) L.

N

®0<'U§ %mod(nj)(

From (4.14), (4.16), and the definition of L] (i = 1, 2), we get the following
identifications of Clifford modules over F,

S(Uh Ll), ® Lll = S(TY: KX ®0<v (det Nv)il) ® S(VORa ®O<v(det Vv)il)
(4.19) ®A(@O<v,v:0 mod(nj)VU),

S(Uz, Lp)' @ Ly = S(TY, Kx ®o<v (det No)™H) @ M@ o moan,) Vo)
Let
A(n;,N) = Z Z dim N, —&-O(N(nj)ré),
(4 20) %<v’<nj 0<v=v’ mod(n;)

A, V)= > > dim V,, + o(V (n;)%, ).

L2j<vl<nj 0<v=v’ mod(n;)

with o(N(n;)%,) = 0 or 1 (resp. o(V(n;)%,) = 0 or 1), depending on whether the
2 2
given orientation on N(n;)%®; (resp. V(n;)% ) agrees or disagrees with the complex
orientation of @, _n; mod(n')sz (resp. @v—Lj mod(n_)Vv).
-2 J -2 J

By [LiuMaZ, §4.1], (4.12) and (4.17), for the Z,-gradings induced by 75, the
difference of the Zo-gradings of (4.19) is (—1)2(N); for the Zy-gradings induced by
Te, the difference of the Zs-gradings of the first (resp. second) equation of (4.19) is

A(ng, o n; R
(—1)A0N+AMLY) (resp. (<1) (nj,N)+o(V ( )%)).

4.2. The Shift operators. Let p € N* be fixed. For any 1 < j < Jj, inspired
by [T, §9], as in [LiuMaZ, §4], we define the following shift operators r;,:

Tjx t Nonw = Nont(p-1)wtpjo/ngs Tixt Non = Nope (p-1)o—pju/n;
(4'21) Tjx : Wy — v,n+(p—1)v+pjv/n;s rj*;Wv,n :)Wv7n7(p71)’l)7pjv/nj7

Tjx - Vv,n - V;;,n+(p—l)v+pjv/nja Tjx * Vv,n - Vv,n—(p—l)v—pjv/nj'

If E is a combination of the above bundles, we denote by r;,E the bundle on
which the action of P is changed in the above way.

Recall that the vector bundles F{, (i = 1, 2) have been defined in (3.7). From
(2.21), we see that

(4 22) ]:PJ(X) = }—p(X) ® ‘7:1/7—1(X) ®(y,n)eug:1[f’ (Sym(Nv,—n) @ det Nv)

®(v,n)67§ Sym(Nvm).
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PROPOSITION 4.1. There are natural isomorphisms of vector bundles over F,

Tj*fpyj—l(X) = f(ﬂ]) ®0<v,v:0 mod(nj) Sym(ﬁvﬁo)

i 4 (p—1)v+1 _
®o<o(det N,,)[ Ay 1T e=1) &Qo<u.v=0 mOd(nj)(det N,

Fo(X) ~ 222+ (p—1)v+1
rjFp,i(X) = F(B)) ®0<U,U=0 mod(n;) Sym(Ny,0) ®o<v (det Ny) " )

4 ZSTJ*F&V - S(VOR’ ®0<v(d€t Vv)_l) %?é(ﬁj) ®O<U,v:0 mod(nj) A(V'u,o)
(4.23) Ro<y(det V) 7 TP,
TJ*F‘% ~ F‘%(/Bj) ®O<U,v=% mod(n;) A(Vv,O) ®0<v (detvv

= [P ]+ (p—1)v+1 = o\
P QW) = Qu(8) @ocy (det W) 0 T @ o) (At T
®v<0(deth)[_#j]_(p_l)v-

)[%.“Jr%]ﬂp—l)v

b

Proof. The proof is similar to the proof of Proposition 3.1.

Note that, by (2.19), for v € J = {v € N| There exists a such that N, # 0 on

F,}, there are no integer in [2=1=, P2[ So for v € J, the elements (v,n) € Ul 1P
J— J

are (v, (p— Do +1), -+, (v, (p— Do+ [%202]) for ig = j — 1, j. Furthermore,

[M] = [M] -1 if v=0 mod(n,),
(4.24) it T
[P =[] if v#0 mod(n).
nj—1 nj

By using (3.7), (4.21), (4.22), (4.24), we can prove the first four equalities of (4.23)
as in the proof of [LiuMaZ, Proposition 4.1].

From (3.14), we have the natural G, x S I_equivariant isomorphisms of complex
vector bundles over F,

(4.25)
iniﬂf Y c D dim Wy, —ip, w )
C D A v,n—(p—l)v——p#; - A U»‘”+(P_1)v+12jv

neN,v>0, neN,v>0,

0<n<(p—1)v+ 24" 0<n<(p—1)v+2L"
J

ng

pjv
@) @ e

0<w 0<v,v=0 mod(n;)
in _ dim Wy —in 77 v
® A Wv,n+(p—1)v+¥ = ® A Wv,—n—(p—l)v—%
neN,v<0, 7 neN,v<0, J
pjv

pjv
nj

0<n<—(p—1)v— 0<n<—(p—1)v—

Pjv "
R)(det W) e

v<0

From (3.7), (4.13), (4.25), we get the last equation of (4.23).
The proof of Proposition 4.1 is complete. O
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LEMMA 4.3. Let us write

L(Bj)l = L/l Ro<w (detN )[Tj]+(p_1)1)+l ®o<w (detV )[ ]+(P 1)v
®0<v,0=0 mod(n;)(det Ny) ™ @y<q (det Wv)[ = (=1
[’; 2+ (p=1)vtl —
®O<U(det W ) ®O<v,v:0 mod(nj)(det Wv)
i v+1 P 1 e
L(B3;)2 = L ®p<y (det N, YD o et Vv)[njptgwp )
®0<v,v=0 mod(n (detN )~ @yeo (det W, )[—Tj]—(p—l)v

” Du+1
®O<U(detW )[ ek ®0<vv 0 mod(n )(detW )

(4.26)

Then L(B;)1, L(B;)2 can be extended naturally to G, x S'-equivariant complex line
bundles which we will still denote by L(8;)1, L(8;)2 respectively over M(n;).

Proof. Write

A U C)
njon;omy

(4.27)

Note that for v = % mod(n;), ‘”75:) =1

We introduce the following line bundle over M (n;),

L(8;) = @z ((det(N(ny)0) @ det(V(ny), )

(4.28) B
®det(W(n;),) ® det(W(n;)n, )

) —w(v)—r(nj)v

As in [LiuMaZ, (4.38)], Lemma 4.2 implies L*(3;)*/™ is well defined over M (n;).
The contributions of N and V in L(5;)1, L(8;)2 are the same as given in [Liu-

MaZ, Lemma 4.2], we only need to calculate the contribution of W in L(8;)1, L(5;)2.

Actually from [LiuMaZ, (4.37), (4.44)], (2.9), (4.12), (4.18), (4.26), (4.27) and (4.28),

we get
L(Bj)y = L~®=D7ri/mi @ L(B) " () det(W(ny),),
0<v<

(4.29) L(3)s = L™V @ 1o(8) ™ Q) det(W(ny),)

"
o<v< 4

& X det(V(ny),,)-

1<m<p;/2m—L<p;v’'/n;<m

The proof of Lemma 4.3 is complete. O
Let us write

(W) = —4 zo<v<dlmw )[([ )+ (p— 1>v><[’“ I+ (=1 +1)

nj

(4.30) —G < (pT +p=1o)+1)]
—3 You< (dlmw)[([ ( )U)([ P —(p—Dv+1)

J

+(5 + ( ( —(p— 1) +1)],
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e1 = £ Yoe, (dim N, — dim V) [((224]) + (p - >><V;—]+< — 1o+ 1)
~(22 4 (- Do) (2(122] + (- Do) + 1)),
£3 = § Toey (dim N [([E2] + (p >><[ 2] + ( o +1)
—(22 + (p - 1) (2122 + +1)]
~3 Socu(dim V) [([222 + 4]+ (p - >>2
—2(%2 + (p = Do)((%2 + 5]+ (p— 1)

Then (W), 1, 2 are locally constant functions on F'.

Recall that the involutions 7., 7, and 71 were defined in Section 3.1. Also recall
that if F is an S'-equivariant vector bundle over M, then the weight of the S!-action
on I'(F, E) is given by the action Jy (cf. §3.1).

PROPOSITION 4.2. Fori = 1, 2, the Gy-equivariant isomorphisms induced by

(4.19) and (4.23),

ri s S(TY, Kx @<y (det N,) ™) @ (K @ Ki')Y/?
@Fpj-1(X) @ Fy, @ QW) —
S(Ui, L) @ (Kw @ Kx")'? @ F(8;) ® Fi,(8;)
RQw (3) @ L(B;)i ®  o0<w,  Sym(Nyp),

(4.31) L, esomod(ny)
rio 1 S(TY, Kx ®o<y (det N,) 1) @ (K @ K'Y

®Fp,;(X) ® Fy, @ QW) — ,
S(Ui, L) @ (Kw @ Kx")'? @ F(8;) @ Fi,(5;)
RQw (3;) ® L(B;)i @ o<, (Sym( v,0) @ det N,,),

v=0 mod(n;
have the following properties : 1) fori=1, 2, v=1, 2,

—1
JHTV*/ - JH7

(4.32) 1P7~W =P+ (E 4 (p—1)Ju+ei,
where
(433) &i1 :€1+€(W) 76(p7ﬁj—17N)7

iz = ¢€;i +e(W) — e(p, B;, V).
2) Recall that o(V (n;)%,) was defined in (4.20). Let

1 = —ZO<U[%} dimV, + A(n;, N) + A(n;, V) mod(2),
Ly = — Zo@[% + %] dimV, + A(nj, N) +o(V(n;)%;) mod(2),

(4.34) "
M3

A(nj, N) mod(2),
pa =, (dim Wv)([%] +(p—1)v) + dim W 4+ dim W(n;)o mod(2).
Then fori=1, 2; v=1, 2,

1 ; 1
(4.35) Tiy Telin = (=1)Hir,, Tiy TsTiy = (=1)Hs7g,

Tiy TiTiy = (=1)Hary.

Proof. The first equality of (4.32) is trivial. From (2.23) and (4.24), one has

(4.36) e(p,B;,N) = e(p,Bj-1,N) + 3 ((p “ 1+ %) dim N,

0<v,v=0 mod(n;) J
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Denote by ¢;(V) (i = 1, 2) the contribution of dimV in g; (¢ = 1, 2) respectively.
Then from [LiuMaZ, (4.52), (4.53)], on F{., we have

(4.37) rj*lPrj* =P+ (p—-1)+ %)JH +ei(V).

From (4.25), as in (3.23), on Q(W), we get

(@38) 1Py, = P+ (= 1)+ E)3u o) + 3 (- 0+ ),

From (4.36), (4.37), (4.38), and by proceeding as in the proof of Proposition 3.2,
as in [LiuMaZ, Proposition 4.2], one deduces easily the second equation of (4.32).
Finally from the discussion following (4.20), and [LiuMaZ, (4.50)], we get the first
two equations of (4.35). By (4.12) and (4.25), we get the last equation of (4.35).
The proof of Proposition 4.2 is complete. O

LEMMA 4.4. For each connected component M’ of M(n;), e1 +e(W), ea +e(W)
are independent on the connected component of F in M’'.

Proof. From (2.11), (4.10), (4.12), (4.27) and (4.30), we have

1
€1 = 3 E E (dim N, — dim V,, — dim W)
0<v'<nj v=v’ mod(n;)
pjv w(’)(n; —w('))
[- B4 (p - o2 - ]

n; n

2
J
i 1
(4.39) =(p—1+ %)26 - E(dimRN(nj)Lj —dimg V(n;)n; — 2dimW(nj)nJ)
J 2 2 2

1
~5 Z (dim N(n;)y —dimV(n;)y — dim W (n;),

0<v’'<nj/2
, w(v)(n; —w(v'))
—dim W(nj)n].,vf> ;2 .
J

By (4.30), €3 — €1 was given in [LiuMaZ, (4.49)], it is independent on the connected
component of F' in M’.

The proof of Lemma 4.4 is complete. O

The following Lemma was proved in [BT, Lemma 9.3] and [T, Lemma 9.6] (cf.
[LiuMaZ, Lemma 4.6]).

LEMMA 4.5. Let M be a smooth manifold on which S acts. Let M’ be a connected
component of M(n;), the fized point set of the subgroup Z,, of S on M. Let F be
the fived point set of the S*-action on M. Let V. — M be a real, oriented, even
dimensional vector bundle to which the S'-action on M lifts. Assume that V is Spin
over M. Let p; €]0,n;[, p; € N and (p;,n;) =1, then

(4.40)

s

D<o ([dmV)[E2] + A(ny, V) mod(2),
Do<o(dmV)[222 + 3] + o(V(ny)3t 5)  mod(2)
are independent on the connected components of F in M'.

Recall that the number d’(p, 3;, N) has been defined in (2.23).

LEMMA 4.6. For each connected component M' of M(n;), d'(p,B;, N) + pi +
e mod(2) (i =1, 2, 3) are independent on the connected component of F in M'.



958 K. LIU, X. MA, AND W. ZHANG

Proof. By (4.34), and Lemma 4.5, to prove Lemma 4.6, we only need to prove

> (dim N (B + (p = 1)) + Alnj, N) 414 mod(2)
0<wv J

is independent on the connected components of F' in M’. But by [BT, Lemma 9.3],
as wa(TX & W)g1 =0, we know that, mod(2),

(4.41) Z(dlm N“)[ZZJ] + A(njv N) + Z(dlm Wv)[%]
0<v J v J

is independent on the connected components of F' in M’. From (2.23), (2.27), (4.41),
we get Lemma 4.6.
The proof of Lemma 4.6 is complete. O

4.3. Proof of Theorem 2.5. From (2.23), (4.9), (4.12) and (4.24), we see that

(4.42)
: . 1. .
Zdlm N, = Z | dim N (n;), + 3 dimg N(nj)nRj/2 + Z dim N,
0<v 0<v<n71 0<v,v=0 mod(n;)

d(p, B, N) =d (p,B3j-1,N) + > dim N,.
0<v,v=0 mod(n;)

By Lemma 4.6, (4.42), d'(p, Bj—1, N)+> g, dim Ny + 15 + p1g mod(2) (i = 1,2, 3)
are constant functions on each connected component of M (n;).

From Lemma 4.3, one knows that the Dirac operator DX(") @ F(3;) ® F},(3;) ®
Qw (B;) ® L(B;): (1 =1, 2) is well-defined on M (n;). Thus, by using Proposition 4.2,
Lemma 4.4, (4.17) and (4.42), for i =1, 2, h € Z, m € 3Z, T = ey or 741, and by
applying both the first and the second equations of Theorem 1.1 to each connected
component of M(n;) separately, we get the following identity in K¢, (B),

(4.43)
za(_1)d’<pﬁf—hN)+po_<u dimNoInd, (DY @ (Kw ® Kx")'2® Fp j-1(X)
@Fp© QW),m + e(p, Bj-1,N), h)
=Y 4 (— 1) @A NI+ ocy dim Nt (DY) @ (Ky @ Ky')Y2 @ F(3;)
OF (81,0 Qw (B)) ® L(B))ism + &i + (W) + (32 + (p — 1))h, h)
=3 (~1) T @ALN+ oco M Nond (Do @ (Kw ® Kx")Y/2 @ F, ;(X)
QF, @ QW), m+ e(p, B, N), h).

Here ) ; means the sum over all connected components of M (n;). In (4.43), if 7 = 71,
then p = pus + pg; if 7 = 7e1, then = p; + py.
The proof of Theorem 2.5 is complete. O
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